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Abstract

Objective: To find appropriate model more flexible than classical models
for fitting the survival data in health research especially in cancer blood
(Leukemia) studies by introducing some additional parameters to the basic
models. Methods: Based on the Alpha Power transformation technique and
using Two-Parameter Odoma distribution, the new distribution called the
Alpha Power Two- Parameter Odoma distribution is introduced and studied.
The maximum likelihood estimation procedure is employed to estimate
the unknown parameters. A simulation study is carried out to evaluate
the performance of the maximum likelihood estimators. Finding: Common
statistical properties such as quantile function, rth moments, moment
generating function, characteristic function, incomplete moments, entropy and
order statistics are derived. The practical importance of the proposed model is
illustrated by using goodness-of-fit criterias based on real data set. Novelty:
The APTPO distribution is the most appropriate model for fitting survival data
of cancer studies comparing with other competitive distributions.

Keywords: TwoParameter Odoma Distribution; Alpha Power Transformation;
Quantile; Moments; Maximum Likelihood Estimation

1 Introduction

Over the years, researchers have proposed a lot of new lifetime distributions to analysis
and modeling lifetime data sets where the new lifetime distributions achieved the better
fit to lifetime data sets over many fields of engineering, finance, insurance, etc. see ™).
One-Parameter Odoma (OPO) distribution is one of the new lifetime distributions
introduced by as a mixing three-components of an exponential distribution (with
scale(with scale and shape 3), and gamma distribution (with scale and shape 5) Akash,...
distributions. Since OPO distribution depends on one parameter and as such cannot
be flexible in modeling varieties of data, we proposed Odoma (TPO) distribution was
introduced by(ﬁ). (TPO) distribution is more flexible than the one parameter Odoma
distribution has a close form distributional expression. The probability density function
(pdf) and its corresponding cumulative distribution function (cdf) are defined as
follows

65
03B+ 03 +24)

glx) = X (2x* + 6x* +26B) e % ,x>0,0,8 >0 (1)
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and

20%x7 (02x? +46x+ 12) + 0x7 (6*x +267 +43)
2(6°B+6°+24)

Gx)=1-|1+ e O )

where 6 and Pare the scale and shape parameters. For f = lwe get the (OPO) distribution. The Odoma distribution is
commenly used in fields of behavioral and emotional sciences. Odoma distribution to get some new distributions such as”
proposed a new extension of Odoma distribution known as weighted Odoma distribution and discussed its properties and
applications.® introduced Odoma distribution with various statistical properties and its application.® discussed Poisson
Odoma distribution. The new version of Two-Parameter Odoma distribution namely area biased Two-Odoma distribution
and its application of survival time is studied by !9).

The Alpha Power Transformation (APT) of the baseline (cdf) is proposed by !") by adding a new parameter to obtain new
flexible distribution for modeling lifetime data. The cdf of the APT is given by:

aG(x> —

Epr)={ q-1 - *>0e7l (3)
G(x) ) a=1

In the literature, a lot of work has been done by using APT technique, such as!? defined Alpha Power transformed power
lindely distribution, !> obtained Alpha Power transformed inverse lindely distribution, ) suggested Alpha Power inverse
Weibull distribution, !> introduced Alpha Power transformed Frechet distribution,'® proposed Alpha Power transformed
inverse lomax distribution, !”) discussed Alpha Power transformed Pareto distribution, '® obtained Alpha Power transformed
Aradhana distribution,!® studied Alpha Power transformation of lomax distribution, 29 introduced Alpha Power Two-
Parameter Pranav distribution.The aim of this article is to introduce and study a new three parameter alpha power
transformation of (TPO) distribution called the alpha power two parameter odoma (APTPO) distribution and proposed
some special cases of it. Some properties of the new distribution including the shapes of density function and hazard rate
function, quantile function, moments and moment generating function, incomplete moment, and Lorenz and Bonferroni
curves are discussed. The parameter estimation for the proposed distribution is performed using maximum likelihood method.
comparison the performance of the proposed distribution with other compitive distributions is discussed by using two real data
sets, the first data consists of 40 blood cancer patients and second data set represents the survival time (in weeks) of 40 rates.

