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Symmetries of Icosahedral group and
classification of G-circuits of length six

Muhammad Nadeem Bari'*, Muhammad Aslam Malik'

1 Department of Mathematics, University of the Punjab, Quaid-e-Azam Campus, Lahore,
Pakistan

Abstract

Objectives: To determine the exact number of equivalence classes of G-circuits
of length g > 2.Methods/Statistical Analysis: To classify G-orbits of Q(v/m)/Q
containing G-circuits of length 6. Findings: The equivalence classes of G-circuits
of length 6 is ten in number and determine the exact number of G-orbits and
structure of G-orbits corresponding to each of ten equivalence classes of G-
circuits. Furthermore, we describe some generalized G-circuits of length 2t
corresponding to each of these ten equivalence classes and the structure of
these G-circuits with conditions on t. Applications/Improvements: We employ
Symmetries of lcosahedral group to explore cyclically equivalence classes of G-
circuits and similar G-circuits of length 6 corresponding to each of these ten
equivalence classes. This study helps us in classifying reduced numbers lying
in PSL(2, Z)-orbits. These results are verified by some suitable example.
Keywords: Rotational symmetries of icosahedral group; partition function;
equivalence classes of G-circuits; reduced quadratic irrational numbers

1 Introduction

If n= d’m, here d € N and m # &> for some integer e. Then Q*(\/n) =
n 27n *
{a:# cab =L ceZc#0 and (a,b,c) = 1}and Q},,(Vn) =

(ve o (va): y>land ~1<y<0}. Then (Q(vm)/Q) = Uren0™ (ViPm)
contain Q% (y/n) and Q% , (1/n) as G-subset and subset respectively.

For a = @ € 0*(y/n) , its algebraic conjugate & = # may or may not have
the same sign as that of ¢ . If wand @ have opposite signs, then ¢ is an ambiguous
number, that is, ¢ is ambiguous number if and only if a> < n)). An ambiguous number
Yisreduced if y > 1 and —1 <7 < 0. Note that if 7 is a reduced number, then 7, —y
and —7 are the ambiguous numbers which are not reduced.”) The modular group is
actually the group of 2X2 matrices whose entries are integers and determinant is one.

Throughout this paper p (q) denote the number of partitions of g whereas D,, stands
for Dihedral group of order 2n and S, stands for Symmetric group of order n!. We
know that |S,| = @ X 2n = (Ap—1| X (Dy| . Particularly, |S¢| = @ x 12 =
(As| x (Dg| and it is well-known that Symmetries of Icosahedral group is isomorphic to
alternating group As.
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In @ numbers of distinct circuits of length 4 are obtained by using fixed number of T triangles. In® numbers of distinct
homomorphic images are obtained by contracting all the pairs of vertices. In® authors discussed action of two Hecke groups.
One of them is the modular group H (A3) and other is H (A4) . In®)authors determine the transitive H-set of Q(y/m)\Q by
using structure of circuits.

In(®, it was proved that the ambiguous numbers in the orbit y°, y € Q* (/n) makes a G-circuit or simply circuit. Thus it
becomes interesting to classify circuit.

In”) authors determine that exact number of equivalence classes of G-circuits of length 4 is 4 in number and classify G-orbits
of Q(y/m)/Q containing G-circuits of length 4. Thus it becomes interesting to find to determine exact number of equivalence
classes of G-circuits of length g > 2.

Ifl/17 l/3, l; - .,l;t_l and l;, l;l, l;, C l;t are positive integers, then we say l/1 , l;, l/3, l;, .. .,llzt_1 , l;t isa
circuit if it has l;i_l triangles has two edges outside the circuit, l;i triangles has two edges inside the circuit where 1 <i <t.

Throughout this paper G-circuit (resp.G-orbit) will be simply denoted by circuit (resp.orbit). The concept of circuit grew out
of the study of Group action on Q(y/m) U {e} and the study of G-subsets 0*(/n) .

In this paper, we define what a circuit of specific length is and we classify non equivalent circuits of length 6 so as to classify
orbits containing these circuits. We also consider some of the elementary concepts associated with equivalent circuits, cyclically
equivalent circuits and similar circuits are introduced to explore transitive G-subsets (called orbits) of O* (1/n).

The definition of an equivalent circuit that is now standard was a long time in being formulated.

Two circuits [l/l , 1/2, l;, l;, .. .,l/2t71 , llzt} and [l1, b, I3, la, Is, lg, . . ., Iy—_1, In] are said to be equivalent if and only
if [1(1)9 ’ 1(2)9» l(3)9; l(4)9; c o ~al(2t,])9 ) l(y)e} = [lla byl la, s, g, ..y by, l2t]»

where 6 € Sy, . That is the circuits are equivalent to [l/l , llz, 1/3, lé, .. "l/2t—1 , 1/2, if and only if they are obtained just by
permuting the entries l/1 , 1/27 1/3, l;l, o .,l;t_l , llzt . Notation for equivalent is ” ~ ”. It is easy to see that being equivalent

of circuits is an equivalence relation. Thus, a property which is possessed by one circuit that is also possessed by all equivalent

circuits. Such properties which are preserved under equivalent are called equivalent properties or circuit invariant.
/

Two circuits [ll , l;, l/3, l;, .. .,I;FI , llzt] and [l1, b, I3, la, Is, lg, ..., Ir_1, ] are said to be cyclically equivalent if

! ! ! ! /! !

and only if the circuit [lme , 1(2)67 l<3>6, l<4)6, .. "l(zt—l)e , l(m)e} =[h, b, Iz, s, I, ..., b1, by,
where 6 € D;.. Notation for cyclically equivalent is ” ~. ”. It is easy to see that being cyclically equivalent of circuits is an
equivalence relation.

