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Abstract

Objective/Aim: To establish the existence of common fixed point theorem
for four self-mappings in Banach space. Method: This method includes
using weaker conditions like property E.A and weakly compatible map-
pings. Findings: Unique common fixed point is generated using different
conditions. This result is supported by the provision of a suitable example.
Novelty/Improvement: The concept of property E.A along with weakly
compatible mappings is employed and is weaker than the concept of con-
tinuity and compatibility.
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1 Introduction

Fixed point theory is one of the most interesting topics of modern
mathematics and might be taken as the main subject of analysis. For the
past many years, fixed point theory has been evolved as the area of research
for many researchers. Fixed point theorems contribute major share in
the development of the research. To mention a few Banach contraction
principle is one such result. Common fixed point theorems for a family of
mappings proved in complete metric space(!). The study of discontinuous
and non-compatible mappings in fixed point theory is visible from the
contribution of® and®. A fixed point theorem using the continuity
and weakly compatible mappings established on complete metric space®.
Thereafter some more results proved on Banach space®). Further several
theorems(®® and® are being generated on Banach space using various
conditions. Now the emphasis of this paper is to prove a result on Banach
space without continuity condition and also adopting the property E.A
to establish a common fixed point theorem. At the end of the paper two
corollaries are being generated as consequences of our main result.

2 Preliminaries

Now we give some definitions which are useful in proving our result.
Definition 2.1®:We define mappings G and H are sel f mappings on
Banach space X ,then the pair (G,H) is called weakly commuting on X if
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||GHx — HGx|| < ||Gx — Hx|| forallx € X .

Definition 2.2: In a Banach space X, We define mappings G and H are compatible if ||GHoy — HGoy| =
0 ask — oo, when ever {04} is a sequence in X such that Goy = Hoy =  for some u € X.

Definition2.3

A Banach space(X,||.||) in which two self-mappings G and H are said to satisfy the property E.A if there is a
sequence { oy }in X with Gy = Hoy = L ask — o as 4 € X.

Now we present some examples on compatible, weakly compatible mappings and E.A properties.

Example 2.4
Let X = [0, 10] then we define norm ||.|| in R by ||a — B|| = |a — B].
Define

Glat) = 24aif0<a<2 Jot) = 2¢ if)< o <2
T 3if2<ac<i10 B 2<a<10

B LA

Let o, be a sequence defined by o, =2+ % forn>1.
Then Gy, = % and Ja, = % asn — oo,
Therefore lim,,_,.. GO, = lim,,_,oo JO4, = %
Which gives lim,_,. |GJ o, — JG oy, | = 0.

Hence G and J compatible.

Example 2.5
Let X = [3,30] then we define norm ||.|| inR by ||a — B = |a — B].
Define
3 ifa=3
: 3 ifa e {3}U(6,30)
G(a) 4340 if3<a<6; J(o) {9 3<a<6

a—3 ifa>6

Let o, be a sequence defined by o, = 6+ % forn > 1.
Then Goy, = o, —3 — 3 and Joy, =3 asn — oo,
Therefore lim,,_,.. GOy, = lim,, . J O, = 3.
Clearly G(3) =J(3)=3and GJ(3) =JG(3).
It can be observed that G and ] are weakly compatible maps as they commute at coincident point but
GJo, =3 and JGo, =J (o, —3) — 9
which gives lim,,_. |GJat, —JGo,| = 6 # 0.
But G and ] not compatible.

Example 2.6
Let X = [4,25] then we define norm || - || in R by ||a — B]| = | — B].
Define
4 ifa=4
_ . _ [ 4 ifae{4}U(9,25)
Glo)=< l44+a ifd<a<9 ,J(a)—{ 10 4<a<9

oa—5 ifa>9

Let o, is a sequence defined by o, =9+ %,n >1,
Then Goy, = ¢, — 5 — 4 and Joi, = 4.
Now lim,,_y0. GO, = limy, oo J O, = 4
Therefore G and ] satisfies E.A property.
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3 Main Results

The following Theorem was proved in®.
Theorem 3.1
Suppose X is a complete metric space, G, H ,I and ] are mappings defined on X holding the conditions

