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Abstract

Objectives: The objective of the paper is to find the solutions of variational
inequality problems via the concept of common fixed point of a sequence
of nearly nonexpansive mappings. Methods: The present work uses three
step iterative algorithm to get the solutions of variational inequality problems.
Findings: By applying three step iterative algorithm, solutions of variational
inequality problem has been obtained. Novelty: In the present work, a specific
three step iterative algorithm has been deployed to get solution. Furthermore,
Matlab programming has been utilised to eastablish the accuracy of the results.
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1 Introduction

Let D be a nonempty convex and bounded subset of real Hilbert space M. Variational
inequalities are used in various fields, i.e., economics, optimization, game theory etc.
First of all it was used to study Stampacchia (") variational inequality problem (VIP). In
that problem, we have to find out y* € D such that

(By*,y*—z) <0,Vz € D

where B: D — M be a linear operator.

The corresponding fixed point problem to the VIP (1) is to find the fixed point of the
mapping Pp(I — xB), for all y > 0, where Pp is the projection mapping from M onto D.
If B is strongly monotone and Lipschitzian mapping and y > 0 is a small number then
the mapping Pp (I — xB) is a strict contraction mapping. So, problem (1) has a unique
solution y*, by using Banach contraction principle, and the Picard iterations (y,, } which
are defined by y,,+1 = Pp(I — xB)ym converge strongly to y*.

To find out the solutions of VIPs and corresponding optimization problems,
equivalence relations between fixed point problems and VIPs are developed. So, the
prime objective is to find the common fixed point of the nonexpansive mappings.
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Moudafi® introduced the viscosity approximation method to determine the fixed point of a nonexpansive mapping and
that mapping was defined on a Hilbert space. If M is a Hilbert space and D be a closed and convex subset of M. Also, F': D — D
be a nonexpansive self-mapping and f : M — D is a strongly nonexpansive mapping. Then he proved that the sequence (y,, }
in D which is defined by the iterative scheme:

1 o,
€D, yy=——F , Ym >0,
o = T (Ym) + 1Jr%nf(ym) m>

strongly converges and has the unique solution y* € Fix(F) of VI

((I=f)y",y" —y) <0,Vy e Fix(F)

where (o, } is a sequence of positive numbers such that o, — 0 as m — oo.
Marino and Xu® studied the viscosity approximation method for nonexpansive mappings. They proved that the sequence
(Ym ) is given by
Yo € M and Y11 = QO f (Ym) + (I — 04uB) Fyp, m >0

strongly converges and which has the unique solution of the corresponding VI
(B=3f)y",y—y") > 0,¥y € Fix(F)

that is the optimization condition for the minimization problem

.1
yemin_ 5By —90)
where B is the strongly positive and bounded operator on M and ¢ is the potential function of d f.

Yao et al.®) introduced the iterative scheme to find out the solutions of generalized VIP and fixed point problem
(FPP). Akram et al.® worked on FPP and split variational inclusion problem. Many researchers introduced different iterative
schemes to find out the solutions of VIPs®-1"), Lamba and Panwar !? and Panwar et al. ') introduced iterative schemes for
nonexpansive mappings. Sahu et al. ') and Tuyen (') determined the solutions of VIPs by finding the common fixed point of
a sequence of nearly nonexpansive mappings. The result proved by Sahu et al.('*) is as follows.

Theorem 1.11%) “Let E be a non-empty, closed and convex subset of a real Hilbert space M. Let V : E — M be an
L-Lipschitzian and G : E — M be a k-Lipschitzian and 6-strongly monotone operator. Let (7;,} be a sequence of nearly
nonexpansive mappings from E into itself with respect to the sequence (ay} such that F = NFix(T,,) # ¢ and T be a
self-mapping on E such that Tu = nﬁ’ﬁoT’”u’ Yu € E. Let FixT = NFix(T,,}, 0 < ® < 20/k* and 0 < SL < 7, where

T=1—+/1—©(20 — wk?). For uy € E, the sequence (u,,} is defined on E and is given by the iterative algorithm as

ug € E @
Un+1 = Pg [amSVum + (1 - ama)G) Vm]

where (0, } be the sequence in (0,1) and satisfy the following conditions:
(a) ZZ’” oy, =0, 22:1 Ol = 0
m—yoo

(b) either Y| (Qunt1 — O4y| < oo or lim % =1,
m—yoo Om

(c) either Yo Dg (T, Tnt1) < oo or lim Dp(TnTw1) _ () for each B € E;
M—yoo

Q1
(d) lim 3= =0.
m—yoo Ym

Then the sequence (u,, } strongly converges to u* € F and u* be the unique solution of VI
(oG =0V )u*,u* —u) <0,Vu € F.”