Two circuits are said to be similar if they represent the same orbit. That is two circuits {l/l , 1/2, 1/3, l;, - .,1/2,7] , l;t}

and [l1, b, I3, la, Is, ls, ..., lpy_1, lp] are said to be similar if and only if [121)9 , léz)ev lé3)9, 124)9, .. '7122t—1)9 , 122%} =

[llv l2) l3 I l4a ZS ’ l6a ) lztfla lzl]a
where@ € G;= ((135...2r—1 )(246... 2t)) . Notation for cyclically equivalent is” ~ .

It is interesting to note that the orbit containing circuit [l/l , 1/27 1/3, l:p .. '7l;t—1 , 1/2,} has exactly
2 (lll + l/2 + l; + .. l;k 1+ llzt) ambiguous numbers while this circuit consists of only t number of reduced numbers.
Thus studying orbits with the help of reduced numbers is fruitful and economical.

T
Throughout this paper l,1 , l’2, 1/3, l;, l;, Ié denote distinct positive integers and the expression w is replaced

d d?tdef
AR
by —5—

37 when (d, (2e, 2f))=h> 1. Classification of non-equivalent circuits and cyclically equivalent circuits play a

h
significant role to obtain the orbits of Q(+/n)\Q because with this task of finding orbits is simplified.

In®, Authors have found G-subsets of Q* (Vk2m) C (Q(y/m)|Q) = Uren Q*(Vk2m). So it becomes interesting to explore
transitive G-subsets called orbits.

2 Materials and Methods

The following results of =11 are used in the sequel.

https://www.indjst.org/ 2798
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!

Lemma2.1® If ¥ has a circuit [Z/l, llz, l;, l;l, lg, llﬁ} , then [1/2, l/3, l;, l;, l’6, 11}7 [l/l, l/67 lg, l;l, l’3, l/2 ,

/ ! ! ! ! / G - G G
le, Is, 1, L3, I, ll}arethe circuits of (—7) ,(—}/) , (y) respectively.

Lemma 2.2 19 An ambiguous number o= @ with ¢ > 0 is reduced if and only if |b + ¢| < 2a.

Lemma 2.3 ®1f lll , l;, 1/3, l;, C ey ZIZFI , l;t are positive integers then the circuit whose period length is 21 witht' divides
t is impossible to exist.
Lemma 2.4) The number of different arrangements of ¢ objects of which g are alike, g, are alike, g3 are alike , . . . , g,

are alike is 'qr!whereq1+q2+q3+ cdgr =q.

q!
q1'q g3 !

3 Classification of Circuits of Length Six

Circuits are very important in the study of modular group acting on quadratic field.

We start this section with a consideration of finding the non equivalent relation of circuits in a specific length g. Given the
positive integer g, we say that the sequence of positive integers q1 , g2, g3, g4, . . ., gr—1, qrwithq; > g2 > g3 > q4 >

. .> gr—1 > qrconstitute a partitionof gifg=q1 +q2+¢q3+ ---+q-.

Theorem 3.1: Number of equivalence classes of length g > 2 are exactly p (¢) — 1, where p (¢) denotes the partition of g.

Proof: Let p(q) denote the partition of g and we are looking in determining all equivalence classes of equivalent circuits of
length g. For a given circuit of length ¢, to find all equivalence classes of equivalent circuits of length g. We adopt partitions of
qg=q1+q2+q3+ ---+q, inthe sense thatif ¢ entries are alike, ¢, entries are alike, g3 entries are alike g, entries are alike, where

!/ !/

r > 2. We get non-equivalent circuits (l/l, l/17 l/17 Ce l/17 l;, l/z, R l;7..., L, L, ... l;} of length ¢ correspond to
each partitions of g.
/

where [; repeats g; times, 1 <i <.

Here r # 1 because if ¢ = ¢ then circuits corresponding to this partition is (l/l , lll, l;, C l;} , where l/1 repeats g times.
This circuit of length g > 2 is not possible by Lemma 2.3. So distinct classes of equivalent circuit of length g > 2 are exactly
plg)—1.

Remark 3.1.1: For g = 2, there are precisely two partitions namely 2 and 1+1. Circuits of length 2 corresponding to

! ! !/ ! - G - G
these partitions are (l1 , ll} and (ll , 12}. Furthermore, structure of these circuits are Y% = (y) = (—=y) = (—)° and

¥ = (—7) as these circuits are special cases of Note 3.7.2 and Note 3.6.1.

In the following theorems, we discuss Equivalence classes of circuits, Cyclically Equivalence classes of circuits, Equivalent
circuits, Cyclically Equivalent circuits, Similar circuits of lengths 6.