(C1)G(X) C H(X) and I(X) C J(X)
(C2)

d(Ga,IB)* <
o1 (d(Ja, HB)?) , ¢ (d(]a,Ga)q-d(HB,IB)q ) 0 (d(Ja,IB)’d(HB,Ga)’) ‘

2p _

ago (d(J(X,Hﬁ) )+(1 a)max 0 (%d(ja,GOt)sd(Hﬁ,Ga)sl>,¢5 (%d(]a,lﬁ)’d(H[ﬂ,Iﬁ)l/)
foralla,,f € X, wheregp €9 k=0,1,2,3,4,5,0<a<1,0<p,q,q,r,s,s',[,I' <1suchthat2p=g+q =
r+r=s+s=1+1".

(C3) Either of the mapping G or I is continuous

(C4) the pair of mappings (G,J) and (I, H) are weakly compatible.

Then the above mappings will be having unique common fixed point.

We prove the existence of above Theorem on Banach space under some modified conditions.

For this we need to recall the following lemmas.

Lemma 3.2 ©

If ¢ € pandk € {0,1,2,3,4,5} where ¢ is upper semi-continuous and contractive modulus such that
max {¢(7)} < ¢(z) forall >0and ¢(z) <t fort>0.

Lemma 3.3@

Let ¢; € ¢ and {B j} be a sequence of positive real numbers. If ;1 < ¢ (B;) for j € N, then the sequence
converges to 0.

Now we prove our theorem on a Banach space.

Theorem 3.4

Suppose in a Banach space (X, ||.||) , there are four mappings G,J,H and I holding the conditions

(CG(X) C H(X) and I(X) C J(X)
(C2)

ago (Il/e— HBI[™) + (1 - a) max
lGa—1p|* < | [ o (IWa—HBIP).0x (1o~ Gorl B ~1BI1" ) .65 (I~ IBII" 1B —Garll”)
o1 (5170~ Gal " 1B ~Gall" ) g5 (4 Iva— 1B [1HB ~1B]I")

foralla, f € X, wheregp € ¢ k=0,1,2,3,4,50<a<1,0<p,q,q,r,V's,s',1,I' <1suchthat2p=g+4 =
r+r=s+s=1+1.

(C3) One of pairs (G, J) or (I,H) satisfies the property E.A

(C4) the pair of mappings (G,J) or (I, H)are weakly compatible.

Then the above mappings will be having unique common fixed point.

Proof

Begin with using the condition (C1), there is a point ¢ such that Gogy = H; and for this point ¢ there
exists a point 0 in X such that /oy = Jap and so on. Continuing this process, it is possible to construct a
Sequence {f;} forj = 1,2,3....in X

Such that [32]' = GOCzj = H(ij+1,[32j+1 = IOtzj_H = Ja2j+2

We now prove {3 ;} is a cauchy sequence.
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https://www.indjst.org/

Srinivas & Thirupathi / Indian Journal of Science and Technology 2020;13(44):4490-4499

Putting & = 0pj and B = 01
By = Bojer | < ado ([1Bas1 — Bosl|”) +
1 (Hsz—l —1321\\2p) 2 (HBZj—l = Baj||*|| B2 — Bajsr Hq,> 3 (Hsz'—l —Bajr||"[|Bej —szHrl>
¢4 (5 [Hﬁzj—l =Byl [|B2; —szHSID 95 <§ [Hﬁzj—l —Baj1 ' [|Ba — B H[D
Denote p; = [|B; = Bj1]

(p21) < by (pa; 1)+ (1 —aymax {91 (21 1), 62 (P21)7 (P2s)" ,93(0), 64(0),95 ( [(p2j 1!+ (p2))] (02" ) }

(I —a)max

< ao (p2j1)? + (1 —aymax {01 (p2; 1) 92 (2 1)" ()" ,85(0), 04(0), 05 (4 [(P2s1) (o))" + (p2)' (p21)']) }

If p2j > p2j—1 then we have

(P2 < by (p2)) + (1= aymax { 91 (p2)) .82 (92))" ,93(0),62(0), 05 (% [(2,) "'+ (p2) [ ) } ()

