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Abstract

Objectives: The main objective of this paper is to derive some of the
results of k—irreducible ideals, common right divisors and Euclidean T" —
semiring. Methods: To establish the main results in I' — semirings, we use
some conditions like commutativity, simple, semi subtractive, centreless,
multiplicative I'—idempotent, strong multiplicative I'—idempotent, additively
cancellation and the concept of common right divisor and Euclidean norm.
Findings: First we study some results regarding k—irreducible ideals and
define a o— generated ideal by any element of R. In connection with different
conditions, we characterize some results of irreducibility in ideals, primary
ideals, common right divisors and Euclidean norms. Novelty: An o— generated
ideal by any element of R, say a, denoted by < ao > is k—ideal if Ris simple, semi
subtractive and additive cancellative. Again, the conditions mentioned above
are used to prove that every k—irreducible ideal of a T'—semiring R is primary
ideal of R. Furthermore, the concept of Euclidean I" — semiring developed to
establish various results in the theory of I' — semirings.

Keywords: k-Irreducible Ideal; Common Right Divisor; Euclidean Norm;
Primary ldeals; Noetherian I-Semirings

1 Introduction

The first mathematical structure we encounter is the set of non-negative integers N with
usual addition and multiplication provides a natural example of a semiring. For a given
positive integer #, the set of all n x n matrices over a semiring R forms a semiring with
usual matrix addition and multiplication over R. But the situation for the set of all non-
positive integers and for the set of all m x n matrices over a semiring R are different.
They do not form semirings with the above operation, because multiplication in the
above sense are no longer binary compositions. This notion provides a new kind of
algebraic structure known as a I'— semiring. In 1995, an author(!) as a generalization
of a semiring as well as I'—ring introduced the concept of I' — semiring. Sharma and
Ranote®, Sharma and Gupta(3) introduced the concept of a commutative, simple,
additive idempotent and multiplicative ['—idempotent I'—semiring and studied the
consequences of imposing these conditions on a I'—semiring R.
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It is worthy to be note here that many authors in different aspects also focused the study of I'—semirings with irreducible,
prime and primary ideals. The main aim of this study is to generalize some fundamental results of k— irreducible ideals, common
right divisors and Euclidean norm of I'—semirings proved in-® and investigate the conditions for which k— irreducible ideals
of R becomes primary ideals of R and for commutative I'—semirings, the notions of left and right Euclidean norms coincides.
Finally, we introduce the concept of Principal left k— ideal I'—semiring ((PLKI) ['—semiring.

1.1 Preliminaries

For the definition of I'—semiring and their identity elements 0 and 1, centreless, simple, semi subtractive,
noetherian I'—semiring, k—ideal, maximal ideal, smallest k—ideal, multiplicative I'— idempotent, strong multiplicative
I'— idempotent and additive cancellable, one can refer to®. Now we include some necessary preliminaries for the sake of
completeness. An ideal / of R is said to be prime ideal if for ideals A and B of R with AT'B C I then either A C I or BC [ . For
an ideal I of a commutative I'—semiring R, the prime radical of I, r(I) is defined as r(I) = (x € R | (xot)"~'x € I } for some
positive integer n and for all @ € I'. An ideal P of R is said be a primaryideal if xaty € P, for € I and x,y € R, then either x € P
or (yB)" !y € Pforall B € I and some positive integer n. or An ideal P of a I'— semiring R is said be a primary ideal if for any
two ideals A and B of R,AT'B C P implies that either A C P or B C r(P). A proper k—ideal Q of R is said to be k—irreducible
ideal of R if for any two k—ideals, I and J of R, Q = I NJ implies that either Q = I or Q = J and strongly k—irreducible ideal of
R if for any two k— ideals, I and J of R,/ NJ C Q implies that either Q=7 or Q0 =J.

Remark: Let R will denote a commutative I'— semiring with 0 and identity 1. We will use this notation throughout this paper
unless otherwise stated.

2 Methodology

Following *-®), we will establish some results of irreducible ideals and principal ideals by using some conditions on

I'—semirings. Further, we propose an algorithm on Euclidean norm that based on elements of I'—semirings with conditions of
strong identity and multiplicative '—idempotent and it will provide other class of Euclidean norms.

