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Abstract

Objectives: To find the connected restrained detour number for standard
graphs and mesh graphs. Methods: By determining the connected restrained
detour set with minimum cardinality, the connected restrained detour number
of a graph is investigated. Findings: We study that the connected restrained
detour number of the graphs is altered when we add pendent vertices. The
minimum and maximum degree vertices of a graph are deleted and the
connected restrained detour number of the mesh graph is computed. Novelty:
Finding the detour path plays a vital role in the network-based systems.
Planning the largest route that is connected and restrained is essential in
business, industries and radio technologies. We introduce the new concept
of connected restrained detour number. We also exhibit the bounds for the
connected restrained detour set of a graph.

Keywords: Detour Set; Detour Number; Mesh Graphs; Connected Restrained
Detour Set; Connected Restrained Detour Number

1 Introduction

Connected detour number of a graph developed from the notion of detour number
was studied by Ali, Ahmed M, and Ali A. Ali (V. Various parameters of detour number
were established by John J, Sunil Kumar VR, Sethu Ramalingam S and Athisayanathan
S In 2020, Palani K, Shanthi P, Nagarajan A. established the restrained detour
concept >, Santhakumaran AP, Titus P, Ganesamoorthy K. defined the minimal
connected restrained monophonic sets in graphs”) . In this study, we introduce the
connected restrained detour number denoted by dn" (G). The connected restrained
detour number for some standard graphs and mesh graphs is studied. We denote the
vertices with minimum degree and maximum degree by J-vertices and A-vertices in a
graph M. We discuss the effect of the addition of pendent vertices to the §-vertices of
mesh M. We also investigate the connected restrained detour number of derived graphs
obtained from the mesh graphs by deletion of the pendent vertices from the J-vertices
of the mesh M.
Let G = (V(G), E(G)) be a connected finite simple graph with order n > 2.
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2 Methodology

Definition 2.1. Any set R C V(G) is a connected restrained detour set if

(i) R is a detour set of G

(i) (R) is connected and

(iil) no isolated vertices exist in < V(G) — R >

Definition 2.2. The connected restrained detour number, dn“’ (G) is the minimum cardinality of connected restrained detour
setof G

Definition 2.3. A connected restrained detour set with cardinality dn“"(G) is called the minimum connected restrained
detour set [dn"-set] of G.

Example 2. 4. For G; shown in Figure 1, R' = {22,23,7¢,27} ,R" = {22,273, 26,28} and R" = {z1,22,23,2¢ } are the dn“"sets
of Gi. Hence dn" (G1) = 4. Thus there can be many dnsets for any graph G.

%
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Fig 1. G1

3 Results and Discussion

Theorem 3.1. Foracycle C, (n > 3),dn“" (C,) = 2.

Proof. Consider a cycle C, with (V (C,)| = n. If R = {y,z} is a set of vertices that are adjacent in C,,, then all the vertices in
V (Cy) lie on some y — z detour. Since y and z are adjacent, < R > is connected and < V (C,) — R > has no isolated vertices.
Hence R is a dn“"-set and dn“" (C,) = 2.

Theorem 3.2. For a path P, (n > 2) ,dn“" (P,) = n.

Proof. Consider a path P, of order n. Let R be a set of end-vertices. Then all the vertices of P, lie on some detour joining those
two end-vertices of R. Since the vertices of R are not connected, < R > is also not connected but < V (B,) — R > has no isolated
vertices. Thus R is not a dn“"-set. Therefore, R must contain all the internal vertices to generate a dn“"-set. Thus dn" (P,) = n.

Remark 3.3. By Theorem 3.1, for a cycle C,, a set of any two adjacent vertices is a detour set and also a dn“"-set. Hence
dn(C,) = dn‘"(C,) = 2. Thus

2 =dn(G) = dn“ (G) < n, for C, (1)
By Theorem 3.2, for the path P, of order n,dn" (P, ) = n.
2 =dn(G) < dn“(G) =n, for P, (2)

For the given graph G of order 8 as in Figure 1, R = (z2,23,z7} is a minimum detour set.
Hence dn(G) = 3. Thus

2 <dn(G) < dn“ (G) < n, for G; (3)

https://www.indjst.org/ 33


https://www.indjst.org/

Pacifica et al. / Indian Journal of Science and Technology 2022;16(1):32-36

Observation 3.4. From (1), (2) and (3) of Remark 3.1, we obtain the bound for a dn‘"-set.

2 <dn(G) <dn“(G) <n.

The following theorems exhibit the dn‘’-set for the cartesian product of any two paths P, and P,, which is known as mesh
graph M = P, [0 P, and their derived graphs.

Theorem 3.5 . Let P, and P, be the paths of order a and b. Then dn“" (P,0 P;) = 2.

Proof. Let M = P,[] P;, be a mesh, where

V(P)=h hy, ..., h, andV (P,) = hy, k5, h3,..., hy;

V(P,01Py) = ((h,-, B =h,: 1<i<a, 1< j<bhieby, ki ePb}.