Chuadchawna et al.(!®) proved the convergence theorem for generalized nonexpansive mappings in hyperbolic spaces.
Lohawech et al.!”) worked on finding the solutions of VIPs for Hilbert spaces. The algorithm given by Lohawech et al.(!”)
is

{ Vin = (1 = O) thy + Qo (I — B @G) Tty )

U1 = ([ = BrnoG) Tvy,
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2 Methodology

Let the inner product and norm in the Hilbert space M are denoted by (, ) and ||.|| respectively. Let D be the nonempty, convex
and closed subset of M. The mapping Pp : M — D defined by

| (h—Pph|| = inf||h—d|]
deD

is known as metric projection from M on D.
Let D be a nonempty subset of M and G1,G3 : D — M be two mappings. We assign the collection of all bounded subsets of
D as D. Then for B € D, the deviation Dg(G1, G») between
Dp (G],Gz) = sup(| (G]b— sz‘ ‘ :be B}.
A mapping G : D — M is called

¢ monotone is

<Gd1 —Gdy,dy —dp) > 0,Ydy,dr € D

« 1-strongly monotone if

(Gdy — Gdy,d\ —dy) > 0 ||d1 — da||* ,Vdy,dy € D

o K-Lipschitzian if

|Gd, — Gd,|| < k||di — da||,Vd,dr € D

For 0 <k < 1, G is called strict contraction and for k=1, G is called nonexpansive.
If (T,,} is a sequence of mappings from D into M and (a,, } C [0,1) is a sequence such that lim a,, = 0 then (7}, } is known
Mm—soo

as sequence of nearly nonexpansive mappings with respect to sequence (a, } if
‘ (del — de2| ‘ < ‘ (dl —d2| | +am, Vdy,dy € D.

Definition: (see '®)) “Let (a,, } and (b, } are two real convergent sequences with limits a and b respectively. Then (a,, } converges
faster than (b, } if

a,—a

lim =0
m—eo b, —

The lemmas which will be used for proving the main result are as follow:

Lemma 2.1 (see®): “Let M be a real Hilbert space. For all i, h; € M and € € (0, 1], we have

L[+ kol < ([ 1? +2 (ha b+ ha) s

2.([(1=&)h +eha|* = (1 —&) ||| > + el |l |* — & (1~ ) |7y — o]

Lemma 2.2 (see!)): “Let V : D — M be an L-Lipschitzian mapping and G : D — M be a k-Lipschitzian and 8-strongly
monotone operator. If 0 < §L < @0, then

2 »

(h =, (@G = V)b = (0G = 8V)ha) > (08 — 8L) ||y — ha|* ¥, h € D,
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that is, @G — 8V is strongly monotone having coefficient @6 — §L.”
Lemma 2.3 (see ®”): “Let x € (0,1), @ > 0 and the mapping J : D — M defined by
Jh) = (1 —){(J)G)hl7 Vhy € D,
is a strict contraction mapping if @ < 26 /k? or we can also say that, for ® € (0,20 /k?),

‘(Jhl —Jh2|| < (1 —XT) | (h] —h2| |7 Vhy,hy € D,

where T=1—+/1—® (20 — 0k?).”

Lemma 2.4 (see ?D):“Let ] be a nonexpansive self-mapping defined on closed and convex subset D of the Hilbert space M.
If ] has a fixed point then (I-]) is demiclosed or we can say that if (y,, } is a sequence in D which converges weakly to some y € D
and the sequence ((I —J)y,,} converges strongly to z then (I —J)y =z.”

