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Abstract

Objectives: To generate the best proximity point theorem for new types of
Ciric a — B— contraction. Methods: By using generalized a — — proximal quasi
contraction and Ciric type G-contraction. Findings: We made new types of
Ciric ¢ — B— contraction. Novelty/Improvement: we give new types of Ciric
o — f—contraction which is a generalization of generalized a — f— proximal
quasi contraction and Ciric type G-contraction.
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G-contraction; generalized a-f- proximal quasi contraction; Cauchy Sequence

1 Introduction

The Banach-contraction principal on complete metric spaces was introduced in 1922.
Every self mapping T on complete metric space (X,d) satisfying d (Tx,Ty) < kd (x,y),
for all x,y € X, where k € (0,1), has a unique fixed point in X. This result has been
extended and generalized by many authors in different ways !~3). Some other extensions
of Banach contraction principle have been presented by considering the concept of best
proximity point. A point x in A for which d(x, Tx) = d(A, B) is called a best proximity
point of T, whenever a non-self mapping T has no fixed point. A best proximity point
represent optimal approximate solution to the equation 7x = x.

The first result on cyclic contraction and best proximity point was reported by Kirk
et. al. ™. Their results are the generalization of the usual contraction and fixed point.
Eldered and Veeramani® proved the existence of a best proximity point for proximal
pointwise contraction maps. Anuradha and Veeramani® proved the existence of a
best proximity point for proximal pointwise contraction. Recently many authors have
studied and generalize various concept related to the best proximity points 714,

The main objective of this paper is to generalized the result of Mohammad Ladh.
Ayari(ls) introduced new types of Ciric o — B—contractive mapping on metric spaces
involving B comparison function and Ciric type G-contraction.

In this paper to prove the existence of best proximity problem for new types of Ciric
o — B— contraction on metric spaces endowed with binary relations.

https://www.indjst.org/

2183


https://doi.org/10.17485/IJST/v16i29.708
https://doi.org/10.17485/IJST/v16i29.708
https://doi.org/10.17485/IJST/v16i29.708
monidewangan1995@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
www.iseeadyar.org.
https://www.indjst.org/

Tiwari & Dewangan / Indian Journal of Science and Technology 2023;16(29):2183-2189

Considering a pair (A, B) of non-empty subset of (X, d), we will use the following notations in this paper:
(A,B)=in f{d(x,y):x €A, y € B};

Ao={x€A:d(x,y) =d(A,B) forsomey € B};

Bo={y€B:d(x,y) =d(A,B) forsomex€eA}.

Definition 1.1. !®) Let (A, B) be a pair of non-empty subsets of a metric space (X,d) such that Ay is non-empty. Then the pair
(A, B) is said to have the P-property iffd (x1,y1) =d (x2,y2) = (A,B) = d (x1,x2) =d(y1,y2) forallx|,x, € Agandy;,y» € By.

Definition 1.2. 17 Let B € (0,00). A B -comparison function is a map ¢ : (0,+c0) — (0, 4-c0) fulfilling the following
properties:

(1) ¢ is non-decreasing;

(2) nlzrzod)g (t) =0forallt > 0, where ¢p denotes the n'" iterate of ¢ and @g (1) = ¢ (B.1);

(3) there exist s € (0,00) such that Y, o5 (8) < oo

The set of all 8 comparison functions ¢ satisfying (1)-(3) will be denoted by ¢g.

Definition 1.3. 18 LetT:A - Band ¢ : A X A — [0,+c0). We say that T is @— proximal admissible if a:(x;,x2) > 1 and
d(ui,Tx1) =d(up,Txy) = d(A,B), then a(u,uz) > 1, for all x1,xp,u1,uy € A.

Definition 1.4. '® A non-self mapping T : A — B is said to be (c,d) regular, where ot : A x A — [0, +-o0), if for all (x,y)
such that 0 < a(x,y) < 1, there exists ug € Ag such that a(x,ug) > 1 and a(y,ug) > 1.

In an arbitrary graph G, a link is an edge of G with distinct ends and a loop is an edge of G with identical ends. Two or more
links of G with the same pairs of ends are called parallel edges of G.

Let (X,d) be a metric space and G be a directed graph with vertex set V(G) = X such that the edge set E(G) contains all
loops, that is (x,x) € E(G) for all x € X. Assume further that G has no parallel edges. Under these hypothesis, the graph G can
be easily denoted by the ordered pair (V(G),E(G)) and it is said that the metric space (X,d) is endowed with the graph G.