Corollary 3.2: There are precisely ten non-equivalent circuits of length six.

Proof: Letl/1 , l/2 ,l/3 , l:‘ ,lls ,ll6 be different positive integers. Then by Theorem 3.1 We have ten non-equivalent circuits
namely

[1’1,1;,1;,1;,1;,1'6} : [1’1,1'1,1'2,1'3,1;,1;} , [1’1,1’1,1’1,1’2,1;,1;} , [1’1,1’1,1;,1;,1;1;} , [1’1,1’1,1'2,1'2,1'3,1’3}

! / / / / ! / ! ! ! !/ !/ ! !/ !/ !/ ! ! / ! / / / / i / ! ! !
[11711711712’12’13} ) [ll’l]’ll7ll7l2’l3:| ) |:ll’ll’ll?ll>lwlz} ) [llvllvllvllvll’lz} ) [1111711’12’12’12}

corresponding to the number p (6 ) — 1 namely 1+1+1+1+1+1, 24+1+1+1+1, 3+1+1+1, 242+1+1, 24242, 342+1, 4+1+1, 442,
5+1, 3+3 respectively.

Circuit corresponding to summand 6 is [lll , l'l , l'1 , l/1 , l/1 , l;} . This circuit is not possible by Lemma 2.3. So these are the only
ten non-equivalent circuits of length 6. The notation used in this paper for equivalence classes of circuits of length 6 is E7; and
number of circuits equivalent to 7; is denoted by |E7;|. Similarly, the notation for cyclically equivalent classes is £7. and ‘E%
denotes the number of circuits cyclically equivalent to 7;.

The number of distinct orbits corresponding to Cr, is denoted by |Or;|. Furthermore, each cyclically equivalent class E7. is
discussed in each corresponding relevant corollaries.

Corollary 3.3: There are 720 equivalent circuits of length 6 in which all numbers are different.

Proof: It is well-known that S, = {(D,)@: @ € A,_1}. In our case S¢ = {(Ds) @ : @ € As}. We know that there are
6! = 720 arrangements of six different numbers l/1 , 1/2 ,l; , l; s ,l; taken all at time and so circuits corresponding to these

! ! ! !

arrangements are l;l)e, 1(2)9, 1(3)9, 1(4)9, 1(5)9’ lge)e} for each 6 € S¢. Hence, the proof.

https://www.indjst.org/ 2799
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Corollary 3.4: If l/1 , l/2 J; , l; ,l; 71/6 are distinct positive integers, then there exists 60 cyclically equivalent classes E7, .

Proof: Let l/1 , l; 71; , l; ,l; ,l; be different positive integers. It is well known that Icosahedral group is isomorphic to
Alternating group As. Now the cyclically equivalent classes E7, are obtained by E T’l A, ] for each ¢ € As.

e 29’ s)9* lo)0
These are exactly 60 cyclically equivalent classes namely

C C C C C
E[ai,ag.xg.x.’..:;.e;- E[zg.zi,ij,.:;.eg,zg ' E[eé,zi.té.ti.ié,lg]' E[ag.ag.xg.z;,z;.ag,y E[zg,tg.:;.si,zi.zg]’

Efy ] i) B B oy gy
Efi g gty Efgag anasagay » B ag annagaty » Bt ity

Bt ag g anat) Efg g wnanagar) Bl ag sty B g it g

R AR R A AT AL (AL

Bl o sty B iy

Efus ag attsat]r Bt g anasaga) it ag s B g aga )

E':J'F.IJ'J'.’ EcF!J'Fi! ECIFFEII EEFF!IFiEci!IIFFECIFFrII
[13 .02 dg g dg0a] * =ik Az dndnigde] * T Az bz dgdl] P UL s dadntgds] t T A dads g dg] T s e diagdag]

C C C C [ C
En g a0 Brag a gt oty B g anann sy s 2 agagan i) B ag 0.00.00) Bl 4 i aat)

EC

FFJIFP,EC-‘Ffﬂ'-‘.‘,ECF-‘F-'JI,ECfF-‘!f
[iﬂ- "[5 "1'2”!3!!1'!6] [13 I'il "[4!‘{5'!2"!6] ['!4 "i'l I'ES""Ei'[Zi'[G] [E-i 413 '11'15!‘!2'

[
) E

[15 15 a1 a0

C C
E 4 B

T T T T !.'-‘J'.IF,ECF!.'FFI,ECJ'J'FFI-',ECJIF-‘.I!,
[13 L4 Isly 0z, [1a 1 2 dsdsde] ~[is 2y o dulads]” ~[ls 1 Ladzdaide]’ iz 13 dsylale]

EC

:r:rrr,Ecr:rf:r,
[13 15 1200 L Le)” ~ [13 107 s 020416

C C [ C
Ene g ag e Bl oz aagagat] B ag dhapasaty Bpg g sy
C C C C
oC E 4B AR

B bplsdads] " ls Ll laiz sl Pz 0 1 ts tads] " Tl s Ltz e te]

Following is the generalization of the above circuit 71 whose length is “2t” and its proof can be obtained by applying induction
on “t” G G

Note 3.4.1: If {lll, l’2, l;, l:t, . llzt_l, l;t]is circuit contained in the orbit ¥° then Y%, (—7)¢, (5/) and (—5/) are all
distinct.