Lemma 2.5 (see ?1:?2)): “If Py, is a metric projection mapping then it satisfies the following properties:

1. Pph € D,Yh € M,

2.(h—Pph,Pph—d) > 0,Yh € M and d € D;

3.|(h—d||* > ||h— Pphl||*+||d — Pph||*, Vh € M and d € D;

4. (Pph) — Pphy,hy — hy) > ||Pphy 7PD/’12||2 ,Vhihy e M.

Lemma 2.6 (see ??):“ Let the sequence (s,, } of non-negative real numbers be such that

Sma1 < (1 _am)sm+a)nbin+cm )

where the sequences (a,}, (b} and (¢} follow the conditions:
l.ay C[0,1]and Yo ap = oo

2. limsup,,_,.bm < 0;

3. %0 em < oo or Limsup,,_,oCm/bm < 0.

Then ngigzcsm =0

3 Result and Discussion

Our main result is as follow:

Theorem 3.1 Let E be a non-empty, closed and convex subset of a real Hilbert space M. Let V : E — M be an L-Lipschitzian
and G : E — M be ak-Lipschitzian and 0-strongly monotone operator. Let (7,, } be a sequence of nearly nonexpansive mappings
from E into itself with respect to the sequence sequence (a,, } such that F = NFix(T,,) # ¢ and T be a self-mapping on E such
that Tu = nggn Tu, Vu € E. Let FixT = NFix(T,}, 0 < ® <260 /k* and 0 < SL < 7, where T =1 — /1 — ® (20 — wk?). For

up € E, the sequence (u,,} is defined on E and is given by the iterative algorithm as

Wi = Yinlm + (l - }/m) Tt
Vm = ﬁmwm + (1 - Bm) TyWi (4)
Umt1 = Pg [03,0Vity + (I — 0 0G) vy

where (04} , (Bn} and (Y} be the sequences in (0,1) and satisfy the following conditions:
(@) lim 0y =0, Tir_g O =
(b) either Y (011 — O4y| < o001 lim % =1;
m—yoo M
(©) Lo (Brns1 = PBm| < oo
(d) Xm0 (V1 — Y| <o
(e) either Yoo Dp (T, Tnt1) < oo or lim DT Tns1) — () for each B € E;

m—yoo Q-1
(f) lim 2= =0.
m—yoo UM
Then the sequence (u,, } strongly converges to u* € F and u* be the unique solution of VI

(G —06V)u",u* —u) <0,Yu € F

https://www.indjst.org/ 1705
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Proof. Step 1. The sequence (uy, } is bounded.
Let d € F, then using algorithm (4),

1 —d| = || Pe [0S Vity + (I — Cou®G) vy] —d|

Now,

Now,

From (5), using (6) and (7),

[tmi1 —d| < 0nSL [ —dl| + 0 |[(8V — @G)d|| + (1 = 0 ) || (tm — d) || 4 2a]

<06V + (I — 04 ®@G) vy) —d||

= |01 O Vityy — Qp@Gd 4 0y 0Gd + (I — 04y 0G) vy — d||

= || 04 (6Vity, — 0Gd) + (I — 0 0G) vy, — (I — 4 ©G) d||

= |04 (6Vuy — ©Gd) — 0,y 6Vd + @,y 8Vd + (I — 04, 0G) (v, — d) ||
= |V (uy —d) + @ (8V — 0G)d + (I — 04 0G) (v, — d) ||

< @B ||V (t — )| + 0|8V — 0G)d]| + [[(I ~ 04, 0G) (v — )|
< 0 OL |ty — d|| + 06| (6V — @G)d|| + (1 — a4 T) || Vi — d||

vin—d|| = || Buwm + (1 = B) Tuwm — d||
= [|Bnwm — B d =+ B d+ (1 = Bin) Twin — Tnd||
= Hﬁm (Wm _d) + (1 _Bm) TWm — de—l—ﬁmedH
= [|Bn (Wi —d) + (1 = B) Towm — (1 — Bin) T ||
= [|Bn (Wi —d) + (1 = Bu) (Tnwm — Tnd) |
< B l[wm —dl[ + (1 = Bin) (| Tnwm — Tnd |
< B llwm = dl| + (1 = B [[|[(Win — d) || + @]
< Wi —dl| +am

