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Abstract

Objectives: In this study, Radio Coloring is used to color the graphs. The objective of this article is to analyze the bounds
of Line, Middle, Total and Central graphs of Sunlet graph. Methods/Analysis: Combinatorics is an important part of
discrete mathematics that solves counting problems without actually enumerating all possible cases. Combinatorics has
wide applications in Computer Science, especially in coding theory, analysis of algorithms and others. An equation that
expresses a, the general term of the sequence {a } is called a recurrence relation. Using the generating function of a
sequence and few coloring techniques we prove the results. Findings: The Problem of finding radio coloring with small
or optimal Kk arises in the concept of radio frequency assignment. The radio chromatic score rs(G)'’ of a radio coloring is
the number of used colors. The number of colors used in a radio coloring with the minimum score is the radio chromatic

rn(G) of G.

The radio chromatic number of Sunlet graph S_is *°

4 ifn=3i,i=1,2,...
5ifn=3i+1, i=1,2,...
6 if n=3i+2,i=1,2,...

and is improved to the radio chromatic number of Sunlet graph S_is

5 if n is congruent to 1mod 3

4 if otherwise

In this paper we improve the radio chromatic number of Sunlet graph S and obtain the radio number of Line, Middle, Total
and Central graphs of Sunlet graph. Radio Coloring has wide range of significance because radio coloring has its applications
in communication theory. The paper contributes the researches in the field of computer science and combinatorics.

Applications:

Radio coloring is of great significance because the frequency assignment problem is modeled as a graph coloring
problem assuming transmitters as vertices and interference as adjacencies between two vertices.

Keywords: Sunlet Graph, Line Graph, Middle Graph, Radio Number, Total Graph and Central Graph

1. Introduction

Radio frequency assignment is a broad area of research.
The task is to assign radio frequencies to transmitters
at different locations without causing interference. The
problem is closely related to graph coloring where the
vertices of a graph represent the transmitters and adja-

cencies indicate possible interferences. In' Griggs and

*Author for correspondence

Yeh introduced a problem proposed by Roberts which
they call the Radio Coloring problem. It is the problem
of assigning radio frequencies (integers) to transmitters
such that transmitters that are close (distance 2 apart) to
each other receive different frequencies and transmitters
that are very close together (distance 1 apart) receive fre-
quencies that are at least two apart. To keep the frequency
bandwidth small, frequencies that have been assigned to
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the radio network. The minimum frequencies assigned is
radio number (rn).

Subsequently, different bounds of rn were obtained for
various graphs. A common parameter used is A , the maxi-
mum degree of a graph. The obvious lower bound for rn is
A +1, achieved for the tree K, . In ! it was shown that
for every graph G, rn < A% +2A .This upper bound was
later improved to tn < A% + A in 2.

For some classes of graphs, tight bounds are known
and can be computed efficiently. These include paths,
cycles, wheels and complete k-partite graphs,trees?,
cographs?, interval graphs? unicycles and bicycles’, out-
erplanar planar graphs’, hexagons-meshes*, hexagons
and unit interval graphs®, hypercubes®”, bipartite graphs®,
k-almost tress’, cacti, and grids, and Sunlet graphs'®.

In this paper, we extend the upper bounds of rn to
sunlet families of graphs. Other types of graphs have also
been studied, and their bounds are given in this paper.
All graphs considered in this paper are finite, nontrivial,
simple, undirected and connected.

2. Preliminaries

Definition. 2.1

A k-vertex coloring of G is an assignment of k-colors
1,2,...k to the vertices of G . The coloring is proper if no
two distinct adjacent vertices have the same color. G is
k-vertex colorable if G has a proper k-vertex coloring. The
chromatic number X(G) of G is the minimum k for which
G is k-colorable .

Definition 2.2.

A k-radio coloring of a graph is a function f from
the vertex set V(G) to the set of all nonnegative integers
1,2,....k such that

1) |f(x) - f(y)| >1if d(x,y)=2 and
(i) |f(x) - f(y)| > 2 if d(x,y)=1

The radio number of G is the smallest k for which G
has radio coloring and is denoted by rn(G)".

Definition 2.3.

The n-sunlet graph is a graph on 2n vertices obtained
by attaching a n-pendant edges to the vertices of cycle C_
and is denoted by S **

Definition 2.4.

