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Abstract
Objectives: To establish a common quadruple fixed point theorem on
complete bipolar metric spaces. Methods: By using integral type contraction
of two covariant mappings. Findings: For covariant mappings of the complete
metric space, which was able to obtain a unique common quadruple fixed
point theorem and validate it with an appropriate example.Novelty: A unique
common quadruple fixed point is produced by using integral contraction with
covariant mappings and is a more reliable generalization of the previously
published theorems.
Keywords: Bipolar metric space; Intergral type contraction; Completeness; ω
- compatible mapping; Common Quadruple fixed point

1 Introduction
Non-linear analysis’s section on fixed point theory is significant because of its potential
applications. We use completeness, continuity, convergence, and numerous other
topological properties to prove fixed point theorems. One of the most significant
findings in non-linear analysis is the Banach Contraction Principle, sometimes known
as the Banach fixed point theorem. By extending the underlying space or by considering
it a common fixed-point theorem along with other self-maps, this theorem has been
expanded in a broad range of ways. Many fixed-point theorems require the use of
commutativity to be proven.The concept of compatibility was set-up as a generalization
of commutativity due to the fact that it is a more permissive condition.Many extensions
of metric spaces, including G-metric spaces, partial metric spaces, cone metric spaces,
and bipolar-metric spaces, have appeared in a number of articles during the past few
years. The study of fixed-point theory was expanded using these generalizations. One
of the most recent generalizations is that of a bipolar metric space, introduced byMutlu
and G¨urdal (1) in 2016, and studied fixed point and coupled fixed point results on this
space. Among these, Branciari (2) examined the use of Lebesgue integrals in the theory
of metric fixed points in 2002 and established the existence and uniqueness of fixed
points for integral contractions whenever the metric space (X; d) is complete.
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Then, in (3–5) and the references therein, numerous authors studied various iterations of integral contractions and obtained fixed
point solutions with respect to these contractions in various metric spaces.

E. Karapinar (6) demonstrated certain quadruple fixed results in partially ordered metric spaces very recently by using the
idea of quadruple fixed point. Numerous researchers (7–12) then created quadruple fixed theorems in different metric spaces.

In this paper, we use Integral type contraction to present some frequent quadruple fixed point solutions in complete bipolar
metric spaces. We also provide applications to integral equations as an example.

In what follows, we collect relevant definitions needed in our subsequent discussions.

1.1. Definition (1).

Themapping d : X ×Y → [0,∞) is said to be Bipolar-metric on a pair of non-empty sets (X,Y). If
(B1)d(x,y) = 0 if and only if x = y;
(B2)x = y implies that d(x,y) = 0
(B3) if (x,y) ∈ X ∩Y then d(x,y) = d(y,x)
(B4) d (x1,y2)≤ d (x1,y1)+d (x2,y1)+d (x2,y2) for all x,x1,x2 ∈ X and y,y1,y2 ∈ Y
Then the triple (X,Y,d) is called Bipolar-metric space.

1.2 Example$

Let X = (1,∞) and Y = [−1,1]. A mapping d : X ×Y → [0,+∞) as
d(x,y) =

∣∣x2 − y2
∣∣ , for all (x,y) ∈ (X ,Y ).Then the triple (X ,Y,d) is called Bipolar-metric space.

1.3 Example (1)

A mapping d : X ×Y → [0,+∞) as d(ψ,a) = ψ(a) for all (ψ,a) ∈ (X ,Y )
Where X = {ψ/ψ : R → [1,3]} be the set of all functions and Y = R.Then the triple (X,Y,d) is called a disjoint Bipolar-metric

space.

1.4 Definition (1)

Let f : X1 ∪Y1 → X2 ∪Y2 be a function defined on two pairs of sets (X1,Y1) and (X2,Y2) is said to be
i) Covariant, if f (X1)⊆ X2 and f (Y1)⊆ Y2
ii) Contravariant, if f (X1)⊆ Y2 and f (Y1)⊆ X2.

1.5 Definition (1)

In a Bipolar metric space (X ,Y,d) and ξ ∈ (X ∪Y )
i) Such ξ is a left point, if ξ ∈ X
ii) Such ξ is a right point, if ξ ∈ Y ;
iii) Such ξ is a central point, if ξ ∈ (X ∩Y )
Also, {xn}in X is a left sequence, {yn} in Y is a right sequence. In a Bipolar metric space, we call a sequence, a left or

right one. A sequence {un} is said to be convergent to u if and only if either {un} is a left sequence, is a right point and
limn→∞ d (un,u) = 0 or {un} is a right sequence, u is a left point and limn→∞ d (u,un) = 0 .The bisequence ({xn} ,{yn}) on X ×
Y . If {xn} and {yn}both are convergent, then the bisequence ({xn} ,{yn}) is convergent. And ({xn} ,{yn})is a Cauchy
bisequence, if limn→∞ d (u,un) = 0

Note that every convergent Cauchy bisequence is biconvergent. The bipolar metric space is complete, if each Cauchy
bisequence is convergent (and so it is biconvergent).