[Wm—d|| = || Ymttm + (1 = Yin) Tntt — d||
= [|Ynthm = Yon A+ Yo A+ (1 = Yn) Tt — d ||
= [|Ynthm — Yo A+ (1 = Yon) Tt — Tind ~+ Yo Trndl|
= % (e — ) + (1 = Yn) Towin — (1 = ¥) T |
= (1Y (um — ) + (1 = Yin) (Tt — Tnd) |
< Y Mt — Al + (1 = W) | Tt — Tondl |
< Yol llm — Al + (1 = ) [[ttrn — ]| + @]
< ||t — I + @

<(0mOL+1— 0ty 7) || (et — Q) || + || (V — 0G)d|| + 2ay,

© lim g* =0, 3 M such that

m—soo &m

So, from (8),

O || (8V — 0G) d|| + 2a,
o7

<My, Vm>0.

i1~ dI| < (1= G (7 — SL)] | (s — d] | + conMy

M,

S max (”Mm—d”,m

},VmeN.

(5)

(6)

7)

(8)

https://www.indjst.org/
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*. (um} is bounded and thus (T,uy }, (Gviy} and (Vuy,} are bounded.
Step 2. ||ums1 — Um|| = 0 as m — oo. Now,

lms2 — 1]l = || Pe [ 10Vt 1 + (I — 0y 1 0G) Vi 1]
— Pg [0 6V + (I — 04y @OG) vy ||

< @nt16Vimi1 + (I — Q1 OG) Vi1 — 0430Vt — (I — 043 0G) vy ||
+ || Q1 0Vums1 — Q1 OV + Oy 1 8Vt — 04,6 Viayy,
+| = 1 OG) Vi1 — (I — Oy 1 OG + Oy 1 OG — Q@G vy ||
— (I — &10 (Vi1 — Vi) + 6 (Ont1 — On) Vit + (I — Oy 1 OG) Vi1 — (O 1 — Oy ) @Gy || 9)
= ||Cn+16 (Vums1 — Vi) + 6 (1 — On) Vit

++ (I = Qi1 OG) (Vi1 — Vi) — (Gt — O) OGV |
= ||0nt+10 (Vi1 — Vi) + (Qir1 — Q) (8Vty — 0Gvpy)
(1= O 10G) (1 — Vi) |

< 16L [t 1 — || + M2 | Qi1 — O] + (1 = X1 T) [Vt 1 — |

where My = Ssup(||Vun||} + @sup(||Gvm||} < eo.
Now,

va+1 - Vm” = ||ﬁm+lwm+l + (1 - Bm+l) Tni1Wmt1 — BnWm — (1 *ﬁM) TmeH
= |But 1Wms1 = But 1Wim + Bt 1Wm — BnWam
+ (1 _Bm+1)Tm+1Wm+1 - (] _ﬁm) TmeH
= [|Bnt1 W1 = W) + (B — Bin) W
+ (1 - ﬁerl) (TmHWerl - Tm+1Wm) + (1 - Bm) (TerIWm - mem)
+ (1= Baut+1) Tng1wm — (1= Bn) T 1w |
= [|Bnt1 Wit 1 —wWi) + (Bus1 — Bn) W
+ (1 = Bt 1) (Tt 1Wimst — T 1wim) + (1 = B) (Top 1w — Tuwin)
Jr(ﬂm—ﬁmirl)TerleH
= ||ﬁm+l (Wm+1 - Wm) + (ﬁmﬂ - ﬁm) (TmHWm - Wm)
+ (1 - ﬁm+1) (Trn+1Wm+1 - Tm+1Wm) + (1 - ﬁrn) (Tm+1Wm - mem) ||
< Bnt1 ||Wm+1 *Wm” + |ﬁm+1 - ﬁm| : HTerIWm *Wm”
+ (1= Bt 1) | Tt 1wms1 — Tnrwan || + (1= Bin) [ Tt 1 win — W |
< Bt [[Wine1r = wanll + Ko | Bre1 — Bl
+ (1= But1) (Wms1 = Wil +am+1) + (1 = B) D (Tins1, Ton)
< ||Wm+1 *Wm” + K |Bm+1 *ﬁm| +am+1+Dp (TerlvTrn)