The Line graph of a graph G, denoted by L(G), is a
graph whose vertices are the edges of G, and if u, ve E(G)
then u,ve E(L(G)) if u and v share a vertex in G 2.
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Definition 2.5.

Let G be a graph with vertex set V(G) and edge set
E(G). The Middle graph of G, denoted by M(Q), is defined
as follows. The vertex set of M(G) is V(G)UE(G). Two
vertices x,y in the vertex set of M(G) are adjacent in M(G)
in case one of the following holds:

(i) x,y are in E(G) and x,y are adjacent in G.
(i)x is in V(G), y is in E(G), and x,y are incident in G **.
Definition 2.6.

Let G be a graph with vertex set V(G) and edge set
E(G). The Total graph of G, denoted by T(G), is defined
as follows. The vertex set of T(G) is V(G)UE(G). Two
vertices x,y in the vertex set of T(G) are adjacent in T(G)
in case one of the following holds:

(i) xyarein E(G) and x,y are adjacent in G.

(if) xyisin V(G), and x,y are adjacent in G.

(iif) x is in V(G), y is in E(G), and x,y are incident in
GL,

Definition 2.7.

The central graph of a graph G, C(G) is obtained by sub-

dividing each edge of G exactly once and joining all the

non adjacent vertices of G*.

Analysis:

By the analysis of various graph families to obtain
radio number, it is found that on radio coloring of a graph
using positive integers, the radio number is obtained by
using either only odd integers or even integers. The usage
of both odd and even integers alternatively for coloring
the graphs gives maximum rn compared to the above
method.

3. Results

Result: 1

The radio chromatic number of path P_is A+1 for
n > 3%
Result: 2

The radio chromatic number of comb graph G is A+1
for n > 3%,
Theorem: 3

The radio chromatic number of star graph K| is
A+17
Theorem: 4

The radio chromatic number of cycle

A+1 n=0mod3
m(Cy)=49A+2 n=1mod3
A+3 n=2mod3.
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Theorem: 5
The radio chromatic number of Sunlet graph §_
A+2 n=1mod3

m(S,) =
5n) {A+1 Otherwise

3.1 Structural properties of Sunlet graph

« Number of Verticesin §_is P =2n
« Number of Edgesin S _is q=2n

+ Maximum degreein S is A =3

+ Minimum degreein S is § =1

3.2 Structural properties of Line graph of
Sunlet graph

+ Number of Vertices in L(S ) is P = 2n

« Number of Edges in L(S ) is q = 3n

+ Maximum degree in L(S ) is A = 4

+ Minimum degree in L(S ) is § =2

3.3 Structural properties of Middle graph of
Sunlet graph

+ Number of Vertices in M(S ) is P = 4n

+ Number of Edges in M(S ) is q = 7n

» Maximum degree in M(S )is A =6

« Minimum degree in M(S ) is d =1

3.4 Structural properties of Total graph of
Sunlet graph

+ Number of Vertices in T(S, ) is P = 4n
« Number of Edges in T(S ) is g = 9n

+ Maximum degree in T(S )is A =6

» Minimum degree in T(S ) is § =2

3.5 Structural properties of Central graph
of Sunlet graph

+ Number of Vertices in C(S ) is P = 4n

+ Number of Edges in C(S ) is q = 2n +[ n]

+ Maximum degree in C(S ) is A = 6

+ Minimum degree in C(S )is ¢ =2

4. Radio Number of Line, Middle,
Total and Central Graphs of
Sunlet Graph.

Lemma: 6
The radio chromatic number of Middle graph of
Sunlet graph S is A+3 for n=3.
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Proof:

Let us define the vertex set V and the edge set E of S_
as V(S ) = {v,,...v_ }U{u,,...,u } where v, are the vertices
of cycles taken in cyclic order and u, are the pendent
vertices such that vu, is a pendent edge and E(S ) = {e’,
: 1<i< njufe, : 1 <i < n-1}Ufe }, where e, is the edge
vv,  (1<i<n-1),e_ isthe edgev v and ¢’ is the edge
vu (1<i<n).

By the definition of middle graph

V(M(S,))=V(S )UE(S )={v;1<i<n}u{u:1<isn}u{v’,
:1<i<njufu’, :1 <i<n},where Vv’ and u’, represents the
edge e and ¢’, (1< i < n) respectively.