Corollary 3.5: If lll , l/2 ,l; , l:‘ ,l; ,ll6 are distinct positive integers, then each cyclically equivalent class contain 12 cyclically
equivalent circuits.

https://www.indjst.org/ 2800
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! ! ! !

Proof: Circuits cyclically equivalent to circuit [lll , 1,2 A ,l; ,llﬁ} are [l/(])e , l(2)9 , 1(3)9, l(4)97 l<5)97 126)9] for each
0 € Dg which is shown in Table 1. Similarly we can find cyclically equivalent classes corresponding to remaining circuits.

Circuits of length 6 which are given in Table 1 are cyclically equivalent, Moreover by Lemma 2.1, [1/1,12713714,15,16} ~y
[13,14,15,16,11,12] ~g [lg,lg,lll,l;,l;,l;] is the circuit contained inyG,[l;,l;,l;,l;,l;,l;} ~g [lé,lg,lg,lll,lz,l;] ~
{16, L, lz, l37l4, ls} is the circuit contained in (— Y)G,
o lolss Loy ]~ (6 B, Bt st] ~ [ B 05 L] ds the circuit  contained i

! / !/ ! / !/ !/ ! !/ / ! ! !/ !/ / / !/ / — G

(—y) , [16 AN/ ANA ,zl} ~ [14 A A ,15] ~ [12 A ,13} is the circuit contained in (y)

From Table 1 it is easy to see that the effect of permutation on circuit is same as to change the places of circuit accordingly. So
if circuit in which at least two entries are same we change places of circuits according to permutation. As each circuit of length

6 contains 3 reduced numbers, so each cyclically equivalent class contains 12 reduced numbers. Since there are 60 cyclically
equivalent classes each class contains 12 reduced numbers, so reduced numbers used in E7, are 12x60 = 720 equals to [E7, |.

Table 1. Cyclically Equivalent circuits Length 6

o lyo+ lga » lsyer Lwer Usyer o)
e=(1)(2)(3)(4)(5)(6) _l’l AN A 16]
— (1234 56) [0 5ty 85l ]
—(135)(246) (15 s 1 )
o = (14)(25)(36) ity dy 1)
—(153)(264) NN
a5 =(165432) A
B—(16)(25)(4) ity o 1)
aB =(15)(24) [15 0, 1 ,1]
a2B =(14)(23)(56) [14 13,12,11,16,1}
3B = (13)(46) [13 12,11,16,1f5,1;}
o*B = (12)(45)(36) [12,11 1, 15,14,1]
B = (35)(26) [t 05 4y ]

The following Table 2 is of considerable utility because it provides us with exact number of circuits of length 6 and hence the
number of G-orbits of Q* (1/n) .

https://www.indjst.org/ 2801
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Table 2. Enumeration of orbits

Cedl6 Er] Neec 07] Rdo
En 720 60 240 ©. (1) (1) (n°
Er, 360 30 120 ©o ()" (1) e
@ N O
L ) ’ P (1) (1) = cre
Er, 120 10 40 w0 () e
18 4 16 w. (1) (1) 0
1 ; ‘ N e N
18 : 6 r=()" (-7) = (-n°
. | 2 P=1% (1) = (-7)°
o w6 e
12 ) 4 r=(-1)" (1) = (-n°
24 ) : e (-0)". (7). n°
6 1 2 r= (7). (1) = n°
s : £ G e
6 | ) r=(=9)" (1) = n°
. 6 ! 2 r=(1)" no=(-7)°
3 1 1 P=(-7)"= (1) = (9"
6 | ) r=(-7)" (1) = n°
Er, 6 1 2 F= (7). °=(7)°

Ceclé: Classes of equivalent circuits of length 6;
Ncec: Number of classes of cyclically equivalent circuits;
Rdo: Regarding distinct orbits

Corollary 3.6: There are 6 Equivalent circuits of length 6 in which 5 numbers are alike and one number is different.
Proof: By Lemma 2.4, the number of equivalent circuits of length 6 in which 5 numbers are alike is % =

6. These 6 circuits are 1, 1y, 1y 0y, 6] o [6o 0 0 o] (6o nn, hon] s GGG ]

l/l , l,l , l/l ,1/2, l/1 ,lll} and {lll , l/l , l/2 ,l/1 , l,1 ,lll} . Clearly all these types are cyclically equivalent as well. Moreover by Lemma

https://www.indjst.org/ 2802
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! ! ! / ! ! ! ! ! / ! ! ! ! ! / ! ! — G
20 [ s b s G G ] e[ 0 1] s the circuit contained in 7 = () and
! ! ! ! ! ! ! ! ! !/ ! ! / ! / ! ! / — G
o s sl Bl e [0 B |~ [ 0y 1y the circuit contained in (7)) = (=7) . In this

situation there is only one cyclically equivalent class namely £ T, Sl l,] .
12111 “1972

Following is the generalization of the above circuit 779 whose length is “2t” and its proof can be obtained by applying
induction on “t”

Note 3.6.1: If [l;, lll, l/l, lll, ey lll, l/z] is circuit contained in the orbit of ¢ where l/1 repeats “2t—1” times then Y =
\G
(-7)

Corollary 3.7: There are 15 equivalent circuits of length 6 in which 4 numbers are alike and 2 numbers are alike.