2 Methodology

2.1 The new distribution
The cdf and its corresponding pdf of the (APTPO) distribution can be obtained by using (2) and (3) as follows:
20%x% (6242 +46x+12) + 617 (6*x+26° +48) |

e X

2(6°5p+63+24) 1 (4)
x>0,a,0,>0,a#1,

1—
o

1+

Fapapo(x) = po|

and

202x% (6%x +46x+12) + 6x7 (6*x +26° + 48)
1- |1 s
63log(a) (2x4+9x2+29[3)> + 2(05B + 63 +24) o

2(a—1)(65B + 63 +24) IO
x>0,0,0,8>0,a#1,

fapapo(x) = <

where 6 and «, Bare the scale and shape parameters.Odoma distribution as®). Figure 1 represents some plots of the pdf of the
APTPO distribution for different parameter values which is positively sekewed and tends to normal distribution as sample size
increases as is clear as follows:

Some sub models of the APTPO distribution are given in Table 1. The associated survival and hazard functions for the
APTPO distribution are respectively defined as follows:
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Fig 1. The pdf of the APTPO distribution
Table 1. Some sub models of the AP2PO distribution
o ] B Reduced Model Authors
- - 1 Alpha Power One-Parameter Odoma(APOPO) New
1 - - Two-Parameter Odoma (TPO) (©)
1 - 1 Odoma (O) ®)
2022 (022 +40x+12) +0:2 (0454207 148 o
o—a - 2(05p+03+24)
SAPZPO(-X): o—1 7-x>07au97ﬁ>0aa7é17
and
B {1 29212(szz+;1(9:5r;i)04;(i:r224()€4x+293+48) } s 5 ) i
Hppopo(x) = a 0*log(a) (2x" + 62° +20p) e o
202:2 (02:2+40x+12) +6:2 (0%x++63+48) 2(0°8 + 63 +24)
1— Ot_ 2(05p+03+24) o—6x
x>0,a,0,p>0,a#1,
1.5 T T ! T 1 T T
h(x,15,15,19) 12[° 7 h(x.2.8.2.5.3) 088 N
hx25.13.22) 4ol i h(x28.15.3) |1 ' - |
h(x,3,15,2.5) h(x,2.8.2.2,3) f -~
h(x.2,1.5,2.8) 06 ", ” h(x.2.8,1.7,3) 064 1
h(x,3.5,15,3) h(x.2.8,3.2.3)
03 0521 —
o 04 ! 1 1
0 2 4 6 10
X X
Fig 2. The hazard function of the APTPO distribution
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The graph of the hazard rate function for the proposed distribution can be observed in many real life situations, since it is
increasing, decreasing as well as showing constant behavior for different parameter values as shown as in Figure 2.

2.2 Quantile Function
The statistical distributions can be simulated by using quantile function; let q be a random variable having the uniform
distribution on interval [0,1]. Using (4), the qth quantile function of the APTPO distribution is:

1 2(95ﬁ+03 +24) In[a/((a—1)g+1)]

Ino

—1
6 | 2(69B + 67 +24) + 2672 (022 + 46, + 12) + 02 (0%, + 26° + 48)]

xq:

The last equation can be solved numerically to get x, . Also, by setting q = 0.25,0.5, and 0.75 we get the first, second (median),
and third quartiles of the APTPO distribution, respectively. The quantile function can be used also in obtaining some statistical
measures such as skewness and kurtosis measures when the moments of the distribution do not exit and estimation based on
percentiles and quantile regression method.

2.3 Moments

Let X be a APTPO random variable distributed with parameters (ct, 8, 8), the i non central moments of X can be obtained
as follows

= / X fapapo(X)dx,r=1,2,3,......
0

2(65ﬁ+63+24) =%y

_ /wxr <95 log(a) (2x* + 622 +26B)
0

17 {H 2022 (022 +40x+12) +05° (04203 +48) s
2(a—1)(6°B+63+24)

;o a6’log(a)
Hr= [z(a_ 1) (5B +6° +24)}

20%x% (0247 +46x+12) + 6x? (6*x+26° +48)]
2(0°B+ 63 +24) C ey, (6)

Jo (2 + ox 2 420 Bx) &

1+

Using the following series representation in equation (6)

i=0
we get
- [ 2022 (0222 +4(0x+12)+ 0.2 (0%1+267 +48) }67&
2(658+63+24)

a =

i (—loga) . 202x% (0%x +46x+12) + 6x? (6*x +26° 4 48) o 0ix

& 2(05B+6%+24)
and

i

. 20%x (62x7 +40x+12) + 6x* (6*x+267 +43)
2(6°B+63+24)