For more properties of a bipolar metric space we refer the reader to (1,13).

2 Results and Discussion

2.1 Definition

Let (X,Y,d) is Bipolar-metric space, f : P4∪Q4 →P∪Q be a covariantmapping. If f (p,q,r,s) = p, f (q,r,s, p) = q, f (r,s, p,q) =
r, f (s, p,q,r) = s for p,q,r,s ∈ P∪Q then (p, q, r, s) is called quadruple fixed point of f .
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2.2. Definition

Let (X,Y,d) is Bipolar-metric space, f : P4 ∪Q4 → P∪Q and g : P∪Q → P∪Q be two covariant mappings. An element (p, q,
r, s) is said to be quadruple coincident point of f and g. If

f (p,q,r,s) = gp, f (q,r,s, p) = gq, f (r,s, p,q) = gr, f (s, p,q,r) = gs.

2.3 Definition

Let (X,Y,d) is Bipolar-metric space, f : P4 ∪Q4 → P∪Q and g : P∪Q → P∪Q be two covariant mappings. An element (p, q,
r, s) is said to be quadruple coincident point of f and g. If

f (p,q,r,s) = gp = p, f (q,r,s, p) = gq = q, f (r,s, p,q) = gr = r, f (s, p,q,r) = gs = s.

2.4 Definition

Let (X,Y,d) is Bipolar-metric space, f : P4 ∪Q4 → P∪Q and g : P∪Q → P∪Q be two covariant mappings are called ω -
compatible, if

g( f (p,q,r,s)) = f (gp,gq,gr,gs),g( f (q,r,s, p)) = f (gq,gr,gs,gp),
g( f (r,s, p,q)) = f (gr,gs,gp,gq),g( f (s, p,q,r)) = f (gs,gp,gq,gr)
Whenever f (p,q,r,s) = gp, f (q,r,s, p) = gq, f (r,s, p,q) = gr, f (s, p,q,r) = gs.
Let ϕ ,ψ : [0,∞)→ [0,∞) be two functions. For convenience we consider the following properties of the functions:
i) ϕ is non-increasing on [0, ∞ 0), ii) ϕ is Lebesgue integrable, iii) for any t > 0,

∫ t
0 ϕ(s)ds > 0,(iv)ϕ

and
i) ψ is non-decreasing on [0,∞), , ii) Ψ(s)≤ sfor all s > 0, iii) ψ is additive function, iv) ∑∞

i=0 2iψ i(s)< ∞ for all s > 0.

2.5 Theorem

Let (P,Q,d) is Bipolar-metric space. Suppose that T : P4 ∪Q4 → P∪Q and f : P∪Q → P∪Q be two covariant mappings
satisfying

∫ d(T (x,y,z,w),T (p,q,r,s)
0 /0(s)ds ≤ ψ

2

(∫ d( f x, f p)+d( f y, f q)+d( f z, f r)+d( f w, f s)

0
/0(s)ds

)
(2.1)

for all (x,y,z,w) ∈ P and (p,q,r,s) ∈ Q and
(a)T

(
P4 ∪Q4

)
⊆ f (P∪Q) and f (P∪Q) is complete,

(b)Pair (T, f ) is ω - comptible.
Then there is a unique common quadruple fixed point of T, f in P∪Q.
Proof. Let x0,y0,z0,w0 ∈ P and p0,q0,r0,s0 ∈ Q . be arbitrary, and from (a) we construct the bisequences

({αn} ,{ζn}) ,({βn} ,{ηn}) ,({γn} ,{χn}) ,({δn} ,{vn}) in P∪Q
as
T (xn,yn,zn,wn) = f xn+1 = αn, T (pn,qn,rn,sn) = f pn+1 = ζn

T (yn,zn,wn,xn) = f yn+1 = βn,T (qn,rn,sn, pn) = f qn+1 = ηn

T (zn,wn,xn,yn) = f zn+1 = γn,T (rn,sn, pn,qn) = f rn+1 = χn

T (wn,xn,yn,zn) = f wn+1 = δn,T (sn, pn,qn,rn) = f sn+1 = vn
Where n = 0,1,2,3, . . . . . . .
Then from (2.1), we can get

∫ d(αn,ζn+1)

0
ϕ(s)ds =

∫ d(T (xn,yn,zn,wn),T (pn+1,qn+1,rn+1,sn+1))

0
ϕ(s)dsds

≤ ψ
2

(
d ( f xn, f pn+1)+d ( f yn, f qn+1)+d ( f zn, f rn+1)+d ( f wn, f sn+1)∫

0 ϕ(s)ds

)
≤ ψ

2

(
d (αn−1,ζn)+d (βn−1,ηn)+d (γn−1,χn)+d (δn−1,vn)∫

0 ϕ(s)ds

) (2.2)
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Similarly we can prove