< ago (p2)) + (1 —a)ymax {91 (p2,)"" 02 (p2))" ,93(0), 94(0). 65 (p2;)"" }
using Lemma (3.2)
(p2))" < ¢ ((PZj)zp) < (p2))*

which is a contradiction.
Thus we must have py; < 21
Then using this inequality the condition (C2) yields p2; < ¢ (p2j—1) ——— (1)
Similarly taking ot = 012 and B = 01 in (C2) , we get

1B2js1 — Bojaa||” < ago (Hﬁzj —sz+1H2p) + (1—a)max

(o) <H[32j—ﬁ2j+1H2p> 073 (Hﬁzjﬂ — Bajs2| Hﬁ2j_B2j+lHq,> ;03 (HBZ}'H _ﬁZjJrlHrHﬁZj_BZjJrIHr/>
o6 (18501 Byl 18— Baeal” | ) 05 (4 [NBess2 =By 1B~ B ]

(psz)z” <ago (Pz,‘)2p + (1 —a) max

/

{01 (021) 92 (P211) (020" ,93(0), , 95 ( [(231)" (02)" + (P2y1)”] ) 05(0)}
(p2j+1)7" < ago (p2;)*" + (1 — a) max

{¢1 (p2)*" .82 (82541)° (p2))", 93(0), , 0 (% [(szﬂ)s (p2)’ + (p2j11) (P2j+1))] NS

P2j+1 > P2, then we have

(p2j+1)°" < ago (p2js1)” + (1 —a) maX{‘Pl (2+1)* 02 (p2,41)%7 , 93(0),, 9 (P2j+1)7¢5(0)}

Since by Lemma (3.2)

(P2j41)°" < 9 (p2j41)*” < (p2js1)™”

https://www.indjst.org/ 4493
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which is a contradiction.
Thus we must have py;1 < pa;

again from (C2), we obtain pyj1 < ¢ (p2j) ——————- (2)

From (1) and (2), ingeneral

Pj+1 < (P(pj)a forj:O,1,2,3...

since by Lemma (3.3)
weget p; —0as j— oo,
This shows that p; = Hﬁ] —Bj+1 H —0as j— oo
Hence {[3 j} is a cauchy sequence.

By the completeness of X , { B; } converges to some point in X as j — o
Since {Gazj} , {J a2j+2} , {Ha2j+1 } and {Ia2j+1 } are sub sequences of {ﬁ j} and hence they also converges

to the same point in X as j — oo

Suppose the pair (G,]) satisfies the property E.A, then there exists a sequence {Ocj} in X such that Go; =

Jaj =y as j — oo for some g € X ————- (3)

Since G(X) C H(X) then 3 a sequence {f;} in X such that Goi; = H;
Therefore Go; = Jo; = HBj = p as j — oo for some pt € X ————(4)

Now we prove that I = pLas j — oo
Now in (C2) putting @ = aj, B = B;

letting j — oo we get

2p 2p I ru
o 7 < o), 1o

R N R |
Joo — HE R Jo —Ga || |HB . —IF. R
I J 2 J VA
2p 2p ( ) s r
Ga -1 <|la Joo — Hf +11- a)max Joa —I0 | |HF - Ga .
J ﬁ]‘ % i ﬁ]‘ 9 7 ﬁ] ﬁ] J
1 s sl 1 7 Il
—\Jo —Ga || |HB . — Ge . o | = IWee . —I6 || ||HB . — I .
¢42 J J ﬁJ J ¢52 J ﬁJ‘H ﬂJ ﬁJ

2 q
ol wlP? )ooy | - sl e8| |

- i I
1 5 s 1
o R T A P T
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#,(0).4,(0)

< a¢0(0)+ (l—a)max ¢3(0),

1 2p
e 3 [

[’

u —I1p .
b

since by Lemma(3.2)

2p 2p 2p
[ =1 < ¢ (HN — 1B ) <l —184]]
which is a contradiction.
Hence IBj = 1.
Therefore Goj = Jaj = HB; = IBj = W as j — oo for some u € X ——(5)
Since the pair (G, ]) is weakly compatible mapping and G and ] commute at a point of coincidence with
Ga; = Jo; for some o;€X and this gives GJo; = JGaj and this turns Gy = Ju .
Now in the inequality (C2) substitute ¢ = and B = Boj+1
q' ]
Hp.