Zi‘, i\ (2622 (022 +40x+12) + 027 (6*x+26° +48) |
2(6°B+63+24) ’
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So, the rth moment can be written as follows:
Z Z [ —1)'a83 (log o)™ +1 ] y
55 65ﬁ+9?+24) (i—j)!
(24 + 0x 2 +20Bx") x

2.2(n2.,2 2(p4 3 J .
/0 (29 2 (022 +46x+12) +6x2(6%x126 +48)> 00+ g

2(656+63+24)
After simplifications, the rth moment of the APTPO distribution is given by:

Ar(r4+2j—k—1—m—s+5)
er;2j+3n(l'+ 1)r+2j7k717m75+5+
- 0°T(r+2j—k—I1—m—s5+3)
N;:Zizo): OZk 021 OZn 0): Zv 0 Ti,jklnm,s 9r—2j+3n(l'+1)r+2j7kflfm7s+3 ’ 7)
2B0°T(r+2j—k—1l—m—s+1)
9r72j+3n(l'_~_ 1)r+2j7k717m7s+1

where

. B (_1)ia(loga)i+127k+l+2m7] (65ﬁ+93+24)*(j+1)3524n
Bk bmms = 1) (i— ) k= 1) nt (I —n)'(j— k — m)s!(m—s)!

By setting r = 1 and 2in equation (7) we obtain the first two non central moments, the mean of the APTPO distribution is
expressed as:

20(2j—k—I—m—s+6)
91-2j+3n (H‘ 1 >2j7kflfmfx+6+

o i j k I jk m 3
/ 0°T'(2j—k—1—m—s+4)
E(x)=u; = Z Z Z Z Z Z Ti jkdnm,s Q12730 (14 1) 2k T-m—s73 )
i=0 j=0k=0[=0n=0m=0s=0 2B6°T(2j—k—I—m—s+2)

9]—2j+3n(i+l)2j—k—l—m—s+2
Additionally, the variance of the APTPO distribution can be given by

Var(x) =} — (uf)’

2I'(2j—k—1l—m—s+7)
92-2j+3n <i+ 1 )2_/—/:—/—111—x+7+

w i j kI
B 5 - 03T(2)j—k—l—m—s+5)
=223 Y)Y Y Y vijkiams T2 (L )2 kTS ;
i=0 j=0k=01=01=0m—05=0 2BOST (2] —k——m—s+3)

+ 92-2j+3n (H_I)ijkflfmfﬁ»fa
By using non central moments, we can calculate the central moments of the APTPO distribution by the following relation:
4 r r—i
INT— /
=1y ( . ) (—u)"
i=0

The moment generating function of X distributed APTPO is:

Mx (1) Zﬂ/t

So

OC(r+2j—k—1—m—s+5)
=k m tr 9r72j+3n(i+l)r+2j7k717m7s+5+

o i Jj kI 3 .
_ 03T (r+2j—k—I—m—s+3)
- Z Z Z Z Z Z r Tl Jok,L,,m.s 9)'72j+3n(H_l)r+2j7kflfmfx+3
i=0 j=0k=01/=0n=0m=05=0 2B9‘ﬁ"(i’+2]’*k*l*l’ﬂ*$+])
Qr—2j+3n (l'+1)r+2_/—k—l—m—x+1
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The characteristic function of the APTPO distribution is given by:

(PX (ll) =

20 (r42j—k—I—m—s+5)
- 9r—2j+3n(l'+l)r+2j—k—l—m—x+5+

1 oo

(it)" 03T (r+2j—k—I—m—s+3)
Z Z Z Z r' Tl,j k,l,n.m,s 9r72j+3n(l'+1>r+2j7k7l7m75+3
n=0m=0s=0r=0 2BO T (r42j—k—l—m—s+1)
+ 9r—2_1’+3n(i+1)r+2j—k—l—m—s+I

o i j k
YY)
i=0j=0k=01=0

The s incomplete moments of X having APTPO distribution is obtained as follows: median .

= /Othprpo(x)dx

2y(r+2j—k—1—m—s+5,)
9)'72j+3n(i+1)r+2j7k717mfx+5+
m
03 y(r42j—k—I—m—s+3,t)
Z Ti jk,d,nm,s r—2 3 (i1 1) F 2K T—m—s+3 )
i=0j=0k=0/=0n=0m=0s=0 2B0y(r+2j—k—I—m—s+1,)
+ 6r—2j+3n(i+ 1 )r+2j—k—l—m—s+1

where
= [§x e ¥dx is the | i 1 functi ing i 1 lcul
Y(s,t) = fox e “dx is the lower incomplete gamma function.By using incomplete moments, we can calculate some
statistical measures as the mean deviations about mean | and median M. The mean deviation about mean §; and mean
deviation about median 8, can be, respectively, expressed as:

81 =2uiF (u1) —2¢1 (11), and & = uj — 29, (M).