∫ d(βn,ηn+1)
0 ϕ(s)ds ≤ ψ

2

(
d (αn−1,ζn)+d (βn−1,ηn)+d (γn−1,χn)+d (δn−1,vn)∫

0 ϕ(s)ds

)
(2.3)

and

∫ d(γn,χn+1)
0 ϕ(s)ds ≤ ψ

2

(
d (αn−1,ζn)+d (βn−1,ηn)+d (γn−1,χn)+d (δn−1,vn)∫ ϕ(s)ds

0

)
(2.4)

also

∫ d(δn,vn+1)
0 ϕ(s)ds ≤ ψ

2

(
d (αn−1,ζn)+d (βn−1,ηn)+d (γn−1,χn)+d (δn−1,vn)∫

0 ϕ(s)ds

)
(2.5)

For all n ≥ 0 Since ϕ is non-increasing function, we obtain∫ a+b+c+d
0 ϕ(s)ds ≤

∫ a
0 ϕ(s)ds+

∫ b
0 ϕ(s)ds+

∫ c
0 ϕ(s)ds+

∫ d
0 ϕ(s)ds (2.6)

For all a,b,c,d ≥ 0 and kn = d (αn,ζn+1)+d (βn,ηn+1)+d (γn,χn+1)+d (δn,vn+1)
Now since ψ is linear and non-decreasing, it follows from (2.2) to (2.6), we conclude that

≤ 2Ψ
∫ d(αn−1,ζn)+d(βn−1,ηn)+d(γn−1,χn)+d(δn−1,vn)

0
∅(s)ds−−−−≤

2nΨn
(∫ d(α0,ζ1)+d(β0,η1)+d(γ0,χ1)+d(δ0,ν1)

0
/0(s)ds

)
≤ 2nψn

(∫ k0
0 ϕ(s)ds

)
(2.7)

On the other hand ∫ d(αn+1,ζn)

0
ϕ(s)ds =

∫ d(T (xn+1,yn+1,zn+1,wn+1),T (pn,qn,rn,sn))

0
ϕ(s)dds

≤ ψ
2

(
d ( f xn+1, f pn)+d ( f yn+1, f qn)+d ( f zn+1, f rn)+d ( f wn+1, f sn)∫

0 ϕ(s)ds

)
≤ ψ

2

(
d (αn,ζn−1)+d (βn,ηn−1)+d (γn,χn−1)+d (δn,νn−1)∫

0 ϕ(s)ds

)
(2.8)

Similarly we can prove

∫ d(βn+1,ηn)
0 ϕ(s)ds ≤ ψ

2

(
d (αn,ζn−1)+d (βn,ηn−1)+d (γn,χn−1)+d (δn,vn−1)∫

0 ϕ(s)ds

)
(2.9)

and

∫ d(γn+1,χn)
0 ϕ(s)ds ≤ ψ

2

(
d (αn,ζn−1)+d (βn,ηn−1)+d (γn,χn−1)+d (δn,vn−1)∫

0 ϕ(s)ds

)
(2.10)

also

∫ d(δn+1,vn)
0 ϕ(s)ds ≤ ψ

2

(
d (αn,ζn−1)+d (βn,ηn−1)+d (γn,χn−1)+d (δn,vn−1)∫

0 ϕ(s)ds

)
(2.11)

Let kn = d (αn+1,ζn)+d (βn+1,ηn)+d (γn+1,χn)+d (δn+1,vn)
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Since ψ is linear and non-decreasing, it follows from (2.8) to (2.11), we conclude that∫ tn

0
ϕ(s)ds ≤

∫ d(αn+1,ζn)

0
ϕ(s)ds+

∫ d(βn+1,ηn)

0
ϕ(s)ds+

∫ d(γn+1,χn)

0
ϕ(s)ds+

∫ d(δn+1,vn)

0
ϕ(s)ds

≤ 2nψn
(

d (α1,ζ0)+d (β1,η0)+d (γ1,χ0)+d (δ1,v0)∫
0 ϕ(s)ds

)

≤ 2nψn
(∫ t0

0 ϕ(s)ds
)

(2.12)

Moreover, ∫ d(αn,ζn)

0
ϕ(s)ds =

∫ d(T (xn,yn,zn,wn),T (pn,qn,rn,sn))

0
ϕ(s)dds

≤ ψ
2

(∫ d( f xn, f pn)+d( f yn, f qn)+d( f zn, f fn)+d( f wn, f sn)

0
ϕ
)

≤ ψ
2
(s)ds

(∫ d(αn−1,ζn−1)+d(βn−1,ηn−1)+d(γn−1,χn−1)+d(δn−1,vn−1)

0

) (2.13)