Then (V (P,00 Pp)|= ab. Let R be a set of two vertices, which are adjacent in the boundary of the mesh M. We consider four
cases.

Case 1. Leta and b be even. Clearly, every vertex of M lies on either the P Bt —hy 1)1 or P": by, — hx+1)» detour, similarly
oneither P : hy, —hy(1)0r P by — Ry 11y detour forsomek, (1 <k <a—1;1<I<b—1).SupposeS= (F1, 1)1 } -
Then the vertices of M lie on P’ : hyy —hjy1y; detour (1 <k <b—1). Whenk =1,

Physhyg, s, hypory, Bibshas, hop—1ys - hoas M3, hoo, h3p,hasz, haa, oo b1y, haps hap, -

s Pa—1)bs Maby Pa(p—1)s a3, P hats Ba—1)15 -+, har, h3i,hoy.

Similarly, we can derive the detour path of P”,Pm and P, where2 <k<a—-1;1<I1<b—1.

Case 2. Let a and b be odd. Obviously, every vertex of M lies on either the P hkt — hgg1)1 or P oy — h(i+1)» detour,
similarly on either P" : hy; — hyiry or P 2 hap — by 1) detour for some k, [(1 <k<a—1;1<1<b—1). Suppose R

= (h” _h1(1+1)} . Then the vertices of M lie on either Pl1 : hx1 = hjy1)1 detour or Pé thy—h(1<k<a-1).Ifk=1,

Py hiy o, s, by oy B hap, hage— 1), - - hoas hos, hao, hag, haz, haas - 1), hap, -

s Pa—2yps ha—1)ps Babs ap—1) s - - - s Bats has s ha2 hat s Ba— 1)1, Ra—2)15 - - - har, har o
Py hinhig bz, oy s haps hogp—1ys - - s hoas hos, ooy o h3z, haas - By 1), hap, -

ax 7h(a71)b7h(a71)(b71)a cee 7h(a71)47h(a71)37h(a71)27ha2,hal7h(u71)l7h(u71)27ha2;halah(u71)l7' ..
<o har b3y o

Similarly, we find two different detour paths of P”,P and P, where2 <k<a—1;1<I<b—1.
Case 3. Let a be even. Clearly, every vertex of M lies on P or P” detour, where P’ : iy — (k1)1 and P 2 gy — By ). Then

R= (hkl, h(k+1)l} orR= (hkb, h(k+1)b} . Asin Case 1, consider P’ : hj| — hyy, then
P, : h]l 7h127h]37"'?h4l7 h3l7h21-

Consider P// : hlb - h2b, where P// : hlb ahl(b71)7h](b72)v cen 7ha(b71)7hab7 h(a,]ﬂ,7 ce ,]’l3b,h2b.

In the same manner, we can find different detour paths of P and P", where2 <k<a-—1

Case 4. Let b be even. Let R = (habha(lﬂ)} or R = (hal,ha(lﬂ)}. Then the vertices of M lie on P : hy; — hy(;41) or
P hap —hg(41) detour (1 <I<b—1)

Now, consider P : hi1 — hia.

/11

P hll ah217h317"'7ha1a h027h((171)23 ceey h327 h22; h237 h337"'7 h(afl)(bfl% habvh(afl)br'wh:iba

hop, hip, hl(b—l)vhl(b—Z)v vy N13, 0.

Similarly,

PW/ . hal —I’laz . I’lal y h(afl)l geeey h31,]’l21 ,h]] ah127h22 ,h32, ey h(afl)th(a7])37

h(,,z)g,, ey 33 o3 bz hig . 7h1(b71),h|b7h2b7h3ba e ,h(a,l)b, hap, ha(bfl)a ey hga hgz hyp.

In the same manner, we can find different detour paths of P and P, where 2 <1< a—1.

All the above four cases show that R is connected and < V (P, [0 P;) — R > has no isolated vertices and so R is the dn“"-set.
Hence dn“" (G) = 2.

Remark 3.6 . Let M = P, [ P}, be the mesh as shown in Figure 2 . If b = 2, then by Theorem 3.5 P, [0 P> is a ladder graph
Ly and dn" (L,) = 2.
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Fig2.M =P, P,

Theorem 3.7. Let M = P, (] P, be a mesh of order ab (2 < a < b). Let M™” be the graph expanded from M by adding a
pendent vertex to the §-vertices of M. Then dn" (M7 ) =2(a+b+2).

Proof. Let M*? be a graph derived from M = P, [0 P, (2 < a < b) by adding a pendent vertex to the §-vertices of M. Let
R be a set of all pendent vertices of M7. Then R”? = (p;: 1 <i<4}. Now obviously, R” is a dn‘"-set but not a connected
restrained detour set by Theorem 3.4. Therefore, a dn“"-set R must contain all the pendent vertices and the boundary vertices.
Suppose R = R” UR?, where R” is the set of all boundary vertices. Then (R| = (R” |+| (hi, hij } | =4+2(a+b) =2(2+a+D).
Hence all the vertices of M7 lie on some detour joining the vertices of R. Moreover, R is connected and <V (M7 ) — R > has
no isolated vertices. Hence dn" (M7 ) =2(a+b+2).