Definition 1.5. 1) A non self mapping 7 : A — B is G-proximal if T satisfies

(y1,y2) € E(G)
d(x;,Ty1) =d(A,B) = (x1,x2) € E(G),
d(xy,Ty,) =d(A,B)

for all x1,x2,y1,y2 € A.
Definition 1.6.?” A non-self mapping 7 : A — B is a Ciric type G-contraction, if there exists & € [0,1) such that
d(Tx,Ty) < a.Qr (x,y), for all x,y € A with (x,y) € E(G), where

Or (x,y) = max {d(x,y),d(x, %)  d(A,B),d(y.Ty) ~ d(A,B), “PHAT _ g(a ) .

Definition 1.7. '® A non-self mapping 7 : A — B is said to be a generalized & — B— proximal quasi-contractive, where

a:AxA—[0,+o0) iff there exist ¢ € @g and positive numbers &, ..., &4 such that
Oc(x,y)d(Tx, Ty) < (P(MT(x’y))v Vx,y €A,
Where
My (xvy) = max{a()d(x7y)a ay [d(xv Tx) - d(AvB)]a 127) [d(y7 Ty) - d(AvB)]v %] [d(yv T)C) - d(AvB)L
ould(x,Ty) — d(A,B)]}.

To prove our main results, we need the following lemma:

Lemma 1.8. 1®) Let T : A — B be a non-self-mapping and & : A x A — [0, +0), satisfying the following conditions:

(1) T(Ap) C By

(2) T is oo— proximal admissible;

(3) There exist elements xp, x; € Ag such that d(x1,Txy) = d(A,B) and o(xp,x1) > 1.

Then there exists a sequence {x,} C Ag such that d(x,11,Tx,) = d(A,B) and a(x,,x,+1) > 1, such a sequence {x,} is a
Cauchy sequence.

2 Results and Discussion

Definition 2.1. We introduced a new type of Ciric ot — B —contraction. A non-self mapping T : A — B is a new type of Ciric
a — B—contraction where & : A x A — [0, +o0) if there exist ¢ € ¢ and positive numbers @, 01, 0, &3 such that,
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a(xvy)'d(Tx7 Ty) < (P(MT (x,y)), vay €A,
where
Mr(x,y) = max{apd(x,y),ond(x,Tx) —d(A,B),0d(y, Ty) —d(A,B),
a3[d(x,Ty)-5d(y,Tx) —d(A,B)]}.
Example : Let X = R? with metric
d((x1,y1), (x2,32)) = V/(x1 —x2)2 + (31 = 32)?
andputA = {(x,1) :x€[0,1]} and B= {(»,0) : y € [0,1]},and T : A — B is defined by
(0,0), ifo<x<l
T(x’l)_< (L,0),  ifx=1.

Then it is easy to see that d(A,B) = 1 and Ag = A and By = B. So that T is a new types of Ciric @ — 3— contraction with
o(t)=t,o0€0,1] and o;; = 3,% fori=0,1,2,3.

Theorem 2.2. Let A and B be non-empty closed subsets of a complete metric space (X,d) such that Ag is non-empty. Let
a:AxA—[0,+)and ¢ € @g. Assume that non-self mapping 7' : A — B satisfying the following conditions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) T is o proximal admissible;

(3) There exist elements xg,x; € Ag such that d(x;,Txo) = d(A,B) and o(xg,x1) > 1;

(4) T is continuous on new types of Ciric & — 3 contraction;

(5) if {x, } be a sequence in A such that a(x,,x,+1) > 1 and {xn(k)} of {x,} such that a(xn(k) ,x*) > 1 for all k;

(6) there exist o — 8 contraction;

(7) @ is continuous, > max {0y, 03}.

Then T has a best proximity point x* € A such that d(x*, Tx*) = d(A,B).

Proof. From given to condition (3), there exist xp, x| € A such that, d(x,Tx¢) =d(A,B) and a(xp,x;) > 1. Since T (Ag) C Bo,
there exist x, € Ag such that d(xy,Tx;) = d(A,B). Since T is o proximal admissible and using o(xo,x;) > 1,d(x;,Txg) =
d(xy,Tx1) = d(A,B). This implies that ot (x,x) > 1.