Similarly we can prove that

∫ d(βn,ηn)
0 ϕ(s)ds ≤ ψ

2

(
d (αn−1,ζn−1)+d (βn−1,ηn−1)+d (γn−1,χn−1)+d (δn−1,vn−1)∫

0 ϕ(s)ds

)
(2.14)

and

∫ d(γn,χn)
0 ϕ(s)ds ≤ ψ

2

(
d (αn−1,ζn−1)+d (βn−1,ηn−1)+d (γn−1,χn−1)+d (δn−1,vn−1)∫

0 ϕ(s)ds

)
(2.15)

also

∫ d(δn,vn)
0 ϕ(s)ds ≤ ψ

2

(
d (αn−1,ζn−1)+d (βn−1,ηn−1)+d (γn−1,χn−1)+d (δn−1,νn−1)∫

0 ϕ(s)ds

)
(2.16)

Let en = d (αn,ζn)+d (βn,ηn)+d (γn,χn)+d (δn,vn)
Since ψ is linear and non-decreasing, it follows from (2.13) to (2.16), we conclude that∫ en

0
ϕ(s)ds ≤

∫ d(αn,ζn)

0
ϕ(s)ds+

∫ d(βn,ηn)

0
ϕ(s)ds+

∫ d(γn,χn)

0
ϕ(s)ds+

∫ d(δn,νn)

0
ϕ(s)ds

≤ 2nψn
(

d (α0,ζ0)+d (β0,η0)+d (γ0,χ0)+d (δ0,v0)∫ ϕ(s)ds
0

)

≤ 2nψn
(∫ e0

0 ϕ(s)ds
)

(2.17)

Now, for each m,n ∈ N with m > n . Then from (2.7), (2.12), (2.17) and using (B4), we have

d (αn,ζm)+d (βn,ηm)+d (γn,χm)+d (δn,vm)∫
0

/0(s)ds

d (αn,ζn+1)+d (βn,ηn+1)+d (γn,χn+1)+d (δn,vn+1)

≤
∫

0
/0(s)ds

https://www.indjst.org/ 1847

https://www.indjst.org/


Parkala et al. / Indian Journal of Science and Technology 2023;16(25):1843–1856

d (αn+1,ζn+1)+d (βn+1,ηn+1)+d (γn+1,χn+1)+d (δn+1,vn+1)

+
∫

0
/0(s)ds+

d (αm−1,ζm−1)+d (βm−1,ηm−1)+d (γm−1,χm−1)+d (δm−1,vm−1)

+
∫

0

ϕ(s)ds

d (αm−1,ζm)+d (βm−1,ηm)+d (γm−1,χm)+d (δm−1,vm)

+
∫

0
/0(s)ds

≤
∫ kn

0
ϕ(s)ds+

∫ en+1

0
ϕ(s)ds+ . . . . . . ..+

∫ em−1

0
ϕ(s)ds+

∫ km−1

0
ϕ(s)ds

≤ 2nψn
(∫ k0

0
ϕ(s)ds

)
+2n+1ψn+1

(∫ e0

0
ϕ(s)ds

)
+ . . . . . . ..+2m−1ψm−1

(∫ e0

0
ϕ(s)ds

)
+2m−1ψm−1

(∫ k0

0
ϕ(s)ds

)
≤
(
2nψn +2n+1ψn+1 + . . . . . . ..+2m−1ψm−1)(∫ k0

0
ϕ(s)ds

)
+
(
2n+1ψn+1 +2n+2ψn+2 . . . . . . ..+2m−1ψm−1)∫ e0

0
ϕ(s)ds

)
≤

m−1

∑
i=n

2iψ i
(∫ k0

0
ϕ(s)ds

)
+

m−1

∑
i=n+1

2iψ i
(∫ e0

0
ϕ(s)ds

)
≤ ∑∞

i=0 2iψ i
(∫ k0

0 ϕ(s)ds+
∫ e0

0 ϕ(s)ds
)

(2.18)

and
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≤ ∑∞
i=0 2iψ i

(∫ t0
0 ϕ(s)ds+

∫ e0
0 ϕ(s)ds

)
(2.19)

for m > n. Since ∑2iψ i(s)< ∞,∀s ∈ [0,+∞) , for an arbitrary ε > 0 such that
∑∞

i=0 2iψ i
(∫ k0

0 ϕ(s)ds+
∫ e0

0 ϕ(s)ds
)
< ε

3 and ∑∞
i=0 2iψ i

(∫ t0
0 ϕ(s)ds+

∫ e0
0 ϕ(s)ds

)
< ε

3

From (2.18) and (2.19), we have
d (αn,ζm)+d (βn,ηm)+d (γn,χm)+d (δn,νm)<

ε
3

Then the bisequences ({αn} ,{ζn}) ,({βn} ,{ηn}) ,({γn} ,{χn}) ,({δn} ,{vn}} are Cauchy bisequences in (P,Q). Suppose
f (P∪Q) is complete subspace of (P,Q,d) , then the sequences