3 Results and Discussion

3.1 k-irreducible ideals in a '—semiring

In this section, we characterize some of the results of k—irreducible ideals by using some conditions such as simple,
multiplicative I'— idempotent, strong identity, additive cancellative and ot— generated set by an element of R in I'— semirings.

Lemma 4.1.1. Let R be a simple and multiplicative I'— idempotent I'— semiring with strong identity then any ideal / of R is
a k—ideal.

Proof. Letx € I andx+y €1 foranyy € R. Since R is multiplicatively '— idempotent, so there exists & € I'and y € R such
that yay = y. Now, y = lay = (x+ 1)ay = xay+y =xay +yoay = (x+y)oy. Butx+y € I and Iis an ideal soy € I . Hence,
Iis a k— ideal.

Lemma 4.1.2. Let O be a k— ideal of a '— semiring R, then the set (Q: a) = {r €R | al'r C Q} is a k— ideal.

Proof. Lety,z € (Q: a) such thatx+y = z. Then al'y C Q and al'z C Q. This implies that for all @ € ', we have aaty, aaz € Q.
Now asx+y =z, s0adx+aay =aoz.But Qisak—ideal so aox € Q, for all & € I'. This implies that al'x C Qsox € (Q : a).
Hence, (Q: a) is a k—ideal.

The proof of the following Theorems are simple and straightforward, so we only give the statements.

Theorem 4.1.3. Let R be a I'— semiring. If Q is a maximal k—ideal of R, then it is a k—irreducible ideal.

Theorem 4.1.4. Every prime k—ideal of R is strongly k—irreducible ideal of R.

Theorem 4.1.5. If Q is strongly k—irreducible ideal of R then it is k—irreducible.

Corollary 4.1.6. If Q is a prime k—ideal then it is k—irreducible.

Theorem 4.1.7. Let R be a noetherian I'— semiring. If I is a k—ideal of R and r € R\ {0} such that r ¢ I, then there will be
a k—irreducible ideal M of R such that/ C M and r ¢ M .

Theorem 4.1.8. Let R be a Noetherian I'— semiring. If / is a proper k—ideal of R then it is equal to the intersection of
k—irreducible ideals of R which contains I.

Proof. Let for any indexed set A, (Q; | i € A} be the family of k—irreducible ideals of R such that I C Q; for each i € A. Now,
itis clear that / C (;ca Qi. Rest to prove (;cp Qi € 1. Let(;cp Qi € I, then there exists an element say r such that r € ;cx O;
and r € I . So by Theorem 4.1.7, there will be a k—irreducible ideal, say Q, such that / C Q and r € Q. But then Q will be one of
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Q; and r & Q implies that r &€ (;cp Q;, which is a contradiction. Hence, we can’t find such an element so that r € (;c, Q; and
r & I . Therefore, (;cp Qi C1.Hence, I =(;cp Qi

Definition 4.1.9. Let R be aI'— semiring. If a € R and a € I then the set defined by < aat >,= {aar | forall r € R}, will be
termed as a right o— generated ideal by a. Similarly, < aa >;= {roca for all r € R} is aleft ideal of R. In case if R is commutative
then both (left and right) ideals will be the same. Therefore, in case of commutativity, we will denote this ideal by < aor >.

Theorem 4.1.10. Let R be centreless, semi subtractive and additive cancellative I'— semiring then foranya € R,Q =< aot >
is a k—ideal of R.

Proof. Let y,z € O such that x+y = z for any x € R. Then y = aas and z = aat for some 5,1 € R. Since R is semi subtractive,
so there will be an element, say u € R such that eitheru+s=toru+r=s.Ifu+s=rtthenx+y=z=aat =aa(u+s) =
aou+ aos = acu+y. This implies that x = acu , since R is additively cancellative. Therefore, x € Q. Further, if u+¢ = s, then
aat =z=x+y=x+aos =x+ac(u+1t) =x+acu+ aar. This implies that x+ aqu = 0. Therefore, x = acu = 0 € Q, since
R is centreless. Hence, Q is a k—ideal.

Theorem 4.1.11. Let K and L be two ideals of a I'— semiring R. Then »(SI(KNL)) = r(SI(K)NSI(L)) = r(SI(K)) Nr(SI(L))

The following theorem is proved in® for semirings.

