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Abstract

Objective/Aim: To generate three common fixed point results for four self
mappings in complete multiplicative metric space (MMS). Method: The method
involves applying of point wise absorbing mappings with different combina-
tions such as complete subspace, reciprocally continuous and compatible map-
pings and semi-compatible mappings. Findings: All the results are supported
by the provision of valid examples. Novelty/Improvement: The concept of
reciprocally continuity along with semi compatible mappings is used which is
weaker than the concept of continuity and compatibility.

Keywords: Fixed point; absorbing maps; compatible mappings;
semi-compatible mappings; reciprocally continuous mappings

1 Introduction

The extraction of fixed point theorems has been fascinating area to the researchers due to
its remarkable applications in many areas of mathematics and other allied subjects. The
notion of multiplicative distance is initiated in multiplicative calculus"). Subsequently,
the multiplicative metric space (MMS) has been introduced®. Proved fixed point
theorem in multiplicative metric space using weak commuting mappings ). Introduced
the notion of Absorbing mappings in fuzzy metric space and prove common fixed point
theorems ). The notion of semi-compatible mappings is introduced in d-topological
space®). The notion of reciprocally continuous mappings became instrumental in
proving some common fixed point theorems in metric space(6). Recently some results
in multiplicative space are seen in” and® using the concept of semi compatible
mappings.

In this study, absorbing mappings notion is initiated in MMS to generate some
common fixed point theorems under different conditions.

2 Preliminaries

Before establishing our Theorems we present some definitions and results that they are
needed.

Definition 2.1. M: For a non empty set X ,a MMS (X, d*) is defined as function
d* : X x X — (0,0) holding the conditions:

MMS (i) d* (., B) > 1 forall o,f € X andd* (at,f) =1 <> a=f
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MMS (i) d* (e, ) = d* (B, o) forall o, f € X

MMS (iii) d* (o, B) < d* (e, y).d* (v, B) forall o, B,y € X.

Definition 2.2.): In a MMS a sequence { o } converges to o in X if d* (a, @) < € for each €> 1 and for all n > 19 and
Mo €N.

Definition 2.3.?: Multiplicative Cauchy sequence in MMS is one which holds d* (0, ) <€ for all m,n > N and for all
e>1.

Definition 2.4.(®): A complete MMS is one in which every Cauchy sequence is converges in it.

Definition 2.5 : In a MMS having two maps A and S then S said to be A-absorbing if 4* (Aa,ASat) < d*®(Aat, Sax) for some
real number R>0 and for all o € X.

Example 2.5.1: Let X = (0,00).Define d* : X x X — (0,00) by d*(ct, B) = ¢!* Bl then (X, d*) is multiplicative metric space.
Defined A,S: X x X — (0,00) as

lfora;& 1
Ala) = {Ofora_% and S(« )fiforallagx

Then A is S-absorbing for R > 1.

Definition 2.6: A condition d* (Ax,ASx) < d*F (Ax, Sx) for some R > 0 and for given xX holds then the map S in a MMS is
said to be point wise A-absorbing.

Example 2.6. 1 Let X = [0,10]. Define d* : X x X — R* by d* = el* Pl then (X,d*) is MMS. The mappings A (&) =
1 and S(a) = 2a+l for all o € X then A is point wise S-absorbing.

Definition 2.7: We define the pair (S,A) in MMS as compatible or asymptotically commuting if for some ¢ €

X, llm d* (SAayy,ASoy) = 1 whenever {0} is a sequence in X such that llm Axn = an?ZOan =t.

Example 2.7.1:Let X = [1,10] Defined* : X x X — R" by d*(e, ) = e|°‘ Bl then (X,d*) is MMS. The mappings A and §
are defined as

lforl<a<2and o =3 2forl <o <2

Ala) = 4 fora>3 andS(a)= { 2a+1
30‘5—1 for @ € (2,3) foro>2

Let (o } = (2 + %} forn > 0. Then it is easy to see that the pair (A, S) is not compatible but A is S-absorbing.

Definition 2.8: Mappings S and A of multiplicative metric space (X,d*) are said to be semi compatible if

llm d* (SAoy,AL) =1 forall { >0 whenever {ay} is a sequence in X such that lim Sa, = llmAOtn = { for some { € X.
e

Example 2.8.1: Let (X,d*) be a multiplicative metric space where X=[0,1] and d* (o, B) = e|°‘ Bl. We define the functions
Sand A by

1 1
. 6—061f0<oc<—2 e, 1f0<05<—2
S(O‘)_{ it b ca<t | A= ‘21f1 <1

Let oy = 1]—2 — % forn > 1, then the pair (S,A) is semi- compatible.