{αn} ,{βn} ,{γn} ,{δn} and {ζn} ,{ηn} ,{χn} ,{vn} ⊆ f (P ∪ Q) are converges in complete bipolar metric space
( f (P), f (Q),d) . Therefore, there exist a,b,c,d ∈ f (P) and l,m,n,o ∈ f (Q) such that

lim
n→∞

αn = l, lim
n→∞

βn = m, lim
n→∞

γn = n, lim
n→∞

δn = o

lim
n→∞

ζn = a, lim
n→∞

ηn = b, lim
n→∞

χn = c, lim
n→∞

vn = l
(2.20)

Since f : P∪Q → P∪Q and a,b,c,d ∈ f (P) and l,m,n,o ∈ f (Q),
there exist x,y,z,w ∈ P and p,q,r,s ∈ Q such that f x = a, f y = b, f z = c, f w = d and f p = l, f q = m, f r = n, f s = o.

lim
n→∞

αn = l = f p, lim
n→∞

βn = m = f q, lim
n→∞

γn = n = f r, lim
n→∞

δn = o = f s

lim
n→∞

ζn = a = f x, lim
n→∞

ηn = b = f y, lim
n→∞

χn = c = f z, lim
n→∞

vn = l = f w−
(2.21)

Claim that T (x,y,z,w) = l,T (y,z,w,x) = m,T (z,w,x,y) = n,T (w,x,y,z) = o
and T (p,q,r,s) = a,T (q,r,s, p) = b,T (r,s, p,q) = c,T (s, p,q,r) = d
By using (2.1) we have

Taking the limit as n → ∞ in the above inequality, we obtain d(T (x,y,z,w), l) = 0 which implies T (x,y,z,w) = l . Similarly
we can prove that T (y,z,w,x) = m,T (z,w,x,y) = n and T (w,x,y,z) = o and T (p,q,r,s) = a,T (q,r,s, p) = b,T (r,s, p,q) =
c,T (s, p,q,r) = d Therefore it follows that T (x,y,z,w) = l = f p,T (y,z,w,x) = m = f q,T (z,w,x,y) = n = f r,T (w,x,y,z) =
o = f sand T (p,q,r,s) = a = f x,T (q,r,s, p) = b = f y,T (r,s, p,q) = c = f z,T (s, p,q,r) = d = f w .

Since the pair (T, f ) is ω compatible, we have T (l,m,n,o) = f l,T (m,n,o, l) = f m,T (n,o, l,m) = f n and T (o, l,m,n) =
f o and T (a,b,c,d) = f a,T (b,c,d,a) = f b,T (c,d,a,b) = f c and T (d,a,b,c) = f d

Now have to prove that f l = l, f m = m, f n = n, f o = o
and f a = a, f b = b, f c = c, f d = d
Now we have
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Taking the limit as n → ∞in the above inequality, and which possibility holds only d( f a,a) = 0,d( f b,b) = 0,d( f c,c) =
0 and d( f d,d) = 0 which implies that f a = a, f b = b, f c = c and f d = d . Therefore

T (a,b,c,d) = f a = a,T (b,c,d,a) = f b = b,T (c,d,a,b) = f c = c,T (d,a,b,c) = f d = d
Similarly we can prove that
T (l,m,n,o) = f l = l,T (m,n,o, l) = f m = m,T (n,o, l,m) = f n = n,T (o, l,m,n) = f o = o.
Therefore
T (p,q,r,s) = f x = a = f a = T (a,b,c,d) ;T (x,y,z,w) = f p = l = f l = T (l,m,n,o)
T (q,r,s, p) = f y = b = f b = T (b,c,d,a) ;T (y,z,w,x) = f q = m = f m = T (m,n,o, l)
T (r,s, p,q) = f z = c = f c = T (c,d,a,b) ;T (z,w,x,y) = f r = n = f n = T (n,o, l,m)
T (s, p,q,r) = f w = d = f d = T (d,a,b,c) ;T (w,x,y,z) = f s = o = f o = T (o, l,m,n)
On the other hand from (2.20), we get

Thus, a = l,b = m,c = n,d = o Therefore, (a,b,c,d) ∈ P4 ∩Q4is a common quadruple fixed point of covariant mappings T
and f .

In the following we will show that, the uniqueness of common quadruple fixed point in P4 ∩Q4

For this purpose, assume that there is another quadruple fixed point (a′,b′,c′,d′) of T and f .
Then

Therefore, we have

Hence, we get a = a′,b = b′,c = c′ and d = d′

Therefore, (a,b,c,d) is a unique common quadruple fixed point of covariant mappings T and f .
Finally we will prove that a=b=c=d.
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Therefore, we have

.
Hence, we get a=b=c=d.
Which means that T and fhave a unique common quadruple fixed point of the form (a,a,a,a).