Proof: By Lemma 2.4, the number of equivalent circuits of length 6 in which 4 numbers are alike and 2 numbers are

alike is % = 15. These possible 15 circuits are {lll , l/1 , l/1 71/1 , l; ,llz}, [1/1 , l/1 , l/1 7l/2, l/1 ,1/2}, [l/1 , l/1 , l/1 ,1/2, l; ,l/l},
L Y P/ S ) O /S S ) PO /R A A A R L A Y R N
LG ]
I aman {1’2,1;,1’1 1 1’1,1’1], {1’2,1’1,1’2,1’1, 1;,1’1],(1’2,1;,1’1 A, 0 ,1’1}, [1’2,1’1,1’1,1’1, 1’2,1’1},

:1'2 , l/1 , l'1 ,l/1 , l,1 ,1'2: are equivalent circuits.

" Intheabove circuits A NN A RN AN R S RN A R RSN R N

are cyclically equivalent. Moreover by Lemma 2.1,

! ! ! ! / ! ! ! ! ! ! ! ! / ! ! ! ! G
s ]~ [0 iy ] s [ 0 1 1] s the circuit contained in % = () and

/ ! / ! ! / / ! / ! ! / / ! / ! ! ! - G
ot s b s B G Bl 1] e [0 0 s 1 s the circuit contained in (—a) = (~a

Structure of G-orbit of remaining circuits can be found from Table 3.

Table 3.
Ef, Structure of orbits Nce |07, |
. NG G NG
Bl ) #= (1) (07=(1) : ’
. NG G NG
E[l; NANAN Y 7= (_7) St (Y> ! 2

EC! ! / ! ! !
[0, 50, 1 0]

Nce: Number of classes of cyclically equivalent circuits;

Following is the generalizations of the above circuit 79 whose length is “2t” and its proof can be obtained by applying
induction on “t”

/ NG
Note 3.7.1: If ‘l;, Iy, I, I, ....[;,1y, L] is circuit contained in the orbit of ¥° then Y% = (y) :

Note 3.7.2: If {l;, T ARSI SR /S AR AR AR 1/2} is circuit contained in the orbit of ¥ where [; repeats “t—1”
NG NG
times and 2t = 2(mod 4) then y¢ = (y) =(-p°= (—}/) .
Corollary 3.8: There are 18 equivalent circuits of length 6 in which 3 numbers are alike and 3 numbers are alike.
Proof: By Lemma 2.4, the number of possible equivalent circuits of length 6 in which 3 numbers are alike and 3 numbers
are alike is %!: 20. These possible 20 circuits are given by

https://www.indjst.org/ 2803
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]
[N
I
100,01

L1y, 0 0 D,

(RSN SANI NN NN
[N NARINS NN
[N RNAR RN RNV RN
NN NAN NS NN NAN SN
NN NARI NN NSNS NN A

are equivalent circuits.

]

1,0, 00 D,

A A SV AR A Ay A A S [1’1,1;,1’2,1’2, 1’1,1’1}, [1’2,1'2,4,1’1, 1’1,1’1],
In the above circuits &+, , , ., 7 o
A/ Y Y A A IO A A A0 A A A
are cyclically equivalent.
Moreover by Lemma 2.1, [lll , l/1 , l'1 ,llz, l; ,1'2} ~g [1,1 , l/2 , l'2 ,llz, l/1 ,lll} ~g [l; , l/2 , 1,1 ,lll, l/1 ,l;} is the circuit of a® =
— G ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! — G
(=a) and [, o d b bl o [ty ] s (GG G0 1 s thecireuit of (@) = (—a)°.
Also
[1’171/1,1’271;7 L], [1;,1’2,1/1,1’1, 1’2,1;}, [1’2,1;,1’1,1’2, 1/1,1’1}, (1’171’2,1’2,1/17 1’2,1’1},
Lol Lol Lonl, (LG 0, L ), (G, L, 00, oL, (1],1’2,1’2,1’1, I 0L,
bttt ] (5o ] (Bt o] [ Gt g

cyclically equivalent.

Moreover by Lemma 2.1, [, 1y, bl 1G]~y [ G, 0l o]~ [ G 0] s the cir
cuit of B0 [, b Loty L]~ (b h b ]~ GG GG, 1] s the circuit contained
in (—B)°, [1’1,1’2,1’1,1’2, 1;,1'1} ~ [1’1,1'2,1;,1'1, 1’1,1;} ~ [1’2,1’1,1’1,1’2, 1’1,1’2} is the circuit of

NG NG
(—B) Bl )~ [ G G )~ [ GG 0] s the circuit contained in (B) .
Moreover, [l/l , l; , l/1 ,llz, l/1 ,1/2} and [1/2, l/l , 1/2 ,l/l , l; ,l/l} are not possible by Lemma 2.3.