Theorem 3.8 . Let M7 be the graph obtained from M = P,[1 P}, (2 < a < b) by the addition of k-pendent vertices at each
5-vertices of M. Then dn®" (M) =2 (a+b+2k).

Proof. Let M7 be a graph with (V (M*+» )} = ab + 4k. Let R” be a set of all pendent vertices added to M. Then
(RP | = 4k. Since all the vertices of M**?lie on some detour joining the pendent vertices in R”, R”is the minimum
detour set. Since M”is not connected, we consider the sets R and R’, the set of all boundary vertices. Then R® =
((ha:1<k<b;i=1,a}U{h;: 1<1<a; j=1, b}. Suppose R = R” UR". Therefore, |R| = |RF| + Hh,-k,h;j}] =4k +
2(a+ b) = 2(a+ b+ 2k) Since R is connected and < V (M*kl’ ) — R > has no isolated vertices, R is a dn"-set. Therefore
dn" (M) =2(a+b+2k).

Now, we discuss how the connected restrained detour number is altered by deleting the &-vertices and A-vertices of the
mesh graph M.

Theorem 3.9. Let M9 be the graph derived from M = P, J P, (2 < a < b) by deleting the §-vertices of M. Then —

Proof. Let M = P, 0 P, (2 < a < b). Let M~ be the graph derived by deletion of §-vertices of M. Then we consider three
cases.

Case 1. Let M = P,(1 P, (a = b) . Consider R to be a connected restrained detour set of M~9. We have two subcases.

Subcase 1. Let a = b = 2. Since all the vertices of V (P, [J P;) are the §-vertices, the graph M~ is the null graph. Hence
dn" (M%) =0.

Subcase 2. Let a = b = 3. Then all the vertices of M9 become the elements of R and so R = {h12,h21,ho2, b3, h32 } is @
dn‘"-set. Hence dn“" (M"g) =5.

Case 2. When a # 3, we have two subcases.

Subcase 1. Let a = 2 and b > 3. When b = 3, the graph M ~9 derived from P,]P), becomes K,. Hence R =
V(M_6), dn“" (M_‘S) =2. When b >4, M9 is the Ladder graph L, » =P, »[0 P>. Hence dn“" ( L,—») = 2.

Subcase 2. Ifa >4 and b > 3, thenR = (hlq, hig41)1 } or (hqb, h(q+1)b} , where 2 < g < b —2, is a set of any two adjacent
vertices. Since all the vertices of M~ lie on some detour joining the vertices of R, it is a minimum detour set. Moreover, R is
connected and < V(M%) — R > has no isolated vertices. Thus R becomes the dn"-set of M~%and so dn®" (M _5) =2.
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Case 3. Let a = 3,b > 4. Since M9 is a graph obtained from M by deletion of §-vertices, produces the pendent vertices
hay and hop of M5, Then the dn“"-set R consists of the pendent vertices and all the internal vertices of hy;—hy, detour.
ThusR = (l’lz] yhoo, hos, ... ,hzb} and so dn“" (Mia) =b.

Theorem 3.10. Let M~ be the graph derived from M = P,[1 P,(2 < a < b) by deleting the A-vertices of M. Then —

Proof. Let M = P,[1 P,(2 < a < b) be a mesh. Let M~* be a graph derived from M by the deletion of AA-vertices of M. Let
R be the dn“"-set of M~—* . We have two cases.

Case 1: Let r = 2. Consider the two subcases.

Subcase 1. When s = 2, the graph M~ derived from P[] P, is the null graph. Since the /A-vertices are also the §-vertices
of M, the result follows from subcase 2 of caselof Theorem 3.6 that dn“" (M -4 ) =0.

Subcase 2. Let b > 2. Since the boundary vertices of degree 3 are the /\-vertices of M = P[] Py, the graph M~* becomes a
disjoint union of two paths of order 2. In this case, we cannot have the detour set R that is connected. Therefore dn“" (M -4 )=0.

Case 2: Leta = b > 3. Let R be a set of all A-vertices of M. Since A(M) = 4,R> = (hjj: i# 1, a; j#1, b} and so
(R® | =(a—2) (b—2). ThusM~> =M —R” . Hence |M *| = (M| - (R” | =ab—((a—2)(b—2))=2(a+b—2). Thus
M~ is isomorphic to the even cycle of order 2 (a+b—2). Thus M~ = Co(a+b-2). Then by Theorem 3.1, R is a set of two
adjacent vertices of M~* and so dn“" (M “Ay=2.

4 Conclusion

In this study, we have computed the connected restrained detour number of some standard graphs, the mesh graph and their
derived graphs. Derivation of similar results in the context of some other variants of detour number is an open area of research.
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