2.6 Theorem

Let (P,Q,d) is Bipolar-metric space. Suppose that T :
(
P4,Q4

)
→ (P,Q)and f : (P,Q) → (P,Q)be two covariant mappings

satisfying

∫ d(T (a,b,c,d),T (x,y,z,w))
0 ϕ(s)2ds ≤ ψ

2

(∫ max{d( f a, f x)+d( f b, f y)+d( f c, f z)+d( f d, f w)}

0
ds
)

ds
)

(2.22)

for all (a,b,c,d) ∈ P and (x,y,z,w) ∈ Q and
(a)T

(
P4 ∪Q4

)
⊆ f (P∪Q) and f (P∪Q) is complete, (b) pair (T,f) is ωcompatible.

Then there is a unique common quadruple fixed point of T, f in P∪Q.

2.7 Corollary

Let (P,Q,d) is a complete Bipolar-metric space. Suppose that
T :

(
P4,Q4

)
→ (P,Q) be a covariant mapping satisfying

∫ d(T (a,b,c,d),T (x,y,z,w))
0 /0(s)ds ≤ Ψ

2

(∫ max{d(a,x),d(b,y),d(c,z),d(d,w)}

0
/0(s)ds

)
(2.23)

for all (a,b,c,d) ∈ P and (x,y,z,w) ∈ Q
Then there is a unique common quadruple fixed point of T in P∪Q

2.8 Example

LetP=Um(R) and Q= Lm(R) be the set of allmxm upper and lower triangularmatrices overR. Defined d : Um(R)×Lm(R)→
[0,∞) as d(P,Q) = ∑m

i,i=1

∣∣pi j −qi j
∣∣ for all

P = (pi j)m×m ∈Um(R) and Q = (qi j)m×m ∈ Lm(R) . Then obviously (Um(R),Lm(R),d) is a bipolar metric space. And define
T : P4 ∪Q4 → P∪Q as T (P,Q,R,S) =

(
pi j+qi j+ri j+si j

5

)
m×m

where
(
P = (pi j)m×m ,Q = (qi j)m×m ,R = (ri j)m×m ,S = (si j)m×m

)
∈Um(R)4 ∪Lm(R)4

and defines f : P∪Q → P∪Q as f (P) = 2(pi j)m×m and ψ(t) = t
2 for all t ∈ [0,∞).

Then obviously, T
(
P4 ∪Q4

)
⊆ f (P∪Q) and the pair (T, f ) is ω - compatible. In fact we have,

Thus all the conditions of the theorem (2.5) are satisfied and (Om×m,Om×m,Om×m,Om×m) is unique quadruple fixed point.

https://www.indjst.org/ 1851

https://www.indjst.org/


Parkala et al. / Indian Journal of Science and Technology 2023;16(25):1843–1856

3 Application part to integral equations
As an application to the corollary (2.7), we examine the existence of a unique solution to an initial value problem in this section.

3.1 Theorem

Let the initial value problem

x1(t) = T (t,(x,y,z,w)(t)), t ∈ I = [0,1],(x,y,z,w)(0) = (x0,y0,z0,w0) (3.1)

Where T : I ×
(
E4

1 ∪E2
4
)
→ R and x0,y0,z0,w0 ∈ E1 ∪E2, where E1 ∪E2is a Lebesgue measurable set with m(E1 ∪E2)< ∞.

Then there exists unique solution inC (I,L∞ (E1)∪L∞ (E2))for the initial value problem (3.1).
Proof. Initial value problem’s (3.1), equivalent integral equation is
x(t) = x0 +4

∫
E1∪E2

T (s,(x,y,z,w)(s))ds
Let P = C (I,L∞ (E1)) ,Q = C (I,L∞ (E2)) and d( f ,g) = ∥ f − g∥ for all f ,g ∈ P∪Q and ψ(t) = tfor all t ∈ [0,∞) Define

R : P4 ∪Q4 → P∪Q by

R(x,y,z,w)(t) =
x0

4
+

∫
E1∪E2

T (s,(x,y,z,w)(s))ds (3.2)

Now

It follows from corollary (2.7), we conclude that R has unique fixed point in P∪Q.

4 Application part to homotopy
Now we study the existence of a unique solution to Homotopy theory.

4.1 Theorem

Let (P,Q,d)be a complete bipolar metric space, (X,Y) be an open subset of (P,Q) and (X̄ ,Ȳ ) closed subset of (P,Q) such that
(X ,Y )⊆ (X̄ ,Ȳ ) .

Suppose Hp :
(
X̄4 ∪ Ȳ 4

)
× [0,1]→ P∪Q be an operator with the following conditions are satisfying.