Definition 2.9: A pair of self maps (S,A) of multiplicative metric space (X,d*) is said to be reciprocally con-
tinuous if lim d* (ASoy,Al) =1 and linzod* (SAoty,SC) = lwhenever there exists a sequence {0} in X such that
lim Soy = t lzmA(xn =t forsomet € X.

n—oo0 " n—yoo

Example 2.9.1: Let (X, d*) be a multiplicative metric space where X = [—1,1] and d* (o, B) = e/*Pl.We define mappings

Aand S by

1 1

if—1<a<l -
ifl<a<1 ands(a)_{@s‘?siféﬁagl

Ala) = {

O\\»—(JI\»—A

1<«
<a<

A= |

Let the sequence oy = % + % forn > 1 then the pair (A, S) is reciprocally continuous.
Now some common fixed point theorems are to be established using different conditions in multiplicative metric space.

https://www.indjst.org/ 4162


https://www.indjst.org/

Vijayabaskerreddy & Srinivas / Indian Journal of Science and Technology 2020;13(39):4161-4167

3 Main Results

3.1 Theorem: The mappings S, T, A and B defined in a complete MMS holding the conditions:

3.1.18(X) C B(X), T(X) C A(X)

3.1.2d*(Sa,TP) < {d*(Aa,BB)-d*(Aa,Sa)-d*(BB,TB) -d*(Sct,Bf) ~d*(AO¢,T[3)}% where A € (0.}) forall @, f € X

3.1.3 If the mappings S and Tare point wise A-absorbing and point wise B-absorbing respectively.

3.1.4 If the range of one of the mappings S, 7, A or B is a complete subspace of X then A, B, S and T have a unique common
fixed point in X.

Following discussion is useful in proving of Theorem 3.1

Since S (X) C B(X), consider a point ¢tg € X, there exists o) € X such that Sog = Bay = Bo. For this «; there exists oy € X
such thatT oy = Ao, = f3;. Continuing this process we get Sotay = Botoy +1 = Bon (say)and T ooy = Adan2 = Bont1 (say).

Now we can define (B, } in X, we obtain

2
d* (AOCzn 7Ba2n+1) -d* (A(Zzn,SOtzn) -d* (B(in+1 ,Ta2n+1) 6
d* (Sopn,Boan 1) -d* (Aczy, Toon 1)

d* (ﬁZmﬁZnH) < {

>

< (d* (Ban—1,B2n) -d* (Ban—1,B2n) -d* (Ban, Ban+1) -d* (Ban, Ban) -d* (Ban—1,Boan+1) }

o>

< (d (Ban-1,B2n) -d** (Ban, Byan+1) }

this implies that
A

3
d* (Ban, Pan+1) < d*2(371) (Ban—1,B2n) -
Let % (ﬁ) = h, then

* K
d (ﬁ2n7ﬁ2n+1)§d (ﬁ2n71»ﬁ2n)~ )
We also obtain d* (Ban+1, Ban+2) < d* (Ban, Ban+1) -

h Al
Therefore d* (B, By+1) < d* (Bp=1,Bn) < .d” (B1,Bo)forall n > 2.
Let m,n € N such that m > 1, then we get

d* (ﬁmaﬁn) <d" (BmaBmfl) A (ﬁmﬁ aBm72) ------ d* (BnH aBn)

m—1 pm—2

<d™ (Bi.Bo)d”" " (Bi.Bo)...... " (B1,Bo)

<a' (B o)

this implies d* (B, By) — 1 as ) — oo,

Hence (B } is multiplicative Cauchy sequence.

By the completeness of X, there exists { € X such that (B, } — { as ) — . Moreover, (S@2p } = (BQan+1} = (B2n} and
(TOtan} = (Aa2n+2} = (Ban+1 } are sub sequences of (3 },consequently Sotan, Boani1, T0anq1 Alanio convegeto §asn —
oo,

Proof of Theorem 3.1

Let A(X) be the range of X being a complete subspace, then there exists a point Au such that nl szo Aoty = Au . By condition

3.1.4 we get T 01 — Au, S0y_o2 — Au,Boy — Auas 1 — otin view of discussion Au = .
Put o =u B = oy in 3.1.2 we have

A
6

d* (Su, Ta2n+1) < (d* (Au,Ba2n+1) d* (Au,Su) d* (Ba2n+1 s TOter_l) d* (Su,BOtzn_H) .d*(Au, T(XQTH_])}

letting 7 — cowe obtain

o>

d*(Su,Au) < (d* (Au,Au).d* (Au,Su) .d* (Au,Au) .d* (Su,Au) .d* (Au,Au)}

this gives

https://www.indjst.org/ 4163
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d*(Au,Su) < 4+ (Au,Su) , a contradiction to the definition of 2.1
which implies Au = Su.

