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Abstract

Objectives: The primary goal of this study is to present the concept of a
strong I' — group as a generalization of I' — group. Methods and Findings:
We have investigated some of the properties of the I' — group and extended
it to introduce the idea of a strongI' — group. Novelty: Every strong I' — group
is a ' — group, but not all T — groups are strong I' — groups. Further if G is a
non-empty I — semigroup and for all a,b € G, the equations aox = b and yoa = b
for all x, y € G and for all @ € " have unique solutions in G, then G is a strong
I'— group. Also, we characterize that non-empty subset H of astrongI'— group G
is a strong I' — subgroup if and only if for all a,b €H,accc € H for all o« e T where
c is strong inverse of b in G. Finally, we prove that the intersection of two
strong I' — subgroups is again a strong I' — subgroup and the center of strong
I'— group C(G) is alsoal'— subgroup.

Keywords: Semigroup; Strong I" —group; Strong I' —subgroup; Centre of I'
—group

1 Introduction

The notion of a ternary algebraic system was introduced by Lehmer in 1932. As a
speculation of ring, the notion of a I' — ring was introduced by N Nobusawa in 1964.
In 1981, M. K. Sen introduced the notion of a I' — semigroup as a generalization of
semigroup. In 1995, Rao!) introduced the notion of al' — semiring as a generalization
of I ring. The formal study of semi groups begins in the early 20th century. Rao studied
ideals of I — semirings, semirings, semigroups and I — semigroup. In this paper, we
study the concept of a strong I — group as a generalization of I' — group. Further, we
prove some basic results regarding strong I — subgroup, centre of strong I' — group
etc. and study some fundamental properties of a strong I' — group.

1.1 Preliminaries

We include some necessary preliminaries from (!-3) for the sake of completeness.
Definition 2.1. A semigroup is an algebraic system (G, .) consisting of a non-empty
set G together with an associative binary operation‘.
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Definition 2.2. An algebraic system (G, .) consisting of a non-empty set G together with an associative binary operation ./
is called a group if it satisfies:

(i) there exists e € G such thatx.e = e.x = xforallx € G.

(ii) if for each x € G, thereexistsy € G suchthatx.y = yx = e.

Definition 2.3. Let G and I" be non-empty sets. Then we call G aI" — semigroup if there exists a mapping G x I' x G — G,
(images of (x, &, y) will be denoted by xaty, x, y € G, € T')such that it satisfies xa(yBz) = (xay)Bzforallx, y,z € G
ando, B € T

Definition 2.4. AT" — semigroup G is said to be commutative if xaxy = yax forallx,y € Gforalla € T.

Definition 2.5. Let G be a I — semigroup. An element e € G is said to be unity if for each x € G, there exists o« € I"such
that xoee = eox = x

Definition 2.6. In a I' — semigroup G with unity e, an element x € G is said to be left invertible (right invertible) if there
existsy € G, a € I'suchthatyax = e (xay = e).

Definition 2.7. AT" — semigroup G with unity e, an element u € G is said to be unit if there exists v € Gand o € I"such
thatuav = e = vau.

Definition 2.8. AT'— semigroup G with zero element 0 is said to hold cancellation laws if x # 0, xaty = xaz, yox = zowx,
wherex, y,z € G, a € I'theny = z.

Definition 2.9. AT'— semigroup G issaidtobe'— group if it satisfies:

(i) if there exists e € G and for each x € G, there exists @ € I such that xae = eax = x.

(ii) if for each element x # 0, there existsy € G, @ € I'such thatxay = yax = e.

Remark 2.10. Every group Gis aI'— group if ' = G and ternary operation is xcty defined as the binary operation of the
group. The unity of a I — group may not be unique.

Example 2.11. Let G and I be the set of all rational numbers and the set of all natural numbers respectively. Define the
ternary operation G x I' X G — Gby (x, &, y) — xoty using the usual multiplication. Then GisaI'— group.

Definition 2.12. An element x of aI'— semigroup G is said to be a strong I' — idempotent if xyx = xforally € I'.

Definition 2.13. A I'— semigroup G is said to be strong I' — idempotent if every element of G is strong I — idempotent.

Definition 2.14. Let G be a I' — semigroup An element e € G is said to be strong identity e if for each x € G, we have
xae = eox = xforalla € T

Definition 2.15. Let G be aI" — semigroup with strong identity e € G. Anelementx € G is said to have strong inverse in
G if there existsy € G such thatxay = yax = eforalla € T.

Definition 2.16. A I — semigroup G is said to be a strong I'— group if it satisfies:

(i) if G has strong identity e € G;

(ii) And every element of G has strong inverse in G.