2.4 Entropy

Entropy or information theory deals with the study of processing, utilization, transmission and extraction of information.
Entropy measures quantify the diversity, uncertainty or randomness of a system. Also it has many applications in different
areas such as probability and statistics, physics and economics.

2.4.1 Renyi Entropy
The Renyi entropy is as the index of diversity in statistics and ecology. The Renyi entropy of order TAPTPO random variable X
is given by:

Rx(T) =

I =
——log [ / fgpzpo(x)dx} 7> 0,7 #0.
- 0

T
05 alog(a) >
2(a—1)(65p+63+24)
22(92,2 2 (041203
log 2022 (0222 +40x+12) +-+:2 (6%x+20 +48)}6_9){>
79‘L'xdx

I (2x4 +6x>+26) Ta T 2(65p+63+24)

1

r i Joo k1 jk m j k\(1 j_k m Jj—k-t+l42m As n
230353535301 1 (on (4 Tomielss

r(2j-k-I-m-s+5)

~ 1 | [0(1. + r) 2 j—k—I-m—s+5
= ()g .
1-7 (_ T)lar(loga)wr04/+5r—k—[—3n—m—: . R 1"(r+2j—k—l—m—s+3)
Jli-)Ma-1)(6°p+6" +24) (6 + )
+29ﬂ1“(2j—k—l—m—s+l)

[9 (i + ‘r) 2 j—k—l-m—s+1
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2.4.2 Tsallis Entropy

The Tasllis entropy for a continous random variable X as follows

Sx(A) = ﬁ [1 - /Omf}”(x)dx]

For the APTPO distribution,

k iz

M o i 1 m i i — 1
333030 21 0 (] 1 oy (BRSNS
i 30 im0 100 o moo o0 \K )\ [\ n m s
rQ2j-k-I-m-s+5)
_ L [0(i + /1) 2 j—k—l-m—s+5
A=1] (- 1) a*(log )™ g*/+34-H-1-3n-m JO(r+2j—k—1-m—-s5+3)

[0(1 + l)]ljfkflfmf.wl
TQj-k-I-m-s+1)
[6 (l + A)]ijkflfmf_wl

- ) a-1)(0°p+6° +24)
+260p8

2.5 Lorenz and Bonferroni curves

The curves of Lorenz and Bonferroni are very useful in economics, insurance, reliability, demography, and medicine. These
curves can be computed using the incomplete moments. Let X having APTPO distribution cdf and pdf as defined in (4) and
(5) the Lorenz curve and Bonferroni curve are respectively defined as

_ 0

L) i

2Y(2j—k—l—m—s+6,t)
o1-2j+3n (i+ 1 )2j7k717))17s+6+

o i i k1 j—k
B L o 03y(2)j—k—I—m—s+4.1) -1
= Z Z Z Z Z Z Z Tijk,d.nm,s QT=2/+3n (i1 1 )2/ F—T-m—s+4 (.Ul) )

i=0 j=0k=01=0n=0m=05=0 2BOSY(2j—k—l—m—5+2.1)

+ 91—2j+3n(i+1)2_1’—k—l—m—x+2

and "
o L(x
B(x) = Fapapo (%)
2/(2jk—l-mos+61)
o i j k I j-km 9172];3"(’%])2-”"’1’""”6+
_ 0°y(2j—k—I—m—s+4.1)
- Z Z Z Z Z Z Ti, kol nm,s QI—2/43n (1 1)2/—k—T-m—s+4 X
i=0 j=0k=0/=0n=0m=0s=0 2ﬁ65y(2j7kflfmfs+2,l)
+ 91—2_[+3n(i+1)2_/—k—l—m—.v+2
—1
22(p2,2 2( g4 1203
. 1+29 2 (62 +29$12)6+39x24(9 ++26%+48) s
o (0207 +24) -1,
a—1 I’ll )
where

(—1)a(log )+ 274+1+2m=1 (935 4 93 4-24) V1) 35041

Tijklnms =

2.6 Order Statistics

(a—1)(i— k=Dl —n)!(j—k—m)!s!(m—s)!