Table 4 summarizes all these information’s

Table 4. summarizes all these information’s
Ef, Nce (Ox] Structure of orbits

E[z; NAN AN ! 2 = (777>G’ (=% = (77)6
Ely v s 0 1 4 7, (*?)67 (-n°, (?)G

Nce: Number of classes of cyclically equivalent circuits;

Following is the generalizations of the above circuit 7y whose length is “2t” and its proof can be obtained by applying
induction on “t”
! ! ! ! ! / / ! ! !
Note 3.7.1: If [11, Ly by oo I b b, lz} is circuit contained in the orbit of Y where [, repeats “t” times [, repeats

“t” times and “t” is even integer then y¥ = (5/)

Note 3.7.2: If [l/l, l/1 , l/17 cery lll, l/2 . ,llz, l;, 1/2} is circuit contained in the orbit of Y where l/1 repeats “t” times l/2 repeats
\G
“t” times and “t” is odd integer then Y% = (—7)
Corollary 3.9: There are 30 equivalent circuits of length 6 in which 4 numbers are alike and 2 numbers are different.
Proof: By Lemma 2.4, the number of equivalent circuits of length 6 in which 4 numbers are alike and 2 numbers are different

is ﬁ = 30. These 30 circuits are [l/l , l/] , l,l ,l; , l/2 ,l;],
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(N A (R AN (A
]t ] G ] 1,1,
ot )] [ttt [Tt 5] 1t 0,1
it oty [ttt ] ittt o 2]
ooty [0t ] 0ot ] B ]
)] 0] [ttt ] [t 1.
] 8 ] 8] B ]
bl

Structure of G-orbit of these 30 circuits can be found from Table 5.

Table 5. Structure of G-orbit of these 30 circuits

Ef, Nce |07, | Structure of orbits
NG ,_\G

Bl w0 ! 2 r=(=7) () =°
NG ,_\G

By oo way B e 2 8 #=(7). () =n°

Nce: Number of classes of cyclically equivalent circuits

Following is the generalization of the circuit 77 whose length is “2t” and its proof can be obtained by applying induction on

« »
t
/

Note 3.7.1: If {ll, l’l, l/l, cees l/17 llz, lg} is circuit contained in the orbit of y° where lll repeats “2t—2” times then

NG NG
7, (-p)°, (y) .and (f}/) are all distinct.
Corollary 3.10: There are 60 equivalent circuits of length 6 in which 3 numbers are alike, 2 numbers are alike and 1 number
is different.
Proof: By Lemma 2.4, the number of equivalent length 6 in which 3 numbers are alike, 2 numbers are alike and 1 number is
different is %: 60. These circuits are

[0 U IS A S R VI 0 A 0 £ O 10 A0 0 (00 (S0 B 0 OV 0 A A
[0S0 S0 1 0 L O S 0 0 0 10 15 I 10 A0 150 S0 0 8 IR VA0 S0 A A Y A
[ VISV A A O VS A A 0 0 18 O 10 10 0 (00 A0 S BV 0 0 A A
SO Oon.
Structure of G-orbit of these 60 circuits can be found from Table 6.

Table 6. Structure of G-orbit of these 60 circuits

Ef Necc |07 | Structure of orbits
Ec/ ! ! ! ! /7Ec/ ! ! ! ! /19 _ G — G
E[zcl,g.,/z,zz,z, 4] [zc,,zl.,zz,t,‘lz,lg] 4 16 ¥, (77) . (=7°, (7)

E
! ! ! ! ! ! ! ! ! ! ! !
[, 0.0, L) L 0 G0

EC, JES, 2 4 Y= (*?)Gv (?)G =(-7°

(.00, 55 T h 0 ]

Ncc: Number of classes of cyclically equivalent circuits;

Following is the generalization of the circuit 75 whose length is “2t” and its proof can be obtained by applying induction on

w
t
’

Note 3.10.1: If {ll, I, Ly 0y by b, 1/3 is circuit contained in the orbit of ¥ where /| repeats “2t—3” times then
¢ (\C _\G
Y, (=7)°, (y) and (7},) are all distinct.

https://www.indjst.org/ 2805



https://www.indjst.org/

Bari and Malik / Indian Journal of Science and Technology 2020;13(27):2797-2810

Corollary 3.11: There are 90 equivalent circuits of length 6 in which 2 numbers are alike, 2 numbers are alike and 2 numbers
are alike.

Proof: By Lemma 2.4, the number of equivalent circuits of length 6 in which 2 numbers are alike, 2 numbers are alike and
2 numbers are alike is %: 90. Some of these circuits are

NN
by, Ly, L 1, 1
00 ]

[N WA

Gl o, B, 1 ] [0, 000 6.5 ] [0, 10,5,
L0001, 0, 0 7{l;vl;vl;’llz:llzvlll]v[l/Slevllzvl/lvl,lvlé}
: [1;,1’3,1’2,1’2,1’1,1’1} : {z’z,l;,l’l,z’l,zg,l;} , [1’1,1’171;,1;,1;,1;]

bty Bt ] [ttt ]

—

Ly Ly, 001 150

(60,0

and so on.
Structure of G-orbit of these 90 circuits can be found from Table 7.