(10)

where K, = sup(||Tm+1wm\|} +sup{\|wm\|} < oo,

https://www.indjst.org/ 1707
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Now,

W1 =Wl = ¥ 1tms1 + (1= Y1) Tt 1 — Yot — (1 = Yin) Tl |

= [| Yt 1 Um0 — Vit 1 o = Vit 1 i — YVinlhim

+ (1 - 'Ym-&-l) Tn1tmg1 — (1 - Ym) Tm"‘mH

= [Vt (Umt1 — th) + (Vint1 — Yon) U

+ (1= Yut1) (Tntrttm1 — T rttm) + (1= Yn) (Tt 1 — Tontn)
+ (1= Ynt1) T 1t — (1 = Yn) T 1|

= [1%nt1 (U1 = tm) + (Yt 1 = Yin) U

+ (1= Yot 1) (D1t 1 — Tnrtn) + (1= Yin) (T 1ty — Tonttyn)
+ (Ym - 7m+1)Tm+lum||

= ”'ym-&-l (“m+1 - “m) + (7m+1 - Ym) (Tm—Hum - um)

+ (1= Yt 1) (Tntrttmsr — T rtim) + (1= V) (T 1Um — Tt ||
< Y+l ||”m+l - Mm” + |Ym+1 - 7m| : ||Tm+1”m - “mn

+ (1= Yt ) | Tt 11 — Tttt || + (1 = Yn) | Tt 180 — Tont]|
< Yt |1 =t || +Lon | Yin1 — Yonl

+ (1= Ynt1) (tms1 — | +@ms1) + (1= Y) DB (Tnt1, Tn)

< Nttmr1 = thm| + Lon | Y1 — Y| + DB (T 1, Tn) + @1

(11)

where L, :sup(||Tm+1umH}—|—sup{|\um|\} < oo,

From (10),

Vi1 = V|| < ttmr1 — th|| + Ko (Bt = Bl + Lin (Y1 — Yin| +2ams1 +2Dp(Tni1, Tn)

From (9),

ttm+2 = i1 || < Oyt SL |t — thm || + Mo (Qy-1 — O]
+ (L= 01 ) [[|tmr1 — ||+ Kon (B — Brn| + Lin (Y1 — Yin

+2am+1+42Dp(Tpi1,Tn)]

= [1 =01 (v = SL)][|ttm+1 — ]| + M2 (Comi1 — Ol
+ (1 - am-HT) [Km (ﬁm-‘rl - ﬁm‘ + Ly (}/m—&-l - Ym‘

+2am11+2Dp(Tns1,Tn)]

Using lemma 2.6,

Step 3. lim ||up — Tuy|| = 0.
m—yoo

[|tms1 — || = 0 as m — oo

https://www.indjst.org/
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Now,

|[etms1 — mum” = (umr1 — Tty 1 — Tinltim)

= (Pg [0 6V, + (I — 0 ®G) Vi) — Tathy 1 — Tty
< {04, 6Vt + (I — 04y OG) vy — Tnth, U1 — Tty
= (04 OVty — Uy @G (Trpttyy) + 040G (Tiyityy)

+ (I — 0 @G) vy — I (Tt s 1 — Tt
= {0y, (6Vity, — OGTintty,) + (I — 0, 0G) vy,
— (I = 0 @OG) Tyttyy, U1 — Trnlth)
= (O (OVup — 8V Tipttyy + OV Tty — OGTinuiy) + (I — 0y OG) vy
— (I — Ap®G) Tty 1 — Taldi) (12)
= (040 (Vityy — VTinityy) + 04 (8V — @G) Tty

+ (I — o ®G) (Vi — Toattn) s U1 — Tinldin)
= (046 (Vg — VTinttyy) s 1 — Tt

+{u(0V — 0G) Tty , 1 — Tt

+{(I — u®G) (viy — Tty » th1 — Tt}

< 0O L [t — Tty | - [[thm1 — Tenhim |

+ 0y, {(8V — 0G) Tty 1 — Tinthn)