We obtain the expression of the pdf of the rth order statistics X(,of the APTPO distribution cdf and pdf given by (4) and (5),
respectively. Let X(1),X(3),...,X(, be an ordered random sample drawn from the proposed distribution, The pdf of X, is given

by:

_1\d
1) =Xy D

=0 B(r,n—r+1) d

(

n—r

) [Faprro ()] farrro(x), (8)
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By substituting (4) and (5) in (8), we get:

. 26227 (0°x° +46x+12) +6x° (6°x+26° +48)]
) = 63 log(ax) (2x* + 6% +26) e a‘ + 2(658 + 63 1 24) ¢
" 2(65B+03+24)B(r,n—r+1)

2622 (022 +46x+12) + 6.2 (0%x 4203 +48) |77 ©)
n—r (_1)r+2d—1 ( n—r > 1-| 1+ 2(95ﬁ+9324)
X Td 1—a ’

d=0 (a - 1)r+ d

where B(,, .) is the beta function. by applying power series expantion given by:
0w (-1
- =3 (17 ),
=0
For t positive real non-integer and z < / in equation (9), we have
26737 (0°x° +-46x+12) + 6x° (6%x+26° +48)]
e MDA N g ke 2(658 + 6324) ‘

fr(x) = o Xizo (=1t d 1 o

Where

[ 0°log(a) (2x* +6x> +26) e
~\ 2(6°B+603+24)B(r,n—r+1)

In particular, we define the smallest order statistics X(;) and the largest order statistics X,y by substituting and in (10),
respectively, as follows:

+1
0232 +40x+12)+6x2 (0% x+203+48
) ( ) e—Gx

d=0[=0 o

and

20252 (62):2 +49x+12) +6x2 (e4x+293+48) i+

_oemEDTT ey (0540321
f,,(x)—nlz(’)(a_l)n( / ) o (6°p+6%24) ;

where

B 6°log(a) (2x* + x> +20) e &~
= 2(05B + 63 +24) '

2.7 Parameters Estimation

The maximum likelihood estimates (MLEs) of the unknown parameters for the APTPO distribution are derived by taken
random sample x|,x2, . ..,x, having APTPO pdf (5) with parameters(c, 0, ) . The log-likelihood function is given by:

logL =

n [1og(1og a) —log(cr — 1) +5log(0) — log (295[3 +26° +48)} +Y log (2¢! + 07 +26)
=1

e_ex"] .
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To get the nonlinear likelihood equations, we differentiate the last equation with respect to (o, 6, 8 )as follows:

and

(910gL

dlogL
20

dlogL
ap

~5n | (10B6*+66%)n
-5 |7

o [ 2n63
(

—aL|i-

i=1

292x,.2 (6737 +46x;+12) +6x7 (0%x;+20° +48) |
2(65B+ 63 1 24) ¢
n n

+ aloga  (a—1)

(x7 +2B)
(2x + 6x7 +26P)

20°x7 (0°x7 +40x; +12) + 6x? (6%x; +260° + 48
<1+ 0 (0 40 4 12) 4 O (070267 448) ) -0 _1og(a)

- Zn:xi+log((x)

i=0

)

i=1

26058 +263 +48)

™=

Z 2(05B+63+24)

n (46°x7 +120x; +24) +x7 (56*x; +86° + 48

Z - xzs )3 2 (0% ) e % —log(at)

~ 2(6°B+6°+24)

Zn: 077 (6257 +46x; + 12) + 67 (0%x; +26° +48) (586*+36%) | e
i=1 (QSﬁ + 6’ +24) |

n
2674263 +48) } Z{ 2x} + 67 +29ﬁ)]
202x7 (0%x7 +406x; +12) 4 0x7 (6%x;+26° +48) 0300 |
2(65B + 63 +24)

n

+log(a Z

The MLEs (&, 6, ) of (o, 8, B) of the APTPO distribution are obtained by setting the nonlinear likelihood equations equal to

zero. Since the equations does not have a closed form, but can be found numerically by using Mathcad package.

2.8 Simulation Study

The Monte Carlo simulation is performed to evaluate the performance of the MLEs for the APTPO distribution parameters. A
simulation study is carried out by generating 1000 random samples of size 80, 100, and 150 from the APTPO distribution. Three
sets of parameters values are selected as: (6 =02, =04, =0.1)(6 =02, =0.3,4 =0.1)and (6 = 0.1,00 = 0.4, =
0.1).. Compute the biases, mean square errors (MSEs), and means of MLEs of the unknown parameters. The numerical results
are summarized in Table 2.