Since S(X) € B(X) then there exists w € X such that Au = Bw.
Put & = u, B =w in the inequality we get

d* (Su,Tw) < (d* (Au,Bw).d* (Au,Su) .d* (Bw,Tw) .d* (Su, Bw) .d* (Au, Tw)}%

d*(Au, Tw) < a3 (Au, Tw)

this implies Au = Tw.
Thus we have Su = Au = Tw = Bw.
Since S is a point wise A-absorbing this makes

d* (Au,ASu) < d*® (Au, Su)

this implies Au = ASu = AAu.
By putting o = Au, B = w in condition 3.1.2

A
6

d* (SAu,Tw) < (d* (AAu,Bw) .d* (AAu,SAu) .d* (Bw,Tw).d* (SAu,Bw) .d*(AAu,Tw)}

N

d* (SAu,Au) < d*” (SAu,Au)
this implies SAu = Au.
Therefore ASu = SAu = Au.
Similarly T is a point wise B-absorbing
implies d*(Bw, BTw) < d*F (Bw, Tw)
and implies Bw = BTw.
This gives Bw = BTw = BBw = Tw = Au.
Thus we have BAu = Au.
Now we claim TTw = Tw for this put &« = u, § = Tw in condition then we get

o>

d* (Su,TTw) < (d* (Au,BTw) .d* (Au,Su) .d* (BTw, TTw) .d* (Su,Bw) .d* (Au, TTw)}

A
this givesd* (Au, TTw) < d** (Au, TTw)

this gives Au = TTw =T (Tw) = TAu

and this gives TAu = Au.

Therefore AAu = SAu = BAu = TAu = Au.

Thus Au is a common fixed point of S, T, A, and B and  is common fixed point of the mappings S, T,A and B. The uniqueness
of the fixed point can be easily verified. The proof is similar when 7'(X) ,or B(X) or S(X) is assumed to be complete subspace
of X.

The following example satisfies all the properties of Theorem 3.1.

3.1.6 Example: Let (X, d*) be MMS where X = [0,8] and d* = ¢!* Bl where a, € X.

The self mappings A, B, S and T defined as

A(a) =B(a)=aifa € |0,8]

if o € (01) Lif o € (0,1)
S(“){ (info(cxe[l,8] T(“){ 2ifg€[1»8]

where o =2 common fixed point for the four mappings S,7,A, and B

3.2 Theorem: Let S,T, A and B be self mappings of a complete multiplicative metric space, they satisfying the following
conditions 3.1.1 and 3.1.2 together with

3.2.1T be a point wise B -absorbing

https://www.indjst.org/ 4164
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3.2.2 the pair of mappings (S, A) is reciprocally continuous and compatible then the mappings S, T, A and B have a unique
common fixed point in X.

Proof

Using the condition 3.2.2 we have T{ZrzgSAazn =8¢ and 1112720A8a2n =A{ and rfiq;[od* (SAony,ASapy) = 1.

This gives S = AC.
Put a = { and B = otyy+1 in condition 3.1.2 then

>

d* (8¢, Ta2n+1) < (d* (Aé,BOCQn_H) d*(AC,S¢) .d* (Ba2n+1, Ta2n+1) d* (SC,BOCQTI_H) d (AL, Ta2n+1)}

letting ) — oo we get,

o>

d*(AL,8) < (d"(AC, L) .d" (AC,AQ).d" (,8),d" (AC,{) .d" (AL, C)}

this gives

d (AL, 0) < a3 (A&, {) is a contradiction.

This gives A = C.

Therefore Al =S{ =2C.

Since S(X)B(X) then there exists a point « in X such that Stz = Bu

letting i — oo this gives

= nlzn Scotay = Bu, this gives § = Bu.

Now put @ = { , B = uin condition 3.1.2 then we get

o>

d* (SC,Tu) < (d* (A, Bu) ,d* (AL, SC) ,d* (Bu,Tu) ,d* (SC,Bu),d* (A, Tu)} s .