+ (1= 06nT) [[vin — Tt || - [[thm-+1 — Tnttm |

Now,

va - TmumH = ||Bme ( Bm) mWm — Tm”m”
= [|Buwm — BnTottm + B Tinttin + (1 — Bin) ToWin — Tinthm |
= ”ﬁm (Wm - Tm”m) + (1 - ﬁm) Tyywm — (1 - ﬁm) m”m”
= 1B (Wi — Tntn) + (1 = Byn) (Tawim — Tinthim) | (13)
< B Wi — Tt + (1 = Bon) | Tnwim — Tt |
< B l[wim — Tnttm|| + (1 = Bn) ([[Win — | + @)
< B (W — Tonttm | + (1 = Bn) [[Win — ton || + @m

Now,

Wi — Tnttm | = 1| Yimttm + (1 = Yin) Tinthin — Tintim|
= || Ymttm — Yo Tonttm| (14)

= Yin ||t — Tt |

Thus,
|1V = Tonton| | < BorYonlltm = ot -+ (1= B[ Wi — st |+t

Hence,

[[tt41 — TmumH2 < O SL| |t — Tt |-||ttn1 — Tt |
+0n ((8V — OG) Tyt 1 — Tyt
+ (1= ) [Bn Y[ — Tonttyn|
+ (1= Bon) [[Win = || + ]| [t s1 = Tontt|
= [0 OL~+ B Y (1 — 0 T)]||ttm — Tt ||| |1 — Trttim|
+0n ((8V — 0G) Tty i1 — Tty
+ (1= 06, 7) [(1 = Bn) [|Wm — thm|| + am) || ttms-1 — Tt |
< [0mSL A+ Bu¥in (1 — 7)) (”"m*Tmum\IZ@\umHmeumHz}
+03, ((8V — @G) Ty, i1 — Tt )
+(1 — 0T ) [(1 _Bm) ||Wm —Mm” —|—am].||um+1 — Tm”m”
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+03, {((8V — @G) Tyttyy, i1 — Tty )
+ (1= 0 T) [(1 = Bin) Wi — thn || + @] | |1 — Tonthim |

2 SL+ 1— 2
l[ttmy1 — Tnttm||” < (2:)‘{&,"51‘&%1’”7,(,"(1?”@31)} Nt — Tt |

2 n.

+27[ocm§L+ﬁi17m(lfamr) ((8V — 0G) Tttt 1 — Tonthm)
21— 0ty

+ Tt g (1~ B [ =t | +-an]-Ms

where M3 = sup{||um+1 — Tntim||}

||um+1 - Tmum| ‘2 < (am6L+ ﬁmYm (1 - (XmT>] ||um - Tm“m”2
+20,{(8V — OG) Tty thi1 — Tt
H(1 = Bw) [|Win — th || + am] M3

By lemma 2.6,

Lim ||t — Tytt||* = 0
m—oo
or

lim ||ty — Tt || = 0 (15)
m—yoo
Now,
Hum - Tum” = ||um — Tty + Tty — TumH
< | (um — Tt | + || Tonttm — Tt |
S | (”m - Tm”m' ‘ +DB(Tm7 T)
Taking limit as m — oo and using (15),
“. lim ||upm — Tupm|| =0.
m—soo
Step 4. We will prove that
where u* € F is the unique solution of VL.
Since Tu = lim T,,u, Yu € E and each T,, is a nonexpansive mapping, so T is a nonexpansive mapping.
Mm—oo
Let (u, } be a subsequence of (u,,} such that
1imy o0 SUP ((8V — OG)u* ,tyy — u*) = limy_ye0 {(8V — OG) U™,y — ™) (16)
W.L.O.G, assume that u,, — u € E. By usinglemma2 4, wegetu € FixT =F .
So, from (16) and VI,
limy—ye0 SUP ((OV — 0G)u*,utyy — u*) = ((6V — 0G)u*,u — u*) (17)
https://www.indjst.org/ 1710
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Step 5. upm — u* as m — co.

llttm 1 — ’4*“ = (Upmg1 — U U1 —U")

= (Pg [0 Vi + (I — 0 OG) Vi) — u* 1 —u™)

< {0 OVuy + (I — 0 0G) vy — u* 1 — u™)