Table 2. Bias, MSEs, and Means for the MLEs

Actual Bias MSE Mean

values " (6) (o) B) (6) (o) (B) (6) (o) (B)
0=02 4.238 1.507 0.425 5.016 1.437 0.051 7.819 1.107 0.225 80
o=04 7.857 0.492 0.412 4.936 0.105 0.045 5.457 0.212 0.212 100
B =01 2421 0.612 0.413 2.067 0.071 0.045 2.321 0.092 0.212 150
60=02 6.864 0.852 0.421 4.784 0.429 0.049 8.764 0.552 0.221 80
a=03 3.776 0.799 0.418 4.751 0.345 0.048 6.099 0.499 0.218 100
B =01 1.091 0.624 0.414 4.322 0.153 0.046 3.676 0.324 0.214 150
60=0.1 2.761 7.053 0.511 7.702 7.619 0.168 2.761 6.653 0411 80
o=04 2.578 6.689 0.499 6.710 6.836 0.160 2.578 6.324 0.399 100
B =01 2.432 6.724 0.492 5.955 2.308 0.154 2.432 6.289 0.392 150

We observe from Table 2 that for different choices of sample sizes, the estimates are performed quite well and MSE and bias
decreases as the sample size increases. Generally the results of the proposed model are better in the sense of MSE, and Bias.

https://www.indjst.org/

847


https://www.indjst.org/

Abdelall / Indian Journal of Science and Technology 2023;16(11):839-849

3 Results and Discussion

3.1 Application

The APTPO has been applied the real data set to show that the proposed distribution which can be a better model than the
Beta Weibull (BW), Exponentiated Generalized Weibull (EGW), Kumuraswamy Weibull (KW), Two Parameter Odoma (TPO),
Alpha Power Weibull (APW), Exponentiated Kumuraswamy Weibull (EKW), Alpha Power One Parameter Odoma (APOPO),
and Weibull (W) models.

3.2 Data set

This data represent 40 patients suffering from blood cancer (leukemia) from one of Ministry of Health Hospitals in Saudi Arabia
@n
as'el).

Table 3. The lifetimes (in days) of 40 patients suffering from blood cancer (leukemia)

0.315 0.496 0.616 1.145 1.208 2.805 3.767 4.647
2.162 2.211 2.370 2.532 2.698 3.534 4.397 2.036
3.263 3.348 3.348 3.427 3.499 4.392 2.025 3.192
3.986 4.049 4.244 4.323 4.381 1.414 2912 3.858
4.929 4.973 5.074 5.381 1.263 291 3.751 4.753

In order to compare the APTPO distribution with Beta-Weibull (BW), Exponentiated Generalized Weibull (EGW),
Kumaraswamy Weibull (KW), Two Parameter Odoma (TPO), Alpha Power Weibull (APW), Exponentiated Kumaraswamy
Weibull (EKW), Alpha Power One Parameter Odoma (APOPOQ), and Weibull (W) distributions.

To investigate the goodness of fit for the compared distribution using the following criterias like -2 log-likelihood function
(-2InL), Akaike Information Criterion (AIC), Akaike Information Criterion Corrected (AICC), Bayesian information criterion
(BIC), Kolmogorov statistic (K-S), and p-value. The better distribution corresponds to lower values of criteria. The MLEs of the
parameters for the proposed model is & = 0.145,6 = 1.215, and = 1.575

and for data set. The corresponding -2InL, AIC, AICC, BIC, K-S, and p-value are displayed in Table 4 for data set.

Table 4. Analytical results for the data set

Model -2InL AIC AICC BIC KS p-value
BW 177.748 185.748 186.891 192.503 0.317 0.0006
EGW 141.756 149.756 150.898 156.512 0.149 0.3330
Kw 138.738 146.738 147.881 153.493 0.097 0.841
TPO 142.102 146.102 146.426 149.481 0.214 0.05
APW 137.364 143.364 144.031 148.431 0.092 0.888
EKW 132.262 142.262 144.027 150.706 0.103 0.780
APOPO 138.276 142.276 142.655 145.654 0.331 0.00012
W 139.116 143.116 143.440 146.494 0.118 0.628
APTPO 135.496 141.496 142.163 145.563 0.081 0.901

Results in Table 4 indicate that the APTPO distribution has the smallest values of -2InL, AIC, AICC, and BIC as compared
to other competitive distributions with respect to cancer data set. Hence, the APTPO distribution leads to the better fit than
the other competitive distributions.

