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Abstract

Objectives: To examine rooted products graph and corona product of path
graph with itself and cycle graph with itself for the existence of d-lucky labeling.
Methods: In this study, d-lucky number for Rooted product graph of path
graph to path graph (B, o P,) and Corona product graph (P, ® P,) are computed.
Method of construction is used throughout this paper to prove the theorems.
Findings: Rooted products and corona products of path with itself and cycle
graph with itself admit d-lucky labeling and d-lucky numbers for the same are
obtained. Novelty: d-lucky numbers for some graphs are obtained by some
authors but for rooted product of path with itself and corona products of path
with itself and cycle with itself are new findings.

Keywords: Proper Lucky labeling; Rooted product; corona product; d-lucky;
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1 Introduction

Lucky labeling of graph is an extension of graph labeling, a lot of work has been done in
this area. Recently proper lucky labeling of Quadrilateral Snake graphs was published
by Sateesh Kumar et al()). Another variant of lucky labeling was further extended
into d-lucky labeling by Indra Rajasingh et al®. d-lucky labeling has been in studied
for various graphs, this concept is being extended as proper d-lucky labeling by E.
Esakkrammal et al®. Lower bound of d-lucky number for certain graphs were found
by Sandi Klavzar et al®.

Proper d—lucky labeling for Rooted Product of P,0 P, and C,0 C,

Foravertexuinagraph G,let N (u) = {v € V(G)/uv € E(G)and N (u] =N (u) U (u}.
Let/ : V(G) = {1,2,...,k} be alabeling of vertices of a graph G by positive integers.
Define C(u) = Y,en(u)!(v)+ d(u), where d(u) denotes the degree of u. Define a
labeling [ as d-lucky if C (u) # C(v), for every pair of adjacent vertices u and v in G.
The d-lucky number of a graph G, denoted by n4;(G), is the least positive k such that G
has a d-lucky labeling with {1,2, ...k} as the set of labels. ®

Given a graph G of order n and a graph H with root vertex v , the rooted product
graph G H is defined as the graph obtained from G and H by taking one copy of G and
n copies of H and identifying the vertex u; of G with the vertex v in the i"" copy of H for
every 1 <i <n.We take first rooted product path P, with itself and then cycle graph C,
with itself and compute the d—lucky labeling for them.
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Theorem 1.1 The Rooted product of P,, P, o P, admits proper d—lucky labeling and
P, o P,, wheren > 2.

Proof

The vertices of the product graph are labeled as shown below:

vie vhe Vie Vie Vie

L » » L ]
Vo, Vo, v Vi Vo

Fig 1. d-Lucky labeling

There are mn vertices of the product graph P, O P, . Here m =4 and n = 5. Let f (vl] ) = the label assigned to the vertex
vt/ We define S (sz) = ZuieN(V_j
ofvlj ev.

Label the vertices as given below:

For j =1,4,7,10,...,m.

i=1,23,....,n

f(x/if*‘) = (3i— 1) mod 2+ 1.

For j=2,5,8,11,...,m.

i=1,2,3,....n

) f (ul/ ), as the sum of neighborhood of vertex vlj , where N (vlj ) denotes the open neighborhood

f(vl.f*l) = ((i+2)mod 2+ 1} + {3i mod 2}

For j =3,6,9,...,m.

i=1,2,3,....n

f (V/*l) = (i+1)mod 2+2.

It is seen that the vertices which are labelled as 1 in the row V? will get neighborhood sum S (v{ ) =7and C (u) = 10, except
the corner vertices will get the neighbourhood sum as § (vlj ) = 5and C(u) = 7. The vertices in the row V? labeled as 2 will
have the neighbourhood sum as § <vl] ) =3 and C(u) = 6 except the corner vertex which will get the neighbourhood sum
as S (vl]) =2 and C(u) = 4. In the row Vl-j_l, j=4,7,10,...,m — 1 the vertices with label 1 will get neighborhood sum as
S (v{ ) =5and C(u) = 7 and the vertices labeled as 2 will have the neighbourhood sum as S (vlj ) =4and C(u) = 6. In the row
Vij ~!, j = m, the vertices with label 1 will get neighborhood sum as S (vlj ) =2 and C (#) = 3 and the vertices labeled as 2 will