Table 7. Structure of G-orbit of these 90 circuits

Ef, Nce |0z Structure of orbits

EC/ ! J J J J EC/ ! ! / / J
[ A Lot A AN A 4 16 ye (777)G (77/)(; (77>G
C c b b b

B Pl s m)

EC/ ! J J J J ELI ! J J J !
[13712-,11 bk 711]7 [11 LRI 'lz]’ 3 12 'J/GZ (,?)G (&)G:(,y)c
c ’

Bl i)

ECI ! / J J J EC/ ! ! ! / AR G G

E£ll 713 ) 12 Jza 13 311]7 [ll ,lz ’ 12 ‘rll ’ 13 713] 3 12 'J/G - (?) ) <_)_/> = (_Y)G
[1.0.0 .0, 10

G G

E 1 2 =% (-1) =()

(RS ’

Ncc: Number of classes of cyclically equivalent circuits

Following is the generalization of the circuit 75 whose length is “2t” and its proof can be obtained by applying induction on
«

Note 3.11.1: If [1’1, b, Ly ..., L
then ¥° = (—y)°.

Corollary 3.12: There are 120 equivalent circuits of length 6 in which 3 numbers are alike and 3 numbers are different.

Proof: By Lemma 2.4, the number of equivalent circuits of length 6 in which 3 numbers are alike and 3 numbers are different
is %: 120. Some of these circuits are
i ] [
Ly L L 100 | L0 00 L
1oyl | _1;,1;,1’2,1’1,1’1,11_
LR ANURRSUS A
Lyl 0 0G0 [ 0L L L

SO on. o i

Structure of G-orbit of 120 circuits can be found from Table 8.

Following is the generalization of the circuit 74 whose length is “2t” and its proof can be obtained by applying induction on
((t)).

Note 3.12.1: If [lll, 1,1, lll, ey l/l, 1'2, l;, l;, ey ltlﬂ} is circuit contained in the orbit of Y where l/1 repeats “t> 2” times

then v°, (—y)°, (5/) Gand (—?)G are all distinct.

, l,17 1/2, l;, ey l;] is circuit contained in the orbit of Y where “t> 3” is odd integer

(AR,
bt
Gt L
oty bt

Iy, Ly, L, I, 0 1

3 ) )

LRACEAY
AN
AN
Gols i

Ly Ly, I, 1, 0 0

Y

)

)

)

3

)

Y

)
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Table 8. Structure of G-orbit of 120 circuits

Ef, Nce |07, | Structure of orbits

B i) B )

E* (150000 ] E[lj,lg,lg.lj 2] G o
_ G /-
E[z Nk [1’ T 40 7o, <—7) . (=77, (7’)
[z’l,z;,l’ AR [I’JQJ;J{J’.IQ]

///r//

[1’1,1[, Lty [1 Ay 00

Ncc: Number of classes of cyclically equivalent circuits;

Corollary 3.13: There are 180 equivalent circuits of length 6 in which 2 numbers are alike, 2 numbers are alike and 2 numbers

are different.
Proof: By Lemma 2.4, the number of equivalent length 6 in which 2 numbers are alike, 2 numbers are alike and 2 numbers
are dlfferent is 2,2?1,1, = 180 Some these circuits are

11711,12,12,13,14 , 12,12,13,14,11,11 13,14,11,11,12712

1L s 0 | 12,13,14,11,11,12 TN AN A
1L By oy D 1 | s By B 1 0 L | (B 0 1 L L
Ly Ly, Loy Lo L 1 | (s By L 1 L I | (10 L B D

L O O O S IO VS SO SO O S P IO 1 SO S SO O P %

11,11,13,12,12,14 O S O S YO £ I Y O O o e S

ll 7ll 714,12,12,13
and so on.
Structure of G-orbit of these 180 circuits can be found from Table 9.

Table 9. Structure of G-orbit of these 180
Ef, Necc |07, Structure of orbits

14 56 ¥, (—?)G7 (-1°, (?)G

E[zzzzll}E

3ol (11011505 0]
Ef

Il

(100055, ] [1 NN

1o

E[Ll,,lplzﬁzj1 L) E[z’1 YA

E Ef
RN R A A A
EC! ) V. EC/ Y gl
[‘ll ‘12‘11,13.]2,14] [11 L ,[1,12,12,14]’
E(// - - - -
[, 0.0, L) [1 N Al
EC

(17, 0.0, 1 5.05) [11 NN

G G

£ k¢ 2 4 ¥=(-7) (v) =(n°
[0, 0.0 BB TG B 1 ’

Ncc: Number of classes of cyclically equivalent circuits

Following is the generalization of the circuit 73 whose length is “2t” and its proof can be obtained by applying induction on
t”
Note3.13.:If |1, I, I\, ..., [}, Ly by, Ly ooy by I, I

is circuit contained in the orbit of Y where l/1 repeats “2t—1”
NG NG
times and l/2 repeats “2t—1” times where “t> 1” then y°, (=), (y) and (—y) are all distinct.
Corollary 3.14: There are 360 equivalent circuits of length 6 in which 2 numbers are alike and 4 numbers are different.
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Proof: By Lemma 2.4, the number of equivalent circuits of length 6 in which 2 numbers are alike and 4 numbers are different
is % = 360. Some of these circuits are given by

[0 1O 0 0 5 V0 0 00 10 (0 8 R V0 A 0 OV 0 8 R 0 0 S0 S A
Ly Ly s, L L | L 1 0 L s L | (0 0, L L s 1y | (L B D 0 s
[0 0 S0 /S0 1O N R0 0 S A R OO V0 S 1 1 O O A 0 A
and so on.
Structure of G-orbit of these 360 circuits can be found from Table 10.