Consider the following
(1,3,5,7,9,11,13,15,17) of M(S,).

Assign the color 1tov,3to v/ ,5tov,,7 to v ,9 to v,
11tov',5tou,13tou’,1tou,15tou’,3tou,17tou’,.

9-coloring  of

Note:

Every vertex in the cycle (ie) VeV Vs V/_can be
reached from the remaining vertices in the cycle by dis-
tance two .So, they are colored using different colors.

’ ’
c(v,.v,,v,,.v, )| =2n

Then the remaining 2n vertices are colored in such a
way that pendant vertices are colored using repeated col-
ors and vertices with degree 3 is colored with n different
colors.

Lemma: 7
The radio chromatic number of Total graph of Sunlet
graph S _is A+3 for n=3.

Proof:

The vertex set and edge set of S_are as described in
lemma 6.

By the definition of total graph

V(T(S,))=V(S,)UE(S )={v, :1< i< n}u{v’:1<i<n}Ufu,
:1<i<n}ufu’,: 1 <i<n},where v’ and u’, represents the
edge e and ¢’ (1< i< n) respectively.

Consider ~ the  following
(1,3,5,7,9,11,13,15,17) of T(S, ).

Assign the color 1tov,3to Vv ,5tov,,7to v/ ,9tov,
11 to V'3, 7tou,13tou’,11tou,15tou’,3 to u,,and 17
tou’,.

The above mentioned coloring is radio coloring.

9-coloring  of

Theorem: 8

For n>3, the radio chromatic number of line graph of
sunlet graph L(S )is
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A+1 n=2mod3
A+1 n =0(mod 6), n = 0(mod 10)
rm(L(S,)) =4A+2 n=0mod (25+10i), i=0,1,2,...
A+2 n=0mod 2, except n=51&61, i=1,2,..
A+2 n=0mod3,n=1mod 3 except n=6i, i=1,2,...

Proof:

The vertex set and edge set of S_are as described in
lemma 6.

By the definition of line graph V(L(S )) = E(S) = {u’,
1 <i<n}o{v:1<i<n-1}U{v’ } where v',and u’, repre-
sent the edge e and €’ (1 <i < n) respectively.

Case(i): rn(L(S,))=A+1 n=2 mod3

Consider the following 5-coloring of (1, 3, 5, 7, 9) of
L(S,).

Assign the color
Ltov' , v,V Vv ,...v ,andu’
3tov, vV, V...

-1
v ,andu’
5tov, Vv, v'9,. .V, jandu’,

’ 7 ’
7tou2,u4,u6,..

’ 4
Su jand v

’ 4 ’ ’ 4
Stou’,u',u,...,u’ jand Vv

Case(ii): rn(L(S,))=A+1 n=0 mod6, n=0 mod10
Consider the following 5-coloring of (1,3,5,7,9) of
L(S,).

Sub case(i): rn(L(S,))=A+1 n=0 mod6
Assign the color
’ ’ ’ ’ ’
l1toV pVp VoV henV
’ ’ ’
3tov, v, V...V |
’ ’ ’ ’
Stov,, vV, v,V
’ ’ ’ ’
7t0u2,u4,u6,...,un
’

9 to u'l, u’3, u’S,...,u

n-1

Sub case(ii): rn(L(S ))=A+1 n=0 mod10
Assign the color

ltov ,u',Vv,,...

3tou, vV, u,...

Figure 1. Line graph of Sunlet graph L(S ).
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5tov,u,v.,...
7tou, v, uy...
9tov,u', V...

(Note: 1,3,5,7,9 are consecutively assigned to vertices
v and ', (ie) if ¢, is assigned to v’, and 3 to u’, and so
on)

Case(iii):
rn(L(S,))=A+2 n=0 mod(25+10i), i=0,1,...

Consider the following 6-coloring of (1,3,5,7,9,11) of
L(S,).

Sub case(i): n=3k+1, k=8+10i, i=0,1,...
Assign the color
ltov',v,V, --->V/n,3 andu’ |
3 to V'z, V,S, V'S,. LV
5t0V, vV, V.V
7tou,u’,u ...
tou’, v, w5
11tou’

Sub case(ii): n=3k+2, k=11+10i, i=0,1,...

Sub case(iii): n=3k, k=15+10i, i=0,1,...