Theorem 4.1.12. Let R be a centreless, semi subtractive, additively cancellative and commutative noetherian I'— semiring,
then every k—irreducible ideal of R is primary ideal of R.

Proof. Let Q be a k— irreducible ideal of R and let afb € Q such that b € Q,a,b € R. Now, we construct two ideals I and J
of Rsuch that / =< ((af)™ 'a) o0 > +Qand J =< bo > +Q, for &, B € I'. Now, by Theorem 4.1.10, < ((a)™'a) o > and
< bot > are k—ideals of R, therefore [ and J, being sum of k—ideals are also k— ideals. Now, it is clear that Q CINJ.Let y € INJ.
Then y = ((aB)" 'a) az+ g for some z € R and g € Q. Again, aBJ C Q, since aPb € Q. So aPy € Q, since y € J. Therefore,
aBy = ((aB)"a) az+aPq € Q. Also, afq € Q, since Q is an ideal. Thus, it follows that ((af8)"a) oz € Q, since Q is a k—ideal.
Further, let us construct a new set A,, = (x ER| ((aﬁ)”’la) ax e Q} . Now, it is clear that A, isan ideal of Rand A} C A, ... is
an ascending chain of ideals in R, since R is noetherian, therefore A, = A1 = ... for some n € Z*. Again, ((af3)"a) oz € Q.
This implies that z € A, = A,. Therefore, ((af)"'a) az € O, which implies that y € Q. Thus, /NJ = Q. Now by Theorem
4.1.11, we have r(SI(INJ) = r(SII) NSI(JT)) = r(SI(T)) Nr(SI(J)). Therefore, r(SI(INJ)) = r((SI(I)) Nr((SI(J)). Now as
Q=1nJ,s0 Q=SI(Q) =SI(INJ), since Q is a k—ideal so Q = SI(Q). Thus, r(Q) = r(SI(INJ)) = r(SI(I)) N r(SI(J)). As
Q is k— irreducible so r(Q) is also k— irreducible. Again, r(Q) = Q, since r(Q) is k— irreducible. So Q = r(SI(I)) Nr(SI(])).
Now b € J implies that b € r(SI(J)). But b & Q therefore Q # r(SI(J)). Therefore, Q = r(SI(I)), since Q is k-irreducible. So
(aB)"'a €I implies that (aB)" 'a € r(SI(I)) = Q. Hence Q is primary.

Common Right Divisor of a I" - semiring

In this section we characterize the results regarding right divisors RD(x), common right divisors CRD(x) and greatest
common right divisors GCRD(x) in a '—semiring R. An element x of R is unit if and only if there exists an element y of R
and o € T satistying xary = 1 = yax. The element y of R is called the inverse of x in R. Let us denote the set of all elements of R
having inverse in R by U (I'R). This set is non-empty since 1 € U(T'R) and not all of R.

Let x be an element of a I'—semiring R. Then the set of all right divisors of x in Ris RD(x) = {y € R|x € RTy} ={y €
R | RT'x C RTy}. Since y € RD(y), for all y € R, so it is clear that y € RD(x) if and only if RD(y) C RD(x). Note that if R is a
I'—semiring and y € RD(x) then there exists an element r € R, such that x = ray, for all ¢ € T".

Lemma 4.2.1. Let R be a simple I'— semiring with a strong identity. If y € RD(x) then x+y =y.

Proof. Let R be a simple I'— semiring and y € RD(x), then there exists an element r of R and o € I such that x = ray. Thus
wehavex+y=ray+y=(r+1)ay=1loy=y.

If x is an element of a I'— semiring R then U(I'R) C RD (1) C RD(x). If x ¢ U(I'R) and RD(x) = U(I'R) U {x} then x is said
to be irreducible from the right. Irreducibility from the left is defined similarly.