4 Conclusion

By using Alpha power transformation, we obtained a new distribution called the alpha power two parameter odoma APTPO
distribution. It has different special cases which have been presented in the paper. Various important mathematical properties of
the new distribution are derived, including hazard function, quantile function, moments, moment generating function, entropy,
and order statistics. It has been observed that from graph of the probability density function the proposed distribution is
positively sekewed and tends to normal distribution as sample size increases. The inference of unknown parameters for the
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proposed distribution are obtained by using the maximum likelihood estimation method. A simulation study is performed to
examine the estimated parameters. The application of the proposed distribution with its competitive statistical distributions are
essential done for medical research especially for cancer patients real data set. The results indicate the superior performance of
the APTPO distribution compared to other competing distributions depending on different goodness of fit criteria.

References

14)
15)
16)
17)
18)
19)
20)

21)

Edith UU, Ebele TU, Henrietta AI. A Two-parameter Rama Distribution. Earthline Journal of Mathematical Sciences. 2019;2(2):365-382. Available from:
https://doi.org/10.34198/ejms.2219.365382.

Hassan A, Dar SA, Ahmad PB, Para BA. A new generalization of Aradhana distribution: Properties and applications. Journal of Applied Mathematics,
Statistics and Informatics. 2020;16(2):51-66. Available from: https://www.researchgate.net/publication/346630241_A_NEW_GENERALIZATION_OF_
ISHITA_DISTRIBUTION_PROPERTIES_AND_APPLICATIONS.

Al-Omari Al Aidi KK, Seddik-Ameur N. A Two Parameters Rani Distribution: Estimation and Tests for Right Censoring Data with an Application. 2021.
Available from: http://dx.doi.org/10.18187/pjsor.v17i4.3522.

Rajagopalan V, Ganaie RA, Nair SR. A New Extension of Two Parameter Pranav Distribution with Applications in Industrial and Medical Sciences. Journal
of Statistics Applications & Probability. 2023;12(1):231-246. Available from: http://dx.doi.org/10.18576/jsap/120122.

Odoma CC, [jomah MA. Odoma distribution and its applications. 2019. Available from: https://wwwOdoma_Distribution_and_Its_Application%20.
Enogwe SU, Nwosu DF, Ngome EC, Onyekwere CK, Omeje IL. Two-parameter Odoma distribution with applications. Journal of Xidian University.
2020;14(8):740-764. Available from: https://doi.org/10.37896/jxu14.8/079.

Manoj K, Elangovan R. Weighted Odoma distribution with Properties and Applications in Cancer Data. Journal of Science. 2019;8(12):159-174. Available
from: https://www.researchgate.net/publication/344377516_Weighted_Odoma_Distribution_with_Properties_and_Applications_in_Cancer_Data.
Subramanian C, Kumar MS, Jenson PO. A new Approach to Odoma Distribution with Properties and Applications. Journal of Science. 2019;8(12):175-188.
Available from: https://www.researchgate.net/publication/345505704_A_New_Approach_to_Odoma_Distribution_with_Properties_and_Applications.
Al-Meanazel ATR, Al-Khazaleh, M A. Poisson-Odoma Distribution. An International Journal of Statistics Applications and Probability. 2022;(1):155-161.
Available from: https://www.researchgate.net/publication/356587968_Poisson_Odoma_Distribution.

Elangovan R, Manivasagan K, Gijo EV. Characterization and Estimation of Area Biased Two-Parameter Odoma Distribution with Application of Survival
Times. High Technology Letters. 2022;(9):28. Available from: http://www.gjstx-e.cn/gallery/2-sep2022as.pdf.

Mohamed EM, Gauss MC, Ahmed ZA, Hazem AM. The Alpha Power transformation family : properties and applications. Pakistan Journal of Statistics
and Operation Research. 2019;(3):525-545.

Hassan AS, Elgarhy M, Mohamd RE, Alrajhi S. On the Alpha Power Transformed Power Lindley Distribution. Journal of Probability and Statistics.
2019;2019:1-13. Available from: https://downloads.hindawi.com/journals/jps/2019/8024769.pdf.

Nassar M, Dey S, Kumar D. Alpha power transformed inverse lindley distribution: A distribution with an upside-down bathtub-shaped hazard function.
Journal of Computational and Applied Mathematics. 2019;348:130-145. Available from: https://wwwdoi.org/10.1016/j.cam.2018.03.037.