In a similar condition, by induction sequence {x, } C Ao such that

d(xps1,Tx,) =d(A,B), (1)

and o¢(xy,Xx,41) > 1 foralln € NU{0}.
Using the P-property we deduce that

d (xn,xn4+1) =d (Txp—1,Tx,),Yn € N 2)
Since T is new types of Ciric & — 3 contractive, there exist a function ¢ € @ such that
o (xp—1,%n) - d (Txp—1,Txn) < @ (My (Xy—1,%,)), VnEN 3)
Where
My (Xy—1,%,) = max{cod (x,—_1,%n), 01 [d(xn—1,Txn—1) — d(A,B)],00[d(x,, Tx,) — d(A,B)]

d(xn—luTxn) +d(xn7Txn—1>
2

o5 —d(A,B)]}

= max{ood (xp—1,%,), 0 [d(xp—1,Txy—1) —d(A,B)], a[d (x4, Tx,,) — d(A, B)],

d(xy—1,Tx,) —d(A,B) d(xy,Txy—1) —d(A,B)
> +os > I}

(X3[
= max{apd (xp—1,%), 0 [d(xXn—1,Tx,—1) —d(A,B)], 00 [d(xn, Tx,) — d(A,B)],

aS[d(xn_l,Tx,é) —d(A,B)]}

d(.xn7] 7xn)d(xn7xn+1)

. }}

S max{a()d(xnfl 7xn)7 ald(xl’lfl 7xn)7 azd(xnaxn+l )7 a3[
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MT(-xn—17xn> S ﬁmax{d(xn—l ,xn)>d(xnaxn+l)}’7 (4)

where ¢ is non-decreasing, then we get that
d<xn+1 axn) < (P(ﬁmax {d(xn—l ;xn))d(xllaxll+l)})

= (Pﬁ (max {d(x,,,l 7xn)7d(xn7xn+1)})a
Suppose that, for some n, we have

d(xnflaxn) S d(xn;anrl)v
then we get

d(%n,Xn 1) < (pﬁd(xnaxn+l)

< d(xn7xn+1)a
which is contradiction.
Therefore, for alln > 0,

d(xXp,Xnv1) < Qpd(Xn—1,%,), VR EN. (5)
Now, by induction, we find
d(xﬂvanrl) < (pg (d(XO,.Xl)), Vne NU (O} . (6)

Now we will show that {x, } is a Cauchy sequence.
Consider m,n € N with m > n, using the triangle inequality and the above inequality (6), we get
d(xp,xm) < X5 d (i Xern)
<yml (p’éd(xo,xl) — 0 as nym — oo
Hence {x,} is a Cauchy sequence in Ag C A and Since (X,d) is complete, there exist x* € A (depending on x and x) such
that x, — x* € A.
We next to show that x* is best proximity point for T.
Using hypothesis (5) of the theorem, 3 a subsequence {x,() } to {x,} such that o¢(x,),x*) > 1 Vk.
Since T is new types of Ciric o — B contractive, then we have
d(Tx,,(k) ,Tx*) < Ot(x,,<k) ,x* )d(Txn(k) ,Tx*)

< (p(MT(xn(k)aX*»v vk (7)
where

Mt (xn(k>,x*) = max{aod(xn(k),x*), Otld(xn(k),Txn<k)) — d(A,B)7 [0%] [d(x*, Tx*) 7d(A,B)L

d(xn(k) ) TX*) + d(X*v Txn(k) )

5 ]—d(A,B)}. (8)

063[

Using triangular inequality, We have

(" X o)11) +d (g1, Txne)) +d (Toxr), Tx¥)

9
(X*axn(k)+1) +d(AaB)+d(Txn(k)»TX*) ( )

d(x*,Tx") —d(x*, Xp(1)41) — d(A,B) < d(Txy1), TX*), Vk.
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Using (7) and (9), we get
d (X*a TX*) —d (X*vxn(k)-H) *d(AvB) <o (MT (xn(k)ax*)) (10)
< @(max{ otod (x, (1), x*), 01 [d (X, 1), T X 1)) — d(A, B)],

d (X (k) Tx*) +d (x", Toxy 1)

0[d(x", Tx") —d(A, B)], 05 5 |—d(A,B)}).
Assume p =d(x*, Tx*) — ( ,B) > 0. Let us we consider two separate cases as follows. If ¢ is continuous, as k — oo, we get
p < @(max{aod (x,),x"), o [d (x (k)+1) +dEniky 11, Txn )] —d(A, B),
d(x(k Tx) d(AB)  d(x*,Tx,;)—d(A,B)
0[d(x*,Tx") —d(A,B)], 0 > + "G 1}
p < p(max{on, 03} p) < ¢(Bp) <p

which is contradiction.