have the neighbourhood sum as S (vl]) =3 and C(u) = 4. In the row Vij*l , J=2,5,8,...,m—1 the vertices with label 3 will
get neighborhood sum as § (vl’ ) =3and C(u) = 5 and the vertices labeled as 1 will have the neighbourhood sum as § (vl’ ) =5
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and C (#) = 7. In the row Vl-jfl7 J = m the vertices with label 3 will get neighborhood sum as § (v{): 1 and C(u) =2 and
the vertices labeled as 1 will get the neighbourhood sum as S (vlj) =2 and C(u) = 3. In the row Vij_l, j=3,6,9,....m—1
the vertices labelled as 2 will get the neighbourhood sum as § (vlj ) =4 and C (1) = 6 and the vertices with label 3 will have the
neighbourhood sum as § (vlj ) =3 and C(u) = 5. In the row Vij ~!, j = m the vertices with label 2 will get neighborhood sum

as S <sz ) =3 and C (1) = 4 and the vertices labeled as 3 will get the neighbourhood sum as § (vlj ) =1 and C () = 2. We note

that C (u) # C (v), for every pair of adjacent vertices u and v in P, o0 P,.

Hence the Rooted product of P, and P,, Py o P, admits proper d—lucky labeling and 1y (P, o B,) = 3, where n > 2. (For
illustration see Figure 2)

2ca4> 3C2> 24D 32> 2C4D 3C2>

3C5> 1C7> 3¢S 1C7D 35D 17D

1¢7> 206> 1¢7> 2¢8> 1¢7> 2¢60

206> 3C5> 2(S) 35> 2¢6) 3¢5

3¢Sy 1C7> 3¢5 1C7> 3¢S) 1¢7D
107> 2¢5> 1¢10> 2c5> 1¢10) 24>

Fig 2. Proper d-Lucky Labeling of P o Pg

Theorem 1.2: The Rooted product of C,, C,, o C,, admits proper d-lucky labeling and

o= 2RI e

Proof

Case 1: When  is even:

Label the vertices of the base cycle in clock wise direction with 1,2,1,2,1,2,...,1,2 in a cyclic manner until all the vertices

of inner cycles receive a label. Next in the outer cycle whose one vertex is already labeled as 1, label rest of the vertices with 2
and 1 alternately such that no two adjacent vertices have the same labeling. In the outer cycle whose one vertex is labeled as 2,
label rest of the vertices with 1 and 2 alternately such the no two adjacent vertices have the same labeling.

It is observed that the neighborhood sum S(u) for the outer cycle which is labeled as 1 are S (u) = 4 and C (u) = 6 and for
the vertex with label 2 has S (u) =2 and C (u) = 4.

For the inner cycle the neighborhood sum S(u) of the vertices with label as 1 has S(u) = (l(”—;z) +2(5) —|—4} and
Cu) = (1<”72) +2(%)+8}. The vertices which are labeled as 2 will have S(u) = (1(%)—1—2(”72) +2} and C(u) =

2

2
(1 (5)+2 (";2) +4} Thus, it is noticed that no two adjacent vertices have the same C(u)’s. Hence the Rooted product of C,,
Na1 (Cho Cy) = 2 admits proper d-lucky labeling and 1y, (C, 0 C,) =2, where n > 3.

Case 2: when n is odd

Label the vertices of the base cycle in anti-clock wise direction with 1,2,3,1,2,3,....,1,2,3 in a cyclic manner and the last
two vertices receive the label as 1,3. Next in the outer cycle whose one vertex is labeled as 1, label rest of the vertices in ant-
clockwise direction as 3,1,3,1,....3, 1 and the last vertex as 2. In the outer cycle whose one vertex is labeled as 2 , label rest of
the vertices in anti-clockwise direction as 1,2,12,12,....1,2 alternately and the last vertex as 3. In the outer cycle whose one
vertex is labeled as 3, label in anti-clockwise as 1,3 alternately and the last vertex as 2.

For n = 3, the inner cycle vertices with label 1 have neighbourhood sums as S(u) = 10, C(u) = 14, with label 2,
S(u) =8, C(u) = 12, with label 3, S (u) = 6 and C (u) = 10. The neighborhood sum S(u) for the outer cycle are S(u) =5
for the vertex with label as 1 and C (1) = 7. The vertex with label 2 of the outer cycle has S () = 4 and C (1) = 6. The vertex
with label 3 of the outer cycle has S (¢) =3 and C (1) = 5.