Definition 4.2.2. Let X be a nonempty subset of a I' — semiring R. Then the set of common right divisors of X is CRD(X) =
N{RD(x) |x€ X} = {y € R| RT'X C RI'y}. An element y € CRD(X) is the greatest common right divisor (GCRD) of X if and
only if CRD(X) = RD(y)

Example 4.2.3. Let R be a '—semiring. If R = M, (N ), where N is a set of all nonnegative integers and I' = { {(1) ﬂ } then
0
1l

Theorem 4.2.4. Let R be a I'— semiring and X be a nonempty subset of R then an element y € R is a GCRD of X if and only
if RTX C RT'y and if 7 € R satisfies RTX C R['z then RT'y C RI['z

Proof. Let y be a GCRD of X. Theny € CRD(X) and so y € RD(x) for all x € X. Thus, RT'x C RTy for all x € X. This implies
that RTX C RT'y. Further, if RT'’X C RI'z for some z € R then z € CRD(X) = RD(y) and so RI'y C RI'z. Conversely, assume that

the only elements of R having determinant 1 which are irreducible from the right are {(1) i] and i
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RI'’X C RT'y and z € R satisfies RI'X C RI'z. Now let y € CRD(X). This implies that RD(y) C CRD(X). Again, if z € CRD(X)
then RI'X C RI'z and so RI'y C RI'z. Therefore, z € RD(y), gives that CRD(X) C RD(y). Hence, CRD(X) = RD(y). That is, y
is GCRD of X.

Corollary 4.2.5. Let R be '—semiring. If every left ideal of R is principal ideal then every non-empty subset of R has a GCRD.

Lemma 4.2.6. Let R be a I'—semiring and x,y and z are the elements of R. If m is a GCRD of {x,y} and nisa GCRD of {z,m}
then n is a GCRD of {x,y,z}.

If x and y are the elements of a '—semiring R then clearly CRD({x,y}) C CRD({x+y,y}. We now investigate the conditions
for having equality.

Theorem 4.2.7. Let R be a I'-semiring, then CRD({x,y}) = CRD({x+y,y}) for all x,y € R if and only if every principal left
ideal of R is k — ideal.

3.2 Euclidean Norm of a ' semiring

A left Euclidean norm f defined on a '—semiring R is a function f : R\ {0} — N( set of all non-negative integers) satisfying
the condition that if x,y € R with y # 0 then there exist elements g and r of R and o € I satisfying x = goy +r with r =0
or f(r) < f(y). A right Euclidean norm f defined on a I'—semiring R is a function f : R\ {0} — N satisfying the condition
that if x,y € R with y # O then there exist elements g and r of R and o € I" such that x = yog+ rwith r =0o0r f(r) < f(y). A
I'—semiring R is left (right) Euclidean if and only if there exists a left (right) Euclidean norm defined on R. For commutative
I'—semiring, the notions of left and right Euclidean norm coincides.

Theorem 4.3.1. Let R be I'—semiring. If f is a left Euclidean norm defined on R then there exists another left Euclidean
norm g defined on R such that g(x) < f(x) forallx € R\ {0} and g(y) < f(ray) forall r,y € R and o € T satisfying r aty # 0.

Proof. Let g(x) = min{f(rowx) | rox # 0}, forall 0 # x € R and o € I'. Then clearly g satisfies both conditions. Now to show
that g is a left Euclidean norm on R. Let x and y be non-zero elements of R satisfying g(x) > g(y). Then there exists an element
r1 € Rand o € T such that g(y) = f(rjay). This implies that f(x) > f (r;oy). Therefore, there exist elements g, € R and
o, 3 € T such that x = g3 (rj oty) + rp where either r, =0 or f (r2) < f (rioy) = g(y). Hence, g is a left Euclidean norm on R.

If (R,f) is a left Euclidean I'— semiring we can without loss of generality, assume that f satisfies the condition that
S() < f(raoy) forall0 £y € R,ry € Rand o € I' such that rpay # 0. A left Euclidean norm satisfying this condition said to be
I'— submultiplicative. A left Euclidean norm f defined on aI'— semiring R is '— multiplicative if and only if £ (xay) = f(x) f(y)
for all x,y € R and & € I" such that xary # 0. That is, f is '—multiplicative if and only if it is a I'-semigroup homomorphism
from R\ {0} to N(set of non-negative integers).