∫ d(Hp(a,b,c,d,λ ),Hp(x,y,z,w,λ ))
0 /0(s)ds ≤ k

∫ max{d(a,x),d(b,y),d(c,z),d(d,w)}
0 /0(s)ds (4.1.1)

For all a,b,c,d ∈ X̄ ,x,y,z,w ∈ Ȳ ,λ ∈ [0,1] and ρ ∈ (0,1)

a ̸= Hp(a,b,c,d,λ ),b ̸= Hp(b,c,d,a,λ ),c ̸= Hp(c,d,a,b,λ ) and d ̸= Hp(d,a,b,c,λ ) (4.1.2)

for each a,b,c,d ∈ ∂X ∪∂Y and λ ∈ [0,1] where ∂X ∪∂Y is the boundary of X ∪Y in P∪Q.

∃M ≥ 0 ∋
∫ d(Hp(a,b,c,d,µ),Hp(x,y,z,w,τ))

0 /0(s)ds ≤
∫ M|µ−τ|

0 /0(s)ds (4.1.3)

for every a,b,c,d ∈ X̄ ,x,y,z,w ∈ Ȳ and µ ,τ ∈ [0,1].
Then Hp(.,0) has a quadruple fixed point⇔ Hp(.,1) has a quadruple fixed point.
Proof. Consider the sets
A =

{
λ ∈ [0,1] : Hp(a,b,c,d,λ ) = a,Hp(b,c,d,a,λ ) = b,Hp(c,d,a,b,λ ) = c

Hp(d,a,b,c,λ ) = d, for some a,b,c,d ∈ X

}
B =

{
ξ ∈ [0,1] : Hp(x,y,z,w,ξ ) = x,Hp(y,z,w,x,ξ ) = y,Hp(z,w,x,y,ξ ) = z

Hp(w,x,y,z,ξ ) = w, for some x,y,z,w ∈ Y

}
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Since Hp(.,0) has a quadruple fixed point in X4 ∪Y 4, so (0,0,0,0) ∈ A4 ∩B4.
Then A∩B ̸= ϕ Now we will show that A∩Bis both closed and open in [0,1] and hence by connectedness A = B = [0,1].
Let ({λn}∞

n=1 ,{ξ}∞
n=1)⊆ (X ,Y ) with (λn,ξn)→ (λ ,λ ) ∈ [0,1] as n → ∞

Wemust show that λ ∈ A∩B .
Since (λn,ξn) ∈ (A,B) for n = 0,1,2,3, . . . . . . . there exist bisequences
(an,xn) ,(bn,yn) ,(cn,zn) ,(dn,wn) with
an+1 = Hp (an,bn,cn,dn,λn) ,bn+1 = Hp (bn,cn,dn,an,λn) ,

cn+1 = Hp (cn,dn,an,bn,λn) ,dn+1 = Hp (dn,an,bn,cn,λn)
and
xn+1 = Hp (xn,yn,zn,wn,ξn) ,yn+1 = Hp (yn,zn,wn,xn,ξn)

zn+1 = Hp (zn,wn,xn,yn,ξn) ,wn+1 = Hp (wn,xn,yn,zn,ξn)
Consider

It follows d (an,xn+1)→ 0,d (bn,yn+1)→ 0,d (cn,zn+1)→ 0,d (dn,wn+1)→ 0, as n → ∞. Similarly, we can show that
d (an+1,xn)→ 0,d (bn+1,yn)→ 0,d (cn+1,zn)→ 0,d (dn+1,wn)→ 0, as n → ∞ and
d (an,xn)→ 0,d (bn,yn)→ 0,d (cn,zn)→ 0,d (dn,wn)→ 0, as n → ∞.
For each n,k ∈ N,n < k
Using the property (B4), we have

It follows that
limn,k→∞ (d (an,xk)+d (bn,yk)+d (cn,zk)+d (dn,wk))= 0 similarly, we can show that limn,k→∞ (d (ak,xn)+d (bk,yn)+d (ck,zn)+d (dk,wn))=

0
Therefore, (an,xn) ,(bn,yn) ,(cn,zn) and (dn,wn) are Cauchy bisequence in (X,Y).
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By completeness, there exist a,b,c,d ∈ X and x,y,z,w ∈ Y with

lim
n→∞

an = x, lim
n→∞

bn = y, lim
n→∞

cn = z, lim
n→∞

dn = w

lim
n→∞

xn = a, lim
n→∞

yn = b, lim
n→∞

zn = c, lim
n→∞

wn = d
(4.1.4)

Now consider∫ d(Hp(a,b,c,d,λ ),x)

0
ϕ(s)ds ≤

∫ d(Hp(a,b,c,d,λ ),xn+1)

0
ds+

∫ d(an+1,xn+1)

0
ϕ(s)ds+

∫ d(an+1,x)