= {0V — 0, OGU™ + 0, OGU*

I — 0 @G) vy — Iu™ ) — ™)

= (O (8Vuy — 0Gu™ ) + (I — 0 @G) vy

I — 0, OG) u* up 1 —u™)
= {04y (6Vuy — 8Vu* 4+ 8Vu" — 0Gu™) + (I — 04, 0G) vy
— (I = 040G u* Jutyy 1 — ™) (18)
= (00 (Vi — V") + an(0V — 0G)u™)

+ (I — 0p@0G) (vip — ™)yt 1 — u™)

= {0 (Vi —Vu") ;i1 —u™)

+ (0 (0V — 0OG)u™  upy 1 — u™)

+{(I — an®OG) (viy —u™) b1 — ™)

< O BL it — |- i1 —

+ 0y ((OV — 0G)u™  tpy ) —u™)

+ (1= 0 ) [[vin — " - 1 — 0"

+(
—(

Now,

[V — || = 1| Bruwm + (1 = Bn) Tawm — u" |
= [|Bnwm — Bntt” + Bt + (1 = Bn) Twm — Tntt” ||
= {|Bn (W —u*) + (1 = Bn) Tnwim — (1 = B) Tt ||
= [|Bn (Wi — ") + (1 = Bin) (Tuwim — Tntt") | (19)
< B lwm — u™[[ + (1 = Bon) (| LW — Tt
< B l[win — u*[[ + (1 = Bon) ([[Win — 1" || + @m)
< llwm —u*[| + am

—~~
~— —

Similarly,

Wi — ™[] = || Yinttm + (1 = Yin) Ttk — 1* ||
< et — v || + am
= [[vm — || < sy — " || + 2am

Hence,
|[ttm+1 _uz(|62 < am61)4||”m _“*||-||“>m+1 —u’|
404, ((8V — 0G) u*, up 1 —u*
+ (L= o) (|[um — u* ||+ 2am) |[tm+1 — ||
= [1Zam(T—M)]Hum—M*||-||Mm+1 —u||
+0n{(8V — 0G) u* jupy1 — u*)
+2(1 = ) |[tmr1 — u*||am
< [1— oy(t—8L) (|\um—u*|\2+£|um+1—M*HZ}
+ 0, {(0V — 0G) u* jup 1 — u*)
+2 (1 — 0ot T) ||umr1 — u*||am
(BB g — | <

[1=an(r=8L)] 2
2

ot — u”]|

https://www.indjst.org/ 1711


https://www.indjst.org/

Panwar & Kumar / Indian Journal of Science and Technology 2023;16(23):1702-1715

+03, ((8V — 0G) u*, up 1 — u*)

+2 (1 — o) ||ums1 — u*||am
(1+am(21'76L)] ~||Mm+1 _M*H2 < [l—am(zr—éL)] ~||um _M*H
+0, ((OV — OG) u*, upy1 — u™)
+2 (1 — 0 T) ||t — u*||am

2 1— —6L 2
i1 =1 < (1722033 | lltw — w7

+%<(5V— OG) u* Uy —u*)

2

4(1—
+ e 1 —

< (1= 0 (7= L))l —u*|®
+20,{(8V — 0G) u* ,up 1 — u*)
+aapm| |1 — u*||
< [1 = 04 (= 8Lty —
+205,{(8V — OG) u*, upy 11 — u*) + 4a,,My
where My = sup{||um+1 —u*||}.
Assume that s, = ||ty — u*||* 1y = (T — L), by = 257 ((8V — OG)U* ,tyyy 1 — u*)
cm = 4a,,My. So,
Sm1 < (1 - tm) S+ tmbmicm-
By Lemma 2.6,
lim ||t — u*|[* =0
Mm—oo
| [t — w¥|] = 0 as m — oo,
Uy — Ut as m— oo,
This completes the proof.
Theorem 3.2 Let V and G be as defined in theorem 3.1. Let (7;,} be a sequence of contractive mappings from E into itself.
Let sequences (S}, (Y} and (ky} in (0,1) also satisfy
(a) lim B,, =0,
Mm—oo
(®) lim =0,
and the sequences (x,,} and (u, } defined by algorithms (2) and (4). Then (u,,} converges faster than (x,, } .
Proof. From (6),

vin =@l < B Wi — Al + (1 = Ba) [| TnWin — Tl |
< B llwm —d[| + (1 = Bn) e [|wi — ||
= B [|Wi — d|| + ki [|Win — d|| — Bk || Wi — d|