Theorem 4.3.2. Let R be a I'—semiring with a strong identity. Let I'— submultiplicative Euclidean norm be defined by
f:R\{0} — Nandif My = {r € R| f(r)} is a minimal element of image f then 1 € My and if x € M then there exists an
element ¢ € R and « € I  satisfying gox = 1.

Proof. Let 0 # x € R then by definition of I'— sub multiplicative f(1) < f(xal) = f(x) so 1 € My. Again if x € My then
there exist elements ¢ and r of R and o € T satisfying 1 = gox + r with either r = 0 or f(r) < f(x). But f(r) < f(x) is not
possible by minimality. Hence gotx = 1

Theorem 4.3.3. Let R be a strong multiplicative '—idempotent I'—semiring with a strong identity. Let I'— submultiplicative
Euclidean norm be defined by f: R\ {0} — Nandif My = {r € R| f(r)} is minimal elements of image (f) then My NI (I'R) =
{1} and U(T'R) C My, equality holds if R is commutative.

Proof. Let z € My NI (T'R) then by Theorem 4.3.2, there exists an element ¢ € R and & € I' satisfying 1 = gaiz . Now, since
z€ I (TR)soz= 1Pz = (qaz)Bz=qoa(zfz) = gaz=1,forall B € . Thus, My N1 (IR) = {1}. Further, if x € U(I'R) then
there exists an element y € R and « € I satisfying 1 = yax, so f(x) < f(yax) = f(1). Since 1 € My, thus equality holds and
x € My. Hence, U(I'R) C Mjy. Finally, if R is commutative, then by Theorem 4.3.2 equality holds.

Remark 4.3.4. Let x be an element of a I'- semiring R. An element y of R is an additive inverse of x if and only if
x+y = 0=y+x. We will denote the additive inverse of an element x, if it exists, by —x. Let us denote the set of all elements of
R having additive inverse by A(T'R)

Theorem 4.3.5. Let R be a commutative cancellative I'— semiring with strong identity and f be a I'— sub multiplicative
Euclidean norm defined on R. Then f(x) = f(—x) for all x € A(T'R) (set of all elements having additive inverse).

Proof. Let us assume that the result is not true and X be a non-empty set of all non-zero elements x of A(TR) satisfying
f (x’) > f (—xl). Let x €X be such that f(—x) is minimal. Then there exist elements ¢ and r of R and a € I satisfying x =
qa(—x)+rwhere either r=0or f(r) < f(—x). Letr # 0 then got(—x) + (—x) 4+ r = 0. Therefore, z = gat(—x) + (—x) € V(I'R)
and —[ga(—x) + (—x)] = r. Further, z € X, otherwise there is a contradiction to the choice of x. Thus, f(z) = f(r), which is
not possible otherwise by I'— sub multiplicity f (r) = f(z) = f([g+ 1]ot(—x)) > f(—x). Thus, » = 0. Hence, x = ga(—x). Then
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gax+x = qo(x+ (—x)) = ga0 = 0 and so —x = gax+ x+ (—x) = gax. This implies that f(—x) > f(x), contradicting the
assumption that x € X. Hence X must be empty.

Definition 4.3.6. A function f : R — S, where R and § are I'—semiring is said to be a '=morphism of I'— semiring if

) £(x+) = £() + £0)

(i) f(xoy) = f(x)af(y) forallx,y € Rand & € T..

Theorem 4.3.7. Let R be a I' — semiring. If 4 : R — S be a surjective I'— morphism of R and f is a left Euclidean norm on
R then there exists a left Euclidean norm g on S defined by g(z) = min (f(x) |[x € h™'(z)} forall0 #x € S.

Proof. Let m and n be elements of S with n = 0. Then there exist elements x,y # 0 of R such that 2(x) = m and h(y) = n.
Further, choose y so that g(n) = f(y). Since f is a left Euclidean norm on R, so there exist elements g and r of Rand o € T
satisfying x = goty + r where either r = 0 or f(r) < f(y) = g(n). Thus, m = h(x) = h(q)on + h(r), where either 2(r) = 0 or
g((h(r)) < f(r) < f(y) = g(n). Hence, g is left Euclidean norm on S.

Theorem 4.3.8. Let R be a I'—semiring and f be a left Euclidean norm defined on R then every left k—ideal of R is the
principal ideal.