If B > max{on, a3} and we claim also that p = 0. Suppose by contradiction that p > 0, letting k — oo in (8), we get
My (xn(k),x*) — max(OCz, (X3}p.

If there existe > 0 and N > 0, such that for all n > N, we have

My (x,x),x") < (max{on, 03} +€)p (11)

and
B > (max{a, 05} +e¢),
therefore in equation (10) and (11)
d(x", Tx") —d(x",x,(x)11) — d(A,B) < @(Mr (x,(1), X))
< ¢((max{on, 05} +¢€)p)
< (pﬁ ('nax{azﬁ,a3}+8p)
< max{0p,05 } +€
<p.
Consequently, by letting k — oo, we get
p< max{az,ot3}+€p <p,
which is contradiction as well.
Hence our claim holds.
Thus, we proved that x* is a best proximity point of T, that is d(x*, Tx*) = d(A, B).

P

3 Application

Best proximity point for metric spaces endowed with a binary relation.

Before apply our results, we need some preliminaries. Let (X,d) be a metric space and R be a binary relation over X.

The symmetric relation attached to R.

x,yin X, xRy < xRy or yRx, Where S = RUR™!.

Definition 3.1. () Let X be a non-empty set. A non-self mapping T : A — Bis called f -quasi-contractive if there exist § > 0
and ¢ € ¢g such that

x,y €A : xRy =d(Tx,Ty) < o(Mr(x,y))

where My (x,y) = max {ozod(x, y), 01d(x, Tx) — d(A, B), 00d(y, Ty) — d(A, B), o[ L2DHA0TY _ g4 py) }

with o > 0fork=0,1,2,3.

Definition 3.2. 1) A non-self mapping 7 : A — B is a proximal comparative mapping if xRy and d(u;,Tx) = d(u, Ty) =
d(A,B), Vx,y,ui,uy € A then ujRu;.

Theorem 3.3. Let A and B be non-empty closed subsets of a complete metric space (X,d) such that Ag is non-empty. Let R
be a binary relation over X. Assume that non-self mapping 7 : A — B satistying the following conditions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) T is a proximal comparative mapping;

(3) There exist elements xo,x; € Ag such that d(x;,Txo) = d(A,B) and o(xg,x1) > 1;

(4) T is continuous on new types of Ciric & — 3 contraction;
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(5) if {x,} be a sequence in A such that &(x,,x,11) > 1 and {x,() } of {x,} such that 0t(x,,x,11) > 1 for all k(A,d,R) is
regular;

(6) there exist o —  contractive;

(7) @ is continuous, f§ > max{op, 3},

then T has a best proximity point x* € A such that d(x*,Tx*) = d(A, B).

Proof. define the o : A X A — [0,0) by:

1if xRy
a(x.y) = { 0 otherwise

then T is & -admissible.

Assume that a(x,y) > 1, and d(u;,Tx) = d(up, Tx) = d(A, B) for some x,y,u;,us € A. By the definition of @, we get xSy,
d(u1,Tx) =d(uy, Ty) = d(A,B).

Assertion (2) of the theorem implies that u; Ruy, which gives us a(u,uz) > 1.

Assertion (3) if T is o -admissible and d(x1, Txo) = d(A, B).

Assertion (4) T is 3 -quasi-contractive means that T is new types of Ciric & — 3 —contractive.

Also the condition (5) hold.

Next in condition (6) A is R-directed implies that the non-self mapping T : A — B is (&, d) is regular.

Now all the condition of theorem 2.2 are satisfied, which implies the existence of best proximity point for the non-self
mapping T.

4 Conclusion

This study adds an improvement to the best proximity point theorems1>2?), for Ciric type G-contraction and generalized
o — B— proximal quasi contractive mappings. This improvement is obtained by introducing new types of Ciric o — f8
contraction involving Ciric type G-contraction by the generalization of the generalized a — 8 —proximal-quasi-contractive
mappings on metric space. We have established application of best proximity point result for the case of non-self mappings on
metric spaces endowed with binary operation.
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