TH=HP, 5 Py 17 1P

2/+1

2p
Q)l[ ] ¢2[|J,u - Gqu
2p ) r"
]+ (l—a]max ¢3[ J
K
%ﬁ”f@f }%ﬁ

2p r

— < — — —
GH =By q| = 9P| |~ P 11 Tu=IBy ;g [Py~ O

1

HBy ;o ~ O 1By 2i+1 Py

f}

letting j — cowe get

o7 Yo -ctls? ol o |
1 R T
o[- oitle-of” o[ 3o

sl < at =P |- ahmas

”Gy — #”2[) < |:a¢0(0) + (1 - a)max{qél (O) 4352 (0) ¢3 (0) 454{% H# - G”HS " S' J ¢5 (0)}}
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a4l < [a% (0)+ - a)max{¢l (016,00) 6,016, Hlow-uf” o (O)H

since by Lemma(3.2)
1Gu —ull?? < ¢ (|Gp —pul*?) < |G — u||*P

which is a contradiction,and hence Gu = u .

Therefore Gu =Ju = 4 ————-(6)

Again the pair (I, H) is weakly compatible mapping, I and H commute at a point of coincidence with
IBj = Hpj for some B; € X and this gives IHB; = HI B; and this implies that Ju = Hp.

Now we prove that [y =

Again in the inequality (C2) substitute & = o, =

q‘ r

2p
,¢2 HJQZJ_ —Gazj

A

Hyp — chz .

¢1{Hja2j — Hu

1
9?545

/)

-1 ] %ﬂ%

'] '
e~ 1 ]

HGa2j —Iu

Pa’zj —Hu

2p 2p
< a;ﬁo + (1 - a)max

‘Jazj - GaZj

d 1
Hu _Galj ],gﬁs{z.fazj —Iu

letting j — oo

I ' 4 oYl
b bt o s |

H,LJ—I,LHQP <| ag H,u—[;ﬂzp +(1—a)max
0 ' '
1 1 / [
¢4{2#-ASI#-AS }cﬂg(zﬂ-f% fiu-14] ] |

e (g (g MO P T

since by Lemma(3.2)

e —Tul?P < ¢ (|l —Tul?P) < |lw—Tu|*

which is a contradiction.

Therefore Iy = u

Which implies that [y = Hy = 4 ————(7)

Therefore From (6) and (7) we get Gu =Ju =Ip =Hu = U.

Hence u is a common fixed point fixed point for four self maps G,H,I and J.
For uniqueness:

Suppose p and u * (U # u *) are common fixed points of G,J,H and I, then
substitute a= u and = u * in the inequality (C2)

https://www.indjst.org/ 4496
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1 '

@ﬂ}w%ﬂwﬁ

2p
e

[
Ys-of—of | o5

_b_‘&

2P
M=

«2P
H—H

2p « 2P (1

#,(0.40)

¢2( O)’ ¢3

—a)ma}s.qﬁl

e

w

= P? < ¢ (= w?7) <l — e |P?

which is a contradiction.

Therefore, yt = p* this proves the uniqueness.

Asaparticular caseonlettingp=g=¢'=r=r'=s=5'=1=1'=1, we get a corollary from Theorem(3.4)

3.5 Corollary
Suppose in a Banach space (X, ||.||) there are four mappings G, H, I and J holding the conditions

(C1) G(X) C H(X) and I(X) C J(X)

(€2)

~ G

o1 Y-l ) -

|Ger— 147 < agﬁo(pa HA\J I-ajm 4( Gl Gaﬂ) ( e 1|3 fﬁ\j

forall @, € X, where ¢, € ¢,k =0,1,2,3,4,5,0<a < 1.