For n > 4, it is observed that the neighborhood sum S(u) for the outer cycle are S (1) = 4 or 5 or 6 for the vertex with label
as 1 and C (u) = 6 or 7 or 8. The vertex with label 2 of the outer cycle has S (#) = 2 or 4 and C (u) = 4 or 6. The vertex with
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label 3 of the outer cycle has S («) =2 or 3 and C (u) =4 or 5.
For the inner cycle the vertices with label 1, which is adjacent to vertices with label as 3 have S(u) = (3 @ + 1@ + 8}

and C(u) = (30’%1) + 1@ + 12}. For the vertices with label as 1 and which is adjacent to vertices with label as 3 and
2 in the inner cycle have S(u) = (3“;—1) + l@ —|—7} and C(u) = (3@ + 1@ + 11}. The vertex with label 2 will
get S(u) = (1@ +2@ —|—7} and C(u) = (1@ —1—2@ + 11}. The vertex with label 3 and adjacent to vertices
with label as 1 in the inner cycle will have S (u) = (1 @ —&—2@ +5} and C(u) = (1 @ +2@ +9}. The vertex
with label 3 and adjacent to vertices with label as 1 and 2 in the inner cycle will have S (u) = (1@ + 2@ —|—6} and

Cu) = (1 @ + 2@ + 10} Thus, it is observed that no two adjacent vertices have the same C(u)’s. Hence in this case the

Rooted product of C, C,, o C,, admits proper d-lucky labeling and 14 (C,, 0 C,,) = 3. (for illustration see Figure 3)

Fig 3. Proper d-lucky labeling ofCg o Cq

Hence the result.

2 Proper d- lucky labeling for Corona Product of A, ® B,and C, © G,

The corona product of G and H is the graph G © H obtained by taking one copy of G, called the center graph, (V(G)| copies of
H, called the outer graph, and making the ith vertex of G adjacent to every vertex of the i copy of H, where 1 <i < (V(G)|.
In this section corona product of P, with P,, C, with C, are taken and proper d-lucky number for the same are computed.

Theorem 2.1: The Corona product of P,, P, ® P, admits proper d-lucky labeling and 14 (P, ® P,) =4, wheren > 2.

Proof:

Label the vertices of the base path P, alternately with 1,2,3,4. Other vertices of corona are labeled as follows: The vertex
which is identified with the base path P, if it has the label 1 then label all other vertices alternately as 2, 3. If it has the label as 2
then label all other vertices alternately as 1,4. If it has label as 3 then label all other vertices as 1, 2 alternately and if it has label
as 4, then label all other vertices as 1,2 alternately. For neighborhood sum two cases arise.

Case 1: when 7 is even:

When n = 2, in the base vertices, the neighborhood sum S (1) = 7 and C (1) = 10, for vertices with label 1, for the vertices
labeled as 2, S (1) = 5 and C (1) = 8. The vertices other than base vertices labeled as 1 has S (1) = 35, C (u) = 7, labeled as 2 has
S(u) =4, C(u) =6 and labeled as 3 has S (u) =3 and C (u) = 5.

When n > 3, in the base vertices, the neighborhood sum S (u) = {5 (5) +2} and C () = {7”7%} for the end vertices with
label 1. All other vertices with label as 1 have S (u) = {% (5) + 6} and C (u) = 22416 . S (u) = {4 (5) + 1} and C (u) = 7% for
the end vertices with label 2 and all other vertices with label 2 will have S (1) = {% (5) +4} and C (u) = 2f!2 . The vertex with
label as 3 will get S (u) = 512 and C (u) = 216, The end vertex with label as 4 will get S (u) = % and C (u) = 258 All
other vertices with label as 4 will have S (1) = w and C(u) = w

For vertices other than the base vertices with label as 2 and adjacent to base vertex 1 will have S(u) = 4 and 7 and
C (#) = 6 and 10. The vertex labelled as 2 and adjacent to base vertex 3 will have S (u) = 5,4 and C (1) = 8,6. And adjacent to

base vertex with label as 4 will have S (u) = 6,5 and C (u) = 9,7 . Thus, it is noticed that no two adjacent C (u)'s are same.
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Case 2: When n is odd:

In the base vertices, the neighborhood sum S (u) = 4 and C (u) = 24 , for the end vertices with label 1 and adjacent to
vertex with label as 2. The vertices adjacent to vertex as label 4 will have S( )= 5"+7 and C(u) = 7”+9 . All other vertices with
label as 1 will have S (1) = 21 and C (u) = 22513, S (u) = 55 and C (u) = 5”+5 for the end vertlces with label as 3 and all
other vertices with label as 3 will have S (1) = 22t and C (u) = 2512 . The Nelghbourhood sum for all the vertices with label
as 2 will be S (u) = 5"+5 and C (u) = 7”+9 . The neighbourhood sum for the vertices with label as 4 will be S (1) = 3’17*5 and
C(u) =2  All other vertices will have similar C(u)’s as Case 1.

No two adjacent vertices have the same S(u) and C(u«). Hence the result follows. (for illustration see Figure 4).

A6) 3®) 200 XD 25 AN 2@ 100 26 WD 6 38 AW 3B A6

223 : 48)
A .
100 3020) 102

(B 40} 113 40) 1@ g A% W 20O 1@

Fig 4. Proper d-Lucky Labeling of Ps ©® Ps

Theorem 2.2: The Corona product of C,, C, ® C, admits proper d-lucky labeling and n4(C,©C,) =

3, when n is even h =3

5, when n is odd > wheten = 2.

Proof

For this theorem two cases arise.

Case 1: when 7 is even

Label the vertices of the base cycle as 1,2 alternately. The vertices of outer cycle are labeled 2, 3 alternately if it is adjacent to
1 of the base cycle and are labelled as 1,3 alternately if it is adjacent to 2 of the base cycle.

The neighborhood sum S(u) for the vertices of outer cycles will be as follows: S («) = 8 and C (1) = 11 for the vertex with
label as 1. S (u) = 5 and C (u) = 8 for the vertex with label as 2. S («) = 4 and C (u) = 7 for the vertex with label as 3 and adjacent
to the vertex with label as 2 of the base cycle. S (u) = 5 and C (u) = 8 for the vertex with label as 3 and adjacent to the vertex
with label as 1 of the base cycle.

The neighborhood sum S(u) for the base cycle will be as follows: The vertex with label as 1 will receive S (1) =
C (u) = 72412 The vertex with label as 2 will have S (u) = 4 and C (u) = ¥4 It is observed that no two adjacent vertices
have the same S(u) and the same C(u) in this case. Hence 1y; (C, © Cy,), when n is even.

Case 2: when 7 is odd

Label the vertices of the base cycle in clockwise direction alternately with 2,1 and the last vertex is labeled as 3. Similarly,
label the vertices of the outer cycle in anticlockwise direction with 2,3,4 in cyclic manner and the last vertex is labeled as 5.
The vertices with label as 1 in the base cycle, label other vertices alternately as 1,3 and the last vertex as 4. The vertices labelled
as 2 in the base cycle, label other vertices as 1,2 alternately and the last vertex as 4. The neighborhood sum S(u) and C (u)
are calculated similar to case 1 The neighborhood sum S(u) for the base cycle will be as follows: The vertices with label as 1
will receive S (1) = (252 | and C(u) = (=2 ]. The vertex with label as 2 will have S (1) = (5] and C (1) = (952 ]. It is
observed that no two adjacent vertices have the same S(u) and the same C(u) in this case. Hence g (C, ® C,) =5, whenn is
odd.

It is noticed that no two adjacent vertices have the same S(«) and C(u) in this case. Hence 1y (C, ® C,) =5, when n is odd.
(for illustration see the Figure 5)

Hence the result.

% and
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Fig 5. Properd- Lucky Labeling of C¢ ©® Cg and C5 © Cs

3 Conclusion

In this Paper proper d-lucky number for rooted graph P, o PB,, B, o P, and corona graph P, ® P, ,C, ® C, are computed and
found as Ny (P, 0 P,) =3, wheren > 2,
2, when n is even
Nat (CooCy) = { 3, when n is odd
Na (P, © P,) =4, wheren > 2, and

3, when n is even
Na1 (Ca ©Cy) = { 5, when n is odd

, where > 3, and

, where n >.
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