Table 10. Structure of G-orbit of these 360 circuits

ET, Nce |07, | Structure of orbits
Sty O bty " ) %0 120 o (1) e (7)°
Bl B ) Bty S
R RN A B (RN AL

Bl ) B nia) B i)

EEI'],l;,li,lz,lﬂ} EEIZ,[ Ay Gl ) Ez 105, Ll n)

Efzg,z;,/;,z;,/;zy E(zg,g,l s E(z4,12,1 Ak

E@;,z;,/z Ak EEI;J;,I Nk 215,13,1 Ak

EEI' I, L) EEzg,zg,lz.l A (1 Al 5]

Efz; Ly 0] EEI;,I;J;.I AN (1 Iy, L 0]

EEI' Ly ] EEI;,1;,1],14 L) EEI' AN

Nce: Number of classes of cyclically equivalent circuits

Following is the generalization of the circuit 7> whose length is “2t” and its proof can be obtained by applying induction on

»

t.

«

Note 3.14.1: If (l;, l/17 llz, 1/3, l:“ ceey ll2[73, 112,72, llztfl] is circuit contained in the orbit of y¢ then

7, (-1)°, (Y)Gand (—E/)Gare all distinct.

It was proved in®® that any circuit (lll,llz, l;l;,l;,l;] of length 6 corresponds to the orbit contained in

Q*<\/f 1;,1’2,1'3,1;,1’5,1’6)>.

Corollary 3.15: All the circuits in ES ( Ty 1’} corresponds to the orbits contained in Q* (/a7 ).
21325408504

Proof: To prove this result, it enough to show that f (lll ,1/2 , lg,l:‘, l/5 ,l/6> is unchanged for 6 € Dg. Where
(ool tiols) = (0 (o + tr ) + 05 (1) + sl + L1y (16 +1gls)
s 1ol Y / ! / ) Y 2
+lylsls (l3 +1 ) + 46kl (1 +l4ls) —h (ls +l3) —Isly <1 +lzl3))
4 (15 (VG + Ll + DL+ GG + 6+ 1)
i ) (140685 ) (G+L+ Bt ) +1 (1+613) )
It is easy to see that after applying 6 € Dg and simplifying the expression for f (lll , 1/2 , l; , l;, l; ,l/6> is unaltered. Since there
are 60 cyclically equivalent classes, so we have sixty n’s namely ny, n2, n3, . . ., ngo.
Example 3.16:
We verify above results by considering the circuits [1, 2, 3, 4, 5, 6], [2, 3, 4, 5, 6, 1], [1, 6, 5, 4, 3, 2]
G G
and [6, 5, 4, 3, 2, 1]. These four circuits correspond to the orbits Y, (—}/)G, (—}/) , (y) and these four circuits can
be seen in Figures 1, 2, 3 and 4 respectively.
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Fig 1.
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vV VvV VvV V

Fig 2.

Figure 1 shows location of reduced numbers and describes that [1,2,3,4,5,6] ~; [3,4,5,6,1,2] ~ [5,6,1,2,3,4]

Figure 2 shows the location of reduced numbers and describes that [2,3,4,5,6,1] ~; [4,5,6,1,2,3] ~ [6,1,2,3,4,5]

Figure 3 shows the location of reduced numbers and describes that [ 1, 6, 5 4, 3, 2]~s[54,3,2,1,6] ~[3,2,1,6,5,4]

Figure 4 shows the location of reduced numbers and describes that [6, 5, 4, 3, 2, 1] ~ [4, 3, 2, 1, 6, 5] ~;
2,1, 6, 5, 4, 3].

Now in all above Figures containing 3 reduced numbers. So, E[‘1 2, 3, 4, 5, ¢ Contains 12 reduced numbers.

4 Conclusion

The idea to classify G-circuits of G-orbits on quadratic field by modular group, which is given in this paper, is new and
original. We have classify G-circuits into the distinct equivalence classes of equivalent circuits by using partition function and
they are precisely p(¢) — 1 in number when g > 2, Particularly for circuits of length 6 we have p(6) — 1 = 10 equivalence
classes of equivalent circuits, i.e Es = U.?| E7,. We further classify equivalence classes of equivalent circuits into cyclically
equivalence classes and this study help us to determine exact number of G-orbits corresponding to each cyclically equivalence
class. Furthermore, we describe some generalized G-circuits of length 2t corresponding to each of these ten equivalence classes
and the structure of these G-circuits with conditions on t. All results are verified by suitable example.
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