Example 2.17. Let G be the set of all positive rational numbers and I' be the set of all real numbers whose square is 1.
Define the ternary operation G X' x G — G by (x, o, y) — x.|a|. y, where'.’ is the usual multiplication. Then G is a strong
I' — group.

Example 2.18. Let G be a set of real solutions of the equation x~ = x and letI" be the set of all non-positive integers. Define
the ternary operation GXI'x G — G by (x, @, y) — Max (x.y, «a},where’.’ isthe usual multiplication. Then G is a strong
I'— group.

Example 2.19. Let G be the set of all non-zero real numbers and letI" = {27ki : ke N}.

Define the ternary operation G X I' x G — G by (x, ¢, y) — x.e%.y, where'.’ is the usual multiplication. Then G is a
strong I' — group.

2

2 Main Results

Theorem 3.1.Every strong I'— groupisal'— group .

Proof. Let G be a strong I — group. Then G is a I' — semigroup with strong identity e € G and every elementa € G has
a strong inverse in G. This implies that forallx € G, & € T', xaee = eox = x and for all x # 0 there exists y € G such that
xoy = yox = e.

Note: - Every I' — group need not be a strong I' — group.

Example 3.2.let G and I be the set of all rational numbers and the set of all natural numbers respectively. Define the ternary
operation G x I' X G — Gby (x, a, y) — xoty, where’.” is the usual multiplication. Then G is a ' — group. Let e be the
strong identity of G. Then foreachx # 0 € G, x = xae = eaxforall @ € I'. This implies thate = 1/ foralla € T"and
hence e depends on o which is not possible. Thus, G does not have a strong identity. Therefore, G is not a strong I' — group.
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Theorem 3.3. (Cancellation Laws) Let G be a strong I' — group. If xary = xaz, yBx = zPx, where x, y, z € G and for all
o, B € T'theny = z

Proof. Letx, y, z € Gand o, ¥ € TI. Suppose e is the strong identity of G. Then xct(eyy) = xo.(eyz) implies that
(xae)yy = (xoe)yz . Now xae € G, there exists w € G such that (xae)ow = wd(xae) = e forall 8 € I'Therefore
y = eny = wo(xae)ny = wo(xa(eny)) = wd(xo(enz)) = wd(xoe)nz = enz = zforalln € I' Similarly yfx = zfBx
impliesy = z.

Theorem 3.4. The strong identity of a strong I' — group is unique.

Proof. If possible, let e1, e5 be two strong identities of a strong I'— group G. Therefore, ej0te; = e; and ejoes = e for
allx € I'.Hence, e = e5.

Theorem 3.5. The strong inverse of each element of a strong I' — group is unique.

Proof. Let e be the strong identity of a strong I' — group G and a € G be an arbitrary element. If possible, let by, b, € G
be two strong inverses of a. Therefore, aab; = ¢ = bjoaand afb, = ¢ = byfaforalla, B € I'.Now b, = bjae =
bla(aﬁbz) = (blaa)ﬁbz = eﬁbz = bs.

Theorem 3.6. Let G be a strong I' — group. Then left strong identity and right strong identity are the same in G.

Proof. Let e and e; be the left and right strong identities of G. Then e;x = xand xae, = xforallx € G, o € I'. Now
by takingx = e, andx = e respectively in above relations, we have e; = e5.

Theorem 3.7. Let G be a strong I' — group. Then left strong inverse and right strong inverse of every element in a strong
I'— group is same.

Proof. Let e be the strong identity of G and b, ¢ be the left and right strong inverses of an element € G . Then bota = e
and afic = eforall o, B € I'.Hence,b = bae = ba(afic) = (baa)Bc = efic = c.

Theorem 3.8. Let G be a strong I' — group. Then the equations aotx = b and yoa = b have unique solutions in G for
a,b € G, €T.

Proof.Leta € G, therefore there exists c € G such thatactc = caa = eforall o € I" where e is the strong identity of
G. Take x = cab, thenx € G.Now aax = aa(cfb) = (aac)Bb = efb = bforall a, B € T. Similarly, the solution
of yaoa = b exists. Further suppose that x| and x, are two solutions of the equation acex = b in G. Therefore aax; = b and
aoxy = bforall @ € I This implies that aox; = acx;. By left cancellation law x; = x. Hence the equation aax = bhasa
unique solution in G. By similar arguments one can prove that the equation yoea = b also has a unique solution in G.

Theorem 3.9. Let G be a non-empty I' — semigroup. If for all a, b € G, the equations aox = bandyoa = b, o € T
have solutions in G then G is a strong I — group.