0
ϕ(s)ds

≤ lim
n→∞

d (Hp(a,b,c,d,λ ),Hp (xn,yn,zn,wn,λ ))∫
0

ϕ(s)ds

≤ lim
n→∞

ρ
∫ max{d(a,xn),d(b,yn),d(c,zn),d(d,wn)}

0
ϕ(s)ds = 0

It follows d (Hp(a,b,c,d,λ ),x) = 0 implies that Hp(a,b,c,d,λ ) = x . Similarly, we get
Hp(b,c,d,a,λ ) = y,Hp(c,d,a,b,λ ) = z,Hp(d,a,b,c,λ ) = w and
Hp(x,y,z,w,ξ ) = a,Hp(y,z,w,x,ξ ) = b,Hp(z,w,x,y,ξ ) = c,Hp(w,x,y,z,ξ ) = d
On the other hand from (4.1.3), we get∫ d(a,x)

0
ϕ(s)ds =

∫ d(limn→∞ xn,limn→∞ an)

0
ϕ(s)ds =

∫ limn→∞ d(an,xn)

0
ϕ(s)ds = 0

Therefore a=x. Similarly we can prove that b=y, c=z, d=w.
Thus, λ ∈ A∩B . Clearly A∩B is closed in [0.1].
Let, (λ0,ξ0) ∈ (A,B) , then there exist bisequences (a0,x0) ,(b0,y0) ,(c0,z0) ,(d0,w0)
with
a0 = Hp (a0,b0,c0,d0,λ0) ,b0 = Hp (b0,c0,d0,a0,λ0) ,c0 = Hp (c0,d0,a0,b0,λ0) ,d0 = Hp (d0,a0,b0,c0,λ0)
and
x0 = Hp (x0,y0,z0,w0,ξ0) ,y0 = Hp (y0,z0,w0,x0,ξ0) ,z0 = Hp (z0,w0,x0,y0,ξ0) ,w0 = Hp (w0,x0,y0,z0,ξ0)
Since A∪B is open, then there exist θ > 0 such that Bd (a0,θ)⊆ A∪B and
Bd (b0,θ)⊆ A∪B,Bd (c0,θ)⊆ A∪B,Bd (d0,θ)⊆ A∪B

Bd (x0,θ)⊆ A∪B,Bd (y0,θ)⊆ A∪B,Bd (z0,θ)⊆ A∪B,Bd (w0,θ)⊆ A∪B
choose λ ∈ (ξ0 − ε,ξ0 + ε) ,ξ ∈ (λ0 − ε,λ0 + ε) such that
|λ −ξ0| ≤ 1

Mn < ε
2 , |ξ −λ0| ≤ 1

Mn < ε
2 , |λ0 −ξ0| ≤ 1

Mn < ε
2

Then for

x ∈ B̄A∪B (a0,θ) = {x,x0 ∈ Q/d (a0,x)≤ θ +d (a0,x0)} ,
y ∈ B̄A∪B (b0,θ) = {y,y0 ∈ Q/d (b0,y)≤ θ +d (b0,y0)} ,
z ∈ B̄A∪B (c0,θ) = {z,z0 ∈ Q/d (c0,z)≤ θ +d (c0,z0)} ,
w ∈ B̄A∪B (d0,θ) = {w,w0 ∈ Q/d (d0,w)≤ θ +d (d0,w0)} ,
a ∈ B̄A∪B (θ ,x0) = {a,a0 ∈ P/d (a,x0)≤ θ +d (a0,x0)} ,
b ∈ B̄A∪B (θ ,y0) = {b,b0 ∈ P/d (b,y0)≤ θ +d (b0,y0)} ,
c ∈ B̄A∪B (θ ,z0) = {c,c0 ∈ P/d (c,z0)≤ θ +d (c0,z0)} ,
d ∈ B̄A∪B (θ ,w0) = {d,d0 ∈ P/d (d,w0)≤ θ +d (d0,w0)} ,
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Therefore, we deduce that

So a0 = x0 . Similarly we get b0 = y0,c0 = z0,d0 = w0 and hence λ = ξ .
Thus each fixed
λ ∈ (λ0 − ε,λ0 + ε) ,
Hp(.,λ ) : B̄A∪B (a0,θ)→ B̄A∪B (a0,θ) ,
Hp(.,λ ) : B̄A∪B (b0,θ)→ B̄A∪B (b0,θ) ,
Hp(.,λ ) : B̄A∪B (c0,θ)→ B̄A∪B (c0,θ) ,
Hp(.,λ ) : B̄A∪B (d0,θ)→ B̄A∪B (d0,θ) .
Then all conditions of theorem (4.1) are satisfied.
Thus we conclude that Hp(.,λ ) has a quadruple fixed point in X̄ ∩ Ȳ . But this must be in X ∩Y
Since (4.1.2) holds, Therefore, λ ∈ A∩B for λ ∈ (λ0 − ε,λ0 + ε) .
Hence λ ∈ (λ0 − ε,λ0 + ε)⊆ A∩B . Then clearly A∩B is open in [0,1]
To prove the reverse part, we can use the similar process.

5 Conclusion
We proved the existence and uniqueness of a common quadruple fixed point for two mappings in the class of bipolar metric
spaces via Integral type contraction with an example. And also an illustrated application towards integral equations and
Homotopy theory has been provided.
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