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Abstract

Objectives: The goal of this article is to find integer solutions to two
distinct kinds of simultaneous exponential Diophantine equations in three
variables. Methods: The system of exponential Diophantine equations is
translated into the eminent form of Thue equations, and then their generalised
solutions satisfying certain conditions are applied. Findings: The finite set of
integer solutions for two disparate categories of simultaneous exponential
Diophantine equations consisting of three unknowns is scrutinized. In some
circumstances, there is no solution in this analysis for both the dissimilar
simultaneous Diophantine equations. Novelty: The motivation is considered
to be two types of simultaneous exponential Diophantine equations are first
converted into specific system of Pell equations, then into Thue equations for
the possibilities of the sum of the exponents, suchasx+y=1orx+y=2.If
x+y > 3, then, the equations are transformed into a cubic equation, which is
not in the form of Pell equations. So, such cases are discarded for exploring
solutions to the necessary equations.

Keywords: Simultaneous Exponential Equations; Simultaneous Pell
Equations; Thue Equations; Integer Solutions; Divisibility

1 Introduction

A Diophantine equation with unknowns in exponents is known as an exponential
Diophantine equation 'Y, Simultaneous exponential Diophantine equations are a
pair of exponential Diophantine equations whose values satisfy both or all of the
equations in the collection at the same time. In12"14), the authors investigate various
simultaneous exponential Diophantine equations in the form a;* + b;Y = ¢1%, a* +
by’ = cr* whereay,az, a3 by, by and bs are integers, by reducing them into simultaneous
Pell equations.

A Diophantine equation of the form f(x,y) = r, where f(x,y) is an irreducible
bivariate form of at least 3 over the rational numbers and r is a non-zero rational number,
is said to be the Thue equation.
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In this article, two unlike categories of simultaneous exponential Diophantine equations in three unknowns are studied for
integer solutions by decoding these equations into the distinguished form of Thue equations and using their general solutions
sustaining certain conditions.

1.1 Preliminaries
+ Theorem 1

Leta, b, ¢ be three squarefree integers,a > 0, b < 0, ¢ < 0 which are pairwise coprime. Then there exists a nonzero integer
solution (x, y, z) to the Diophantine equation

ax* +by’ +c¢z2 =0 (1)

If and only if all three congruences 1> = —ab (mod c)t* = —ac (mod b)t> = —bc (mod a) are solvable. Furthermore,
if a nonzero solution exists, then there exists a nonzero solution (xo, yo,z0) of equation (1) satisfying the inequality
max(xg, y0,20) < Vabc.

« Theorem 2

Assume that (xg, Yo,20) is an integer solution of equation (1) with zo # 0. Then, all integer solutions (x,y,z) with z # 0 of
equation (1) are of the form

D
x= :I:E (—axos2 —2byors + bxorZ)

D
y= :I:g (ay052 —2axprs — byorz)

D
7= :I:E (az()sz + szrz)

where rand s > 0 are coprime integers, D is a nonzero integer, and d | 2a?bcz? is a positive integer.
1.2 Procedure for solving the equations
Deliberate the aforementioned system of two Diophantine equations

a1x+b1y =C1 (2)

ay*+byY = (3)

in non-negative integers x, y and z, where the coefficients are certain integers and none of the coefficients in (3) is zero filling
the conditions a1b; < 0, axby <0, cjcp # 0 and ajca — azcy # 0. Afterwards, simple algebraic calculations applied in (2) and
(3) lead them into

(a1c2 —azer) x> + beay* —byc1z2 =0 (4)
To achieve the conditions of Legendre’s theorem, divide (4) by ged (ajca — axci, bica, bacy). Then, it is attained by asx* +
b3y? 4 372 = 0. Further, if azbscz < 0, then even multiply this equation by(—1). Moreover, let this new-fangled equation be

multiplied by ged(asz, b3) - ged(asz,c3) - ged (b3, c3) and let adapt the square complete part of the coefficients into the equivalent
variables, relabeling them. Note that

aX?4+bY2+c72=0 (5)
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where X, Y, Z is a permutation of c.x, c,y, ¢,z with some appropriate positive integers cy, ¢, and ¢,

a > 0,b < 0andc < 0 are pairwise coprime, square-free integers. Obviously, the choice of X is unique, but the parts of Y
and Z can be transferred. By the theorem of Legendre, a basic solution (Xo, Yo, Zo) is needed. If (5) is not resolvable, then the
system (2), (3) has no solution. Otherwise, let (Xo, Yy, Zo) with Zy # 0 satisfy (5) and possibly d(2a* bcZy?) < d(2a*bcYy?),
where d( ) denotes the number of divisors function. Such a triplet can effortlessly be created by merely pursuit in the intervals
0 <Xy, Yy, Zo < V abc.

Now, applying Theorem 2, X, Y and Z can be articulated by

X=4 %((Xlszz—l—ﬁlsr +}/1r22),

Y = £ 5 (00s” 4 Basr 4 1r7),

Z = i% (0352 + Basr + 1r2),

where s > 0 and r are coprime, D is an arbitrary integer, d | hy = 2a® bcZy? is a positive integer and B3 = 0. Consequently,

X =+ 5 (aus®+Buasr +yar?),

Y =+ C}% (0428 + Biosr+ Yar?),

Z = :i:fd (0387 + Biasr + y3r?),

where il: I» and i3 are permutation of the subscripts 1, 2 and 3 of ¢, 8 and .