Proof. Let f be a left Euclidean norm on R and let J be a left k—ideal of R. Then { f(x) | x € J} has minimal element say f(y).
Let x € J\ RI'y then there exists an element r € R\ {0} and & € I such that x = gory +r and f(r) < f(y). But r € J since J is
k—ideal, contradicting the minimality of f(y). Hence, J = RI'y, so is the principal.

Definition 4.3.9. A I'—semiring for which Theorem 4.2.7 holds will be called Principal left k—ideal (PLKI) I'—semiring.

Theorem 4.3.10. Let R be a left euclidean I'— semiring then R is (PLKI) I'— semiring if and only if there exists a left Euclidean
norm f defined on R satisfying the condition that x = gty + r for r € R\ {0}, € ' and f(r) < f(y) then x € RT'y.

Proof. By Theorem 4.3.1, we know that there exists a left Euclidean norm f defined on R satisfying the condition f(s) <
f(ras) forallr,s € R\ {0}. Letx = qay+rforr € R\ {0}, € Tand f(r) < f(y). If x € Ry then as R is (PLKI) I'—semiring,
therefore we must have r = zay for some z € R and o € I'. Therefore, f(r) > f(y), which is a contradiction. Hence, x ¢ RI'y.
Conversely, let x,y € R and r € CRD({x+y,y}). Then we can write x +y = mot and y = nat for myn € R and o € R. By the
choice of f, we know that f(x) > f(¢). Therefore, either x = gout or x = gout + r for some 0 # r € R satisfying f(r) < f(¢). If
x = qat+rthenmatr = (n+ q) ot + r, which again contradicts the stated condition. Thus, we must have x = gat so t € RD(x).
Since t € RD(y), so by the choice of f we have r € CRD({x,y}). Hence, R is PLKI —T'— semiring.

Theorem 4.3.11. Let R be a left euclidean (PLKI) I'— semiring with strong identity and X be any non empty subset of R.
Then X has a GCRD.

Proof. Let X = {x,y}. if x =y = 0 then 0 is a GCRD of {x,y}, so the result is obvious. So, without loss of generality,
let y # 0. Since R is a (PLKI) I'— semiring, so by Theorem 4.3.10, that there exists a left Euclidean norm f defined on R
satisfying the condition that if x = gay +r for r € R\ {0},a € T" and f(r) < f(y) then x ¢ RTy. By repeated application
of f we can find elements g1, ...,q,+1 and ry,...,r, of R\ {0} and o,y ..., € T such that x =gy +r1,y = gra1r1 +
P2y ooy T2 = qnOy—1Tn—1 + FnyFn—1 = Gni10nrn and f(y) > f(r1) >--- > f (r4) (The process of selecting the g; and r; must
terminate after finitely many steps, since there are no infinite decreasing sequences of elements of N ), working backward,
we have 1,2 = (quOn—1qu+1+ 1] Qurn, rn—3 = (qu—101—24nOn—1gn+1+ (gn—1 + gn+1] 07 and so on until we establish that
rn € CRD({x,y}). Conversely, let €ECRD({x,y}). By Theorem 4.3.10, we have m € RD (r|),m € RD(r2)...,m € RD(r,). So
RD (r,) = CRD({x,y}). Hence, r, is a GCRD of {x,y}.

4 Conclusion

Not all the results that hold good for ideals in rings may be true for the ideals in semirings as well as in I" — semirings

and even for the k— ideals in I' — semirings. Various mathematicians while generalizing the Lasker—Noether’s Theorem for
semirings ignored this fact. For k—ideals in semirings, Lescot®) established weak primary decomposition as a result in 2015.
Following this, here we includes k—irreducible ideals, common right divisors and Euclidean I" — semiring and characterize
some fundamental results by using the conditions like commutativity, simple, semi subtractive, centreless, multiplicative
I'—idempotent, strong multiplicative I'—idempotent and additively cancellative etc. We define several conclusions of
irreducibility in ideals, common right divisors and Euclidean norms in relation to these various conditions. The ideas described
in this article have a lot of potential for nourishing and one can investigate them further in polynomial I'—semirings, the
primary ideals of I'—semirings, and by utilizing the concept of Dale Norm in antisimple I"-semirings.
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