(C3) One of pairs (G, J) or (I, H) follows property E.A

(C4) the pair of mappings (G, J) and (I, H) are weakly compatible.

Then the above mappings will be havmg unlque common fixed point.

Similarly, takingp=qg=¢' =r=r=s=s=1=1'= 2 ,we get another corollary from Theorem (3.4).

3.6 Corollary
Suppose in a Banach space (X, ||.||)there are four mappings G, H, I and ] holding the conditions

(C1) G(X) € H(X) and I(X) C J(X)

(€2)

https://www.indjst.org/ 4497
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ofla-

b = G#\z\\ﬂﬁ 142 | - f»@ﬂz\\ﬂﬁ Gﬂ%\z

HGO:—]A‘ < MOQ‘JQ—HA")JF(I—a)maX | |

¢ ;HJa—G#\zHﬂ 6'04\2 a1

forall o, B € X, where ¢ € ¢,k =0,1,2,3,4,50<a<1.

(C3) One of pairs (G, J) or (I, H) follows property E.A

(C4) the pair of mappings (G, J) and (I, H) are weakly compatible.
Then the above mappings will be having unique common fixed point.
Now we provide an example to validate our discussion.

4 Example

Let X = [0, 1] then we define norm in R by [l — B|| = |a — B .

o+5 ; 1 Setd i !

fo<a<i fo<a<g
Define G(a) = (a):{ 1 if 1 ;a<‘% andl(a)=H(a)={ T 1 iflegel
g =%=3

o So
Then G(X) = =[3, 4) U [fj’ 1] whlle J(X) =H(X) = [3,2) U[], %] Hence the condition (C1) satisfied.
Take a sequence {Ock} asoy =y +4for k>0.
NowGa—G (1 +1) == - (14 1) =§ = §askeoandas =7 (14}) =5 (4 + )~ 1=} +1
1
g ask — oo,
This gives Goy = Joy, =
This gives Ioy, = Hoy, =
Therefore, pairs (G,]) an

J(Z) where % €X, ask — oo,
:H( ) where4 € X, ask — oo,
(ILH) are satisfies E.A property

Q—‘J;\»—-_;;\._.

AlsoG( )= fandJ( ):% h1ch1mp11esG( )= J(i)
NowH(4P 4andI( ):% h1ch1mp11esH( ) J(%).
Also GJ (3) = G(l)f I—1=

() =1(1- 1) =1(4

4~ Z
)= 5(5) =t and GJ () =JG () and IH (3) = HI (}) which gives (G, ]),
(I, H) are weakly compatlble mappi

ng.
Now Glot =GI (1 +3) =G (5(14+ 1)~ 1) =G (4 +3) = b~ (t+]) = §~ = Jask o0
Also JGoy =G (3 + 1) = (3 = (§+ })) J(%—%):S(H)*“ 2l 5 3 a5k e,
Sothathmk_mHGJak,JGakH—H4 il =1i—3#0. Slmﬂarlyhmk_m||Hlak,IHak|| =i-3l=

H I3 ‘ # 0 showing that the compatlblhty condition is not fulfilled.
We now establish that the mappings G, H,I and ] satisfy the condition(C2).
Case (i):
Ifa,B €(0,1), we define ||Go—IB|| = |Go.—IB] .
Putting & = £ and § = I , then the inequality (C2) gives

ol -1 -6
) ) H }

https://www.indjst.org/ 4498
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o.24 || < a%[lz ]+(1—a)max |

fora:%andp:p’:q:q’:r:r’:s:s’:1:1’:%

[¢1[ 13 ],@2 (:0:),¢53 (0.68 x 0.70 )

28

-
¥

¢, (0.17 x 0.7_),¢5 (0)

[0.24 | < |0.468 |

5

Hence the condition (C2) is satisfied.
Similarly we can prove the condition (C2) in other cases.
It is evident from the above mappings that % is the unique common fixed point.

Conclusion

This study has focussed on a Banach space to establish a common fixed point theorem without continuity
condition and also employing the property E.A. Further at the end of this article, two corollaries are generated
from the main result. Moreover, the result is also substantiated by the provision of a suitable example.
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