On using A§ = SE = £, we get

W

d*(8,Tu) <{d"({,Tu)}

implies § = Tu.
Therefore S =A{ =Bu=Tu={_.
Again on using B-absorbing nature of the pair (B, T') , we have
d*(Bu,BTu) < d*®(Bu,Tu) , a contradiction in view of Bu = Tu = .
Therefore Bu = BTu = Tu and implies B{ = C.
Put a = §, B = { in the condition 3.1.2 and on simplification this leads to
d'(§,TC) <d"5(¢.TE)
implies T¢ = ¢.
Consequently S§ =T =B = A{ = {, proving that the point § is a common fixed point of S, 7, A and B.
The uniqueness of the fixed point can be easily proved.
The following example supports the conditions of Theorem 3.2.
3.2.3 Example: Let (X,d*) be MMS where X = [0,2] and d* = e/* Pl and four self mappings defined as

lifa€0,1) 1/4ifa € [0,1)
Ala) =1 6/4ifa€l,2) . B(a)={ 6/4ifac(1,2)
5/4ifa=2 lifor =2

5/4ifa e [0,1)

S(a):gifo‘e[O,Z] and T(OC):{ 6/4if06€[1,;,}

After verifying the conditions of Theorem 3.2 in a routine manner ¢ = g is arrived as the unique common fixed point.

3.3 Theorem

https://www.indjst.org/ 4165
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Let S, T A and B be four self mappings of a complete multiplicative metric space (X,d*) satisfying the conditions 3.1.1, 3.1.2
along with

3.3.1 The pair (A,S) reciprocally continuous with semi-compatible and T be Point wise B-absorbing or ( B, T') is reciprocally
continuous and semi compatible with S be point wise A-absorbing then A, B, S and T have unique common fixed point.

Proof: Since the pair of maps (A,S) is reciprocally continuous and semi compatible then we have 77l zgzo SAoy =

SC'T{H?ZOAS‘XH =A{ and T{md (ASoy,SC) = 1.
Hence we get S§ = A(.

Now we claim S = ¢ for this Put & = { , B = 05y in contraction condition 3.1.2.
letting n — @, we obtain

o>

d*(8¢,¢) < (d"(8¢,8).d"(8¢,8¢) .d"(§,8).d" (S, &) .d" (¢, )}

this gives
A
d*(S¢,8) <d*(S€,)? is a contradiction, implies S§ = §.
Hence we get S§ = AL = .
Since S(X) C B(X) there exists a point # € X such that Sooy; = Bu letting N — oo we get nlgn Sooy = § = Bu.

To claim Tu = { substitute o = { , f = u in contraction condition 3.1.2

o>

d*(SC,Tu) < (d* (AL, Bu) .d* (AL, SC).d* (Bu, Tu).d* (S, Bu) .d* (AL, Tu)}

this gives
A

d* (¢, Tu) < (Max(d*(§,8).d* (§,8) .d" (¢, Tu).d" (§,§).d"(§, Tu)} } ¢

this implies

d*(&,Tu) <d*(¢g, Tu)% is a contradiction, Hence we get Tu = {.

Therefore S =A{ =Bu=Tu= (.

Again on using the point wise B-absorbing nature of Tthere exists a real numberR > 0 such that d* (Bu, BTu) < d** (Bu, Tu)
implies Bu = BTu ,that is { = BC.

Put ¢ = £, B = { in the condition 3.1.2 resultsT{ = .

Thus A =B =T =S¢ = ¢, giving { is a common fixed point of S,T,A and B .The uniqueness of the common fixed
can be easily proved.

The following example satisfies all the conditions of Theorem 3.3.
3.3.4 Example: Let (X,d*) be MMS where X = [1, 18] and d* = e/*~F!  Define four self mappings .«7, ,.7 and .7.

lifaa=1

lifa=1
Ala)= 10ifl <o <4 B(oc):{ .
eilifg e (418 Sifo e (1,18
lifoo=1
lifa=1
S(a)=1< Sifae(1,4] T(a)—{ .
lifo € (4, 18] 2ifae(1,18]

After simple verification of the conditions of Theorem 3.3, & = 1 is emerged as the unique common fixed point for the four self
mappings.

4 Conclusion

This study is focussed on proving three common fixed point results: In Theorem 3.1 the concept of point wise absorbing
mappings together with reciprocally continuous mappings is applied. In Theorem 3.2, the notion of point wise absorbing
mapping is used along with reciprocally continuous and compatible mappings is discussed. Finally, in the last Theorem 3.3,
the concept of absorbing mappings is applied along with reciprocally continuous and semi compatible mappings. Further, all
the results are substantiated with suitable examples.
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