For Sub cases (ii) and (iii) the colors are assigned in a
suitable way as in sub case (i)

Case(iv):

rn(L(S,))=A+2 n=0 mod2 expect n=5i and6i

Consider the following 6-coloring of (1,3,5,7,9,11) of
L(S).

Sub case(i): n=2 mod3
Assign the color

ltov' ,v,v ...V ,andu’ |
3to V'z, V,S, V’S,. - V,n’3 and u’ﬂ
5tov, Vv, V..,V jandu’
7tou,u',w,,...,u  andv’ |
9to u’3, u’5, u,...,u ,and v

Iltou |,

Sub case(ii): n=1 mod3
Assign the color
Ltov , Vv,V ...V
3toV, vV, V..,V
5to V'3, V’6, V'g,. LV
7tou ,u',u .0
9tou’,u',u,....u
1ltou,u’
Case(v):
rn(L(S,))=A+2 n=0 mod3, n=1 mod3

Consider the following 6-coloring of (1,3,5,7,9,11) of L(S ).

-1
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Sub case(i): n=0 mod3 except n=6i
Assign the color

’ ’ ’ ’ ’
LoV , vV, v,V 6V,

7 7 ’ ’
3tOV2,V5,V8, N
5t0 v, Vv, V.V
7tou ,u',u,...,u
9tou’,u’,u,...,u

11tou’,

Sub case(ii): n=1 mod3 when n is prime
The colors are assigned in a suitable way as in subcase (i)

Theorem: 9
Let n > 4, then the radio chromatic number of Middle
graph of sunlet graph S_is A+2.

Proof:

The vertex set and edge set of S_are as described in
lemma 6.

By the definition of middle graph

V(M(G))=V(S )UE(S,) ={v:1<isn}u{u:l<i<n}u{v’,
:1<i<n}u{u’ :1 <i<n}, where v’ and u’ represents the
edge e and ¢’, (1< i < n) respectively.

Considerthefollowing8-coloringof(1,3,5,7,9,11,13,15)
of M(S).

Assign the color in the following manner

(a) The vertices {v:1<i<n} and {v’,:1 <i < n} are colored
using the following patterns
1,3,5,7
1,9,3,5
1,7,3,9
1,5,3,7
Here v/ is assigned 11 v as3and v, as 1
(b) The vertices {u’, :1 <i < n} are colored by
11) 13‘ and 15

Figure 2. Middle graph of Sunlet graph M(S ).
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(c) The vertices {u, :1 < i< n} are colored by
1,3,and 5

Here u, is assigned 1,and u_as 5.
An easy check shows that this coloring is radio
coloring.

Theorem: 10
Let n > 5, then the radio chromatic number of Total
graph of sunlet graph S_is

A+1 n=0mod 10
A+2 n=0mod5
m(T(Sy,)) = o
A+2 n=0mod (k+51), i=0,1,2,... & k=8,9

A+3 n=0mod (kt5i),i=0,1,2,... & k=6,7

Proof:

The vertex set and edge set of S_are as described in
lemma 6.

By the definition of total graph

V(T(S,))=V(S)UE(S )={v, :1< i < nju{v : 1 <i<
njufu. : 1 <i<n}u{u’ : 1 <i<n}wherev’ and u’ repre-
sents the edge e, and e’, (1 < i < n) respectively.

Case(i)
rn(T(S,))=7, for n=0mod10
Consider the 9-coloring (1,3,5,7,9,11,13,15,17) of
T(S,).
Assign the color
(a) 1to v, k=1+5i, i=0,1,2,...
1to V'k, k=3+5i, i=0,1,2,...
(b) 3 to v,, k=4+5i,i=0,1,2,...
3to v, k=145, i=0,1,2,...
(c)5 to v, k=2+5i,i=0,1,2,...
5to V'k, k=4+5i, i=0,1,2,...
(d) 7 to v,, k=5+5i, i=0,1,2,...
7to v, k=2+5i,i=0,1,2,...
(e) 9 to v, k=3+5i, i=0,1,2,...
9to V'k, k=5+5i, i=0,1,2,...
11 to u, when i is even
11 tou’, when i is odd
13 to u, when i is odd
13 tou’, when i is even

Case(ii)
rn(T(S,))=8, for n=0 mod5
The coloring (a) to (e) of above case follows here. Then
assign
11 to u, when i is even
11tou’, wheniis odd
13 to u, when i is odd
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13 tou’, wheniis even
15tou’

Case(iii)

rn(T(S,))=8, for n=0 mod(k+5i) i=0,1,2,and K=8,9
The coloring (a) to (e) of above case follows here.