21
— B (1 o) i — ]|+ Ko [ — | )
o lm v —d|| < lim ky, || Wi —d||
m—oo mM—roo
Similarly, from (7),
lim |[wy —d|| < Lim ko |utm — || (22)
m—oo m—oo

From (5), using (21) and (22),
réi_r)’on”m-s-l —d|[ < ’éi’ﬁo[amsu (tm —d| |+ 0| ((8V — @G)d| [+ (1 = QnT)km||wim — d[[]

< lim kpy||wp, — d||
Mm—yoo0

< limkm2||um—d||
M—soo0

< lim [T ki*||uo —d||
m—yoo

Taking K = sup,,k,, then
lim ||ups1 —d|| < lim ||ug — d||K20m+1)
Mm—soo Mm—yoo

In¥, from (3.3),

https://www.indjst.org/ 1712
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lim ||xpm i1 —d|| < lim ||xo — d||[K"+D)
m—yoeo m—yoo

Define a,, = ||up — d||K*>"*+1) and b, = ||xo — d||K"" 1), then

= 32
m bm
_ Huo_dHKZ(erl)
© [lxo—d||K(m+D
— Km+1
m—+2
*lim S = [im K — K <
m—soo  Sm oo KMH1 ’
so by ratio test, Y §, < oo.
. _d| Ca .
i W=l @ i 00,
. mﬁocme#»l_dH m—soo Pm m*)wgm

= (um} converges faster than (x,}.

Supportive Application

For the reliability on the present result, an application in support of the main result is as follows:

Let M = Rand E = (0, 1]. Let the self-mapping T be defined by Tu = 1 —u, Yu € E, so T is a nonexpansive mapping. Let
G, V : E — M be two mappings such that Gu = 3u and Vu = 3u, Yu € E. Then G is a 3-Lipschitzian and 3-strongly monotone
mapping and V is a 3-Lipschitzian mapping. Now, 0 < @ < 26/k* and 0 < L < T,sowehave w = 1/3, 7= 1and § = 1/4.

Taking o, B, and ¥y, in (0,1) as o, = %, B = m%rl and Y, = ﬁ Also taking a,, = # .Now, T, : E — E is defined as
1—u,ifu €[0,1)
Thu =
am, ifu=1

Then, the sequence (7;,} is of nearly nonexpansive mappings from E into itself. Also, F = NFix(T,,) = (1/2} and Tu =
lim Tyu, Vu € E.

Mm—oo
So, all the conditions of Theorem 3.1 are satisfied and hence the sequence (u,, } obtained by algorithm (4) converges to

the fixed point (1/2} and this fixed point is the solution of the corresponding variational inequality. The convergence of the
sequence (u,, } for different initial values of u; is shown graphically in Figure 1.

08
08
07
08

_E 05 N e e |
04
0.3
02

0.1

1 2 3 4 5 B 7 8 a9
No. of terations (m)

Fig 1. Graphical representation of m and u,,

Figure 2 is the graphical representation of convergence of the sequence (u,, } using algorithms (2), (3) and (4). It can be seen
that convergence of the sequence (u,,} is the fastest by algorithm (4) among algorithms (2), (3) and (4).
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Fig 2. Gaphical representation of m and i for algorithms (2), (3) and (4)

4 Conclusion

In this paper, firstly, common fixed points of a sequence of nearly nonexpansive mappings are determined. After that, it is
showed that these fixed points are the solutions of the corresponding VIP. Theoretically, algorithms (2) and (4) are compared for
contractive mappings that establishes better convergence of algorithm (4) than algorithm (2). In addition, supportive application
is given to validate the result by comparing algorithms (2), (3) and (4) with the help of Matlab programming. For nearly
nonexpansive mappings, numerical comparison is done which shows that the improved algorithm (4) has the best convergence

rate among algorithms (2), (3) and (4).
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