Proof. Foranya, b € G,let the equations actx = bandyaxa = b, o € I have a solution in G. Since G is non empty, so
there exists ag € G. Therefore, the equations apox = ap and yaap = ap, ¢ € I have solutionsin G.Letx = gandy = f be
the respective solutions of these equations in G. Thus g, f € Gandapog = apand f aag = ap foralla € I'.Nowletb € G
arbitrarily then there exist xo, yo € G such that apoxg = b and yooxag = b. By associativity of I' — semigroup G, we have
bBg = (yoaao)Bg = yoa(aoBg) = yoap = b. Also fBb = fB(aoaxo) = (fBao)oxo = apaxo = b. Therefore bBg = b
and fBb = bforallb € Gandforall § € I'. Takingh = fin bfg = b. This implies that f8g = f and by takingb = gin
fBb = b,wehave fBg = g. Thusg = fforall B € I'.Puttingg = finbBg = band fBfb = bforallb € Gforall € T,
we have bg = band gfb = bforallb € G, B € I Thus g is the strong identity of G. Again, the equations aotx = g and
yoa = gforall ¢ € I' have solutionsin G. Letx = candy = d be their respective solutions in G. Therefore accc = g and
doa = g.Nowd = dag =da(aac) = (daa)oc=goc = c.Henceaoc = gandcaa = gforall o € T implies that ¢ is
strong inverse of a for alla € G. Thus, G is a strong I’ — group.

Theorem 3.10. Let G be a strong I' — group. Then x € G is strong I' — idempotent if and only if x = e, where e is strong
identity of G.

Proof. Suppose x € G is strong I' — idempotent, then xax = xforall @ € I'Now xox = eoax forall @ € I'. By right
cancellation law we have x = e. Conversely, assume that x = e, thenxox = ecte = e = xforalla € T

Theorem 3.11. (Reversal Law) Let G be a strong I' — group.Then forx, y € G and o0 € T, strong inverse of xovy is zBw
forall B € T, where w and z are strong inverses of x and y respectively.

Proof. Letx, y € G and let w and z be strong inverses of x and y respectively.

Then forall a, B, y, 6 € I, (xay)v(zBw) = xa(yyz)Bw = xa(efw) = xow = e. Also (zpw)d(xay) =
ZB(wdx)ay = zB(eary) = zBy = e, where e is strong identity of G. This implies that strong inverse of xcty is zBw .

Definition 3.12. (Strong I" — subgroup) A non-empty subset H of a strongI'— group Gissaid tobeastrongI"— subgroup of
G if H itself is a strong I' — group.

Theorem 3.13. The strong identity of a strong I' — group and strong I' — subgroup are same.
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Proof. Let G be a strong I' — group and H be its strong I' — subgroup. Let e and ¢’ be the strong identities of G and H
respectively. Suppose a € H is any element, then acte’ = ¢ ca = aforallo € I'.Sincea € Hand H C G,soa € G.Thus
ace = eata = aforall @ € T Therefore ace = acate’ forall @ € T. So, by left cancellation law e = ¢'.

Theorem 3.14. The strong inverse of any element of a strong I'— subgroup H is same as the strong inverse of the element
regarded as the element of the strong ' — group G.

Proof. Let e be the strong identity of Gand H. Since H C G,sofora € H wehavea € G.Let b be strong inverse of a in H
and c be the strong inverse of a in G. This implies that baka = eand coea = eforall @ € I'. Thusboa = coaforall o € T
So, by right cancellation law b = c.

Theorem 3.15. A non-empty subset H of a strong I'— group G is a strong I — subgroup if and only if

(i)aab € Hforalla, b € Handforallo € T.

(ii) foralla € H there exists b € H such thataab = eforall @ € T, where e is strong identity of G.

Proof. Suppose H is a strong I'— subgroup. Then H is a strong I' — group under the same ternary operation as that
of G. Thus (i) and (if) hold. Conversely, assume that (i) and (ii) hold in H. Since G is a strong I — group and H C G, so
xa(yBz) = (xay)Bz forallx,y, z € Handforall o, B € I'. Again H # &, by (ii) fora € H there exists b € H such that
aab = eforall @ €I Thus (i) implies,e = aab € H.

Theorem 3.16. A non-empty subset H of a strong I' — group G is a strong I' — subgroup if and only if for alla, b € H
and for all o € T"implies acc € H where c is strong inverse of b in G.