Subcase(i) For k=8
when n is even assign
11toVv
13 tou’, wheniis odd
15 tou’, when i is even
The remaining vertices v/, with degree 2 are assigned
with some colors in an easy manner.
when n is odd assign
11tov’ and u’,iis odd except v,
13 tou’, when i is odd except u’,
15 to v,V
The remaining vertices with degree 2 are assigned
with some colors in an easy manner.

Subcase(ii) For k=9
when n is odd assign
11tov ,13tov,15t0 Vv
Stou’,1tou’ ,5tou’,
11 tou’, when i is even
13 to u’, when iis odd
The remaining vertices with degree 2 are assigned
with some colors in an easy manner.
when n is even assign
11tov ,13tov,15to Vv
9tou’,1tou’ ,5tou’
11 tou’, when i is even
13 tou’, when i is odd
15tou’

2

Figure 3. Total graph of Sunlet graph T(S ).
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The remaining vertices with degree 2 are assigned
with some colors in an easy manner.

Case(iv)
rn(T(S,))=9, for n=0mod(k+5i) i = 0,1,2, and K = 6,7
The coloring (a) to (e) of above case follows here.

Subcase(i) For k=6
when n is even assign
l1tov ,13toVv
15tou’, u’
11 tou’, when i is even
13 tou’, when iis odd
1ltou’,
The remaining vertices with degree 2 are assigned
with some colors in an easy manner.
when n is odd assign
11tov,_,c to v
15tou,u
11 tou’, wheniis odd exceptu’
13 tou’, when i is even except u’,
17tou’,
The remaining vertices with degree 2 are assigned
with some colors in an easy manner.

n-1

n-1

-2

Subcase(ii) For k=7
when n is odd assign
9tou’,1tou’ ,1tou’,
11tov ,13toV
15tov,17to Vv’
11 to u’, when i is odd except u’
13 tou’, when i is odd except u’_
15tou’
The remaining vertices with degree 2 are assigned
with some colors in an easy manner.
(Note: for n=7,u’_,=11)
when n is even assign
11tov ,13toV
15tov,17to v’
9tou’,1tou’ ,5tou’,

11 tou’, when i is even except u’,

-1

4

-3

-1

-3
13 tou’, when iis odd except u’

15to u’
n-2
The remaining vertices v/ with degree 2 are assigned
with some colors in an easy manner.

Theorem 11. For n> 4 the radio chromatic number of
Central graph of Sunlet graph

A+4 niseven

m(C(S,)) = {A +5 nis odd
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Proof.

The vertex set and edge set of S_are as described in
lemma 6.

By the definition of Central graph

V(C(S,)) =V(S)uv' uu'={v: 1 <i<nju{v1<i<
nu{u:l <i<npufu’s 1 <i < n} where v/, represent the
vertices subdiving v,v, (1 <i<n-1),and u’i’ represent the
vertices subdiving u,,v, (1 <i < n) respectively.

Case 1: rn(C(Sn)) = A + 4 for n is even

The following A+4 coloring for C(Sn) admits radio
coloring. For (1 < i < n) assign the color i to v, and
for(1 <i<n) assign the color n+i to u..

Assign the color 2n+1tou’ (1<i<n),for (1<i<n-1)
2n+2 to v/, if iisodd, and 2n + 3 to v/, if i is even.

Case 2:rn(C(Sn)) = A + 5 for n is odd

The following A+5 coloring for C(Sn) admits radio
coloring. For (1 <1 < n) assign the color i to v, and for
(1 <i<n) assign the color n+i to u..

Assign the color 2n+1 to u’, (1 <i<n), for (1 <i<
n-1) 2n+2 to v, if i is odd , 2n + 3 to v’ if i is even, and
2n+4tov .

5. Conclusion

In this paper we obtain the radio chromatic number for
Line, Middle, Total and Central graphs of Sunlet graph and
improved bounds of radio chromatic number of Sunlet
graph. Despite of the few results in radio coloring we still
experiment on radio number of various families of graphs
and thuis radio coloring is useful in channel assignment
problem which has wide range of applications'c.
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