Basheer AM. Alpha power inverse Weibull distribution with reliability application. Journal of Taibah University for Science. 2019;13(1):423-432. Available
from: https://doi.org/10.1080/16583655.2019.1588488.

Nasiru S, Mwita PN, Ngesa O. Alpha Power Transformed Frechet Distribution . Applied Mathematics & Information Sciences. 2019;13(1):129-141.
Available from: https://www.naturalspublishing.com/files/published/i36f58377srnzs.pdf.

Ramadan A, Eldin Z, Haq MAU, Hashmi S, El-Sehety M. Alpha power transformed inverse Lomax distribution with different methods of estimation.
Journal of Probability and Statistics. 2020;p. 1-15. Available from: https://wwwdoi.org/10.1155/2020/1860813.

Sakthivel KM, Chezhian AA. Alpha power transformed Pareto distribution and its properties with applications. Malaya Journal of Mathematik. 2020.
Available from: https://wwwdoi.org/10.26637/MJM0S20/0011.

Maryam M, Kannan R. On the alpha power transformed Aradhana distribution: its properties and application. Indian Journal of Science and Technology.
2021;(30):2483-2493. Available from: https://doi.org/10.17485/1JST/v14i30.598.

Maruthan SK, Venkatachalam N. Alpha power transformation of Lomax distribution: Properties and Applications. 2022. Available from: https:
//ph02.tci- thaijo.org/index.php/thaistat/article/view/246996.

Mohiuddin M, Kannan R, Alrashed AA, Fasil M. A New Generalization of Pranav Distribution with Application to Model Real Life Data. Journal of
Statistics Applications ¢ Probability. 2022;11(3):991-1011. Available from: http://dx.doi.org/10.18576/jsap/110321.

Anwar H, Sameer AW, Sumeera S, Showkat AD. Transmuted Quasi Akash distribution Applicable to Survival Times Data. Thailand Statistician.
2022;(2):338-356. Available from: https://www.researchgate.net/publication/359512938esc=publicationCoverPdf.

https://www.indjst.org/ 849


https://doi.org/10.34198/ejms.2219.365382
https://www.researchgate.net/publication/346630241_A_NEW_GENERALIZATION_OF_ISHITA_DISTRIBUTION_PROPERTIES_AND_APPLICATIONS
https://www.researchgate.net/publication/346630241_A_NEW_GENERALIZATION_OF_ISHITA_DISTRIBUTION_PROPERTIES_AND_APPLICATIONS
http://dx.doi.org/10.18187/pjsor.v17i4.3522
http://dx.doi.org/10.18576/jsap/120122
https://wwwOdoma_Distribution_and_Its_Application%20
https://doi.org/10.37896/jxu14.8/079
https://www.researchgate.net/publication/344377516_Weighted_Odoma_Distribution_with_Properties_and_Applications_in_Cancer_Data
https://www.researchgate.net/publication/345505704_A_New_Approach_to_Odoma_Distribution_with_Properties_and_Applications
https://www.researchgate.net/publication/356587968_Poisson_Odoma_Distribution
http://www.gjstx-e.cn/gallery/2-sep2022as.pdf
https://downloads.hindawi.com/journals/jps/2019/8024769.pdf
https://www doi.org/10.1016/j.cam.2018.03.037
https://doi.org/10.1080/16583655.2019.1588488
https://www.naturalspublishing.com/files/published/i36f58377srnzs.pdf
https://www doi.org/10.1155/2020/1860813
https://www doi.org/10.26637/MJM0S20/0011
https://doi.org/10.17485/IJST/v14i30.598
https://ph02.tci-thaijo.org/index.php/thaistat/article/view/246996
https://ph02.tci-thaijo.org/index.php/thaistat/article/view/246996
http://dx.doi.org/10.18576/jsap/110321
https://www.researchgate.net/publication/359512938esc=publicationCoverPdf
https://www.indjst.org/

	Introduction
	Methodology
	2.1 The new distribution
	2.2 Quantile Function
	2.3 Moments
	2.4 Entropy
	2.4.1 Renyi Entropy 
	2.4.2 Tsallis Entropy 

	2.5 Lorenz and Bonferroni curves
	2.6 Order Statistics
	2.7 Parameters Estimation
	2.8 Simulation Study

	Results and Discussion
	3.1 Application
	3.2 Data set

	Conclusion