Proof. Suppose H is a non-empty strong I' — subgroup of a strong I'— group G. Then H is a strong I'— group under the
same ternary operation as that of G. Therefore, foralla, b € H andforall o« € I', acc € H, where c is strong inverse of b
in G. Conversely, since G is a strong I' — group and H C G, xa(yfz) = (xay)Bz forallx, y,z € Handforalla, B € T.
Let a € H be any arbitrary element. Then for a € H and for all @ € I implies aeh € H, where b is strong inverse of
(i.eaob = baa = e, where e is strong identity of G). Thus e € H.Since H # &, Soleta € H. This implies that for
e,a € Hyeab € Hforalla € T"andb = bPBe = effb € H forall B € I where b is strong inverse of a. Hence H is a
strong I' — subgroup .

Theorem 3.17. Intersection of two strong I' — subgroups is again a strong I' — subgroup of the strong I' — group.

Proof. Let H| and H, be two strong I' — subgroups of a strongI'— group G.Sincee € HiN Hy so HiN Hy # @, where
e is the strong identity of strong I'— group G.Letx,y € H;N Hy . This implies thatx, y € Hy andx, y € H, .Therefore
xoz € Hyandxaz € Hp forall ¢ € T, where z is strong inverse of y in G (since H; and H; are two strong I' — subgroups).
Hencexaz € HHN H, foralla € T

Definition 3.18. (Center of a strong I' — group) Let G be a strong I' — group then Center of a strong I' — group G is a
subset of G consisting of all elements x of G such that xay = yoxforally € Gandforall @ € T Itis denoted by C(G).

Theorem 3.19. Let G be a strong I' — group. Then the Centre C(G) of G is a strong I' — subgroup of G.

Proof. Let e be the strong identity of G, then eax = xoe for all x € G and for all @ € I Therefore e € C(G), so
C(G) # @.Letgy, g € C(G)thengjay = yag and gray = yog, forally € Gandforallo € T Since g, € G, there
exists strong inverse g3 € G such that googs = gzogy = e forall ¢ € I'. Now gzoy = gza(yae) = gza(ya(gr0g3)) =
g3a((yag:) ags) = gra((g20y) 0gs) = ((g30182) ay)ags = (eay)ags =yagsforally € G.Therefore, g3 € C(G). Thus
ya(giags) = (yagy) ags = (giay) ags = gia(yags) =gia(gsay) = (giags)ayforally € Gandforall € T
Therefore g1 ctgz € C(G) and hence C(G) is a strong I' — subgroup G.

Theorem 3.20. Let G be a strong I' — group. Then G is a commutative strong I' — group if and only if C(G) = G.

Proof. Let G be commutative strong I'— group. Then forx € G, xaty = yoxforally € Gandforall @ € I'. Therefore,
x € C(G) and thus G C C(G). Clearly C(G) C G being a strong I — subgroup of G. Conversely, let x, y € G. Since
C(G) = G, thenx, y € C(G)and hence xary = youx forall ¢ € T. This implies that G is commutative strong I' — group.

Definition 3.21. (Normalizer of an element of a strong I' — group) Let G be a strong I' — group, then Normalizer of an
element a of G is a subset of G consisting of all elements x of G such that xata = aax forall & € I'. It is denoted by N(a).

Theorem 3.22. Let G be a strong I'— group, then normalizer N(a) is a strong " — subgroup of G.

Proof. Let e be the strong identity of G, then ectx = xae for allx € G and for all @ € T In particular eata = ace
for all @ € T. Therefore e € N(a), so N(a) # <. Let g1, go € N(a), then gjaa = aag; and goaxa = aag, for all
o € T Since g2 € G, there exists g3 € G such that goaxgs = gzogy = eforalla € T. Now gzoa = gza(aqe) =
g3ot(aa(g20g3)) = gza((aagr)ags) = gzar((g2ca)ags) = ((g3ag2)aa)ags = (eda)orgs = angs.Therefore g3 € Nf(a).
Nowaa(giags) = (aag))ogs = (giaa)ags =gia(angs) =gro(gzaa) = (grags)aaforalla € I'. Thus gjags € N(a).
Hence, N(a) is a strong " — subgroup of G.

Theorem 3.23. Let G be a strong ' — group. Then G is commutative strongI' — groupifand only if N(a) = Gforalla € G.
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Proof. Let G be commutative strong I'— group. Then for x € G, we havexay = yaxforally € Gandforallo € I'.In
particularxoca = aaxforall @ € T Thereforex € N(a)and thusG C N(a). Clearly N(a) C Gbeinga strong " — subgroup
of G. Conversely, letx, y € G.Since N(a) = Gforalla € G, then in particular N(x) = N(y). Therefore, xay = youx for all
o € I'. This implies that G is commutative strong I — group.

3 Conclusion

This article presents the idea of a strong I' — group and provides some key findings in this area. We pay particular attention to
outcomes that hold true for strong I'— groups but not for I'— groups. For researchers, this article has a lot of potential.
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