These consequences can be functional to return with x, y and z, for instance, to (2),

2 2
ai (c%l (0415% + Birsr + %1V2)) +bi (C}% (0tias® + Piasr + %2?2)) =c1,
which implies

2
2 2 D
alcy2 (Oz,-ls2 + Birsr + ‘J/nrz) +bicy? (Oz,-gs2 + Biasr+ 'y,-zrz) = clcxzcy2 (d)
Denote the left-hand side by T (s, r). Simplify the latest equation by the greatest common divisor of ¢1cx*c,* and the coefficients

of T\. Hence, T (s, r) = c4(d /D)2 . On the right-hand side, let co be the square-free part of c4. Thus, there exists a positive
integer cgsuch that ¢4 = coce2. Then the above equation is equal to

2
T(s,r)=co (C‘bd> (6)

Since T (s, r) is specified, 0 < d is a divisor of iy = 2a° bcZy® and j = %
finitely many Thue equations of order 4. Suppose that (s;, r; ) is a solution of T (s, r) = coj? for some eligible j. We reject
(sj, rj)ifs; < Oorged(sj,rj) > 1,, otherwise

X ==+ & (o5 +Basjrj +%ri?)s

Y =+ 576] (atinsj*+ Bsjrj+ Yor?),

Z = £ (o35> + Basjrj+ ¥arj?)-

If all x, y and z are non-negative integers, then a solution of the system (2), (3) is obtained.

must be an integer, it is observed that (6) means

2 Progression of Inspection

The simultaneous exponential equations for trying whether the solution occurs or not in integers are booked in the form as

al+by = } @)

Y _ .2
a;+by = ¢
where ay,a2,a3.b1,b2, c1,c20 €Z
The solutions in integers for this system of equations are scrutinized for the ensuing two cases.
(Dx+y=1(ix+y=2

All the options for x and y in integers for the overhead two cases are displayed below.
(i)x=0,y=1landx=1,y=0
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(i)x=0,y=2,x=1,y=landx=0,y=2.

The above five cases, as well as a brief description of how to investigate them, are discussed in sections 2.1 and 2.2 for
particular choices of the base values of the concerned equations.

Section 2.1

Consider the succeeding system of exponential equations—

(m*+5)" + (m? — 32}’ =177 )
(n?+7)" + (n?+3)" =52
where m,n € Z , the set of all integers.
Case (i): Supposex =0,y =1
Then, (2) is condensed into
72 —m? = -2
52 _n2—4 } )

By effectuating some common algebraic appraisements, the system of equations (9) is renewed into the following single equation
1922 —2m*> —n* =0 (10)

Electa=19,b= -2, c= —1.
The lowest integer solution to (4) is searched out by (zg,mg,n) = (1,3,1)
Then, all conceivable integer triples (z,m,n) where n # 0 in (10) are provided by

D D
z= :I:E (—az()sz — 2bmgrs +bz()r2) =+— (71952 +12rs — 2r2)
D
m=+— (amos2 —2azors — bmor2) = :tg (57s2 — 38rs+6r2) (11)

n= :I:E (anosz +bn0r2) = :I:g (19s2 — 2r2)

where r and s > 0 are coprime integers, D € Z — (0} and d /2a*bczo> = 1444 is a natural number.
Therefore, the altered form of (10), named Thue equation, can be inscribed as

2
361s* +294r25% + 4r* — 570rs> — 60r's = % (12)
for some positive integers j = % /1444,

The suitable values of j are j = 1, 38 when (s;,7;) satisfies the conditions that s; > 0 and ged (sj,7;) =1,

The corresponding triplets (j,s;,7;) = {(1,1,3), (38,6,19)} deliver eight coprime integer solutions (z, m,n ) as follows.

(-1,3,1),(-1,3,-1),(-1,-3,1),(-1,-3,-1),(1,3,1),(1,3,—1),(1,-3,1) and (1,-3,—1)

Hence, the necessary solutions (m,n,x,y,z) to (2) where x, y,and z belong to the set of all integers are
(3,1,0,1,-1), (3,-1,0,1,-1),(-3,1,0,1,—-1), (-3,-1,0,1,-1),(3,1,0,1,1), (-3,1,0,1,1),(3,—1,0,1,1) and
(=3,-1,0,1,1).

Case (ii): Supposex =1,y =0

These choices of x and y lead to (1) in the simultaneous equations as T2 —m?=6

72 —m?=6
SZZ_nZZS } (13)
After undertaking a few calculations, (13) is converted into
M?* — 1372 —3n* = 0 where M = 2m (14)

Put (a,b,c) = (1,—13,—3) Asin case (i(mo,z0,n0) = (4,1, 1) to (14), all its probable integer solutions (m,z,n) are demonstrated
by

m=+2 (=25 + 13rs —26r7)
=%~ (s*—8rs+13r%) (15)

n= :I:E (52 — 13r2)
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Where r and s are positive coprime integers, D is a non-zero integer, and d /2a’bczy = 78 is a positive integer.
By means of (15), the alternative form of (8) is noted by

2
s* 4+ 1197252 + 1697 — 20753 — 26073 s = 2% (16)

for some natural number j = % /78. It is keenly observed that there is no value of j when the pair (s;,r;) satisfies the double
conditions s; > 0 and ged (s;,r;) = 1.

Hence, it is concluded that (8) does not have an integer solution.

Case (iii): Assume that x =0, y = 2. The classification of (8) diminishes to

2_2\2_~A2
1+(m2 3)2 712 1)
1+ (n*+3)" =5z
which is expressed in the simplest form for our convenience,
12 -U*=1
s2-v2=1 } (18)
where
U=m?>-3,V=n>+3 (19)
After some enterprising mathematical calculations, (18) is rehabilitated into a single equation
U2 _ 222 _ VZ =0 (20)
Take the coefficients of (U?,z%,V?)in (14)asa=1, b= -2, c = —1.
As the explanations given in case (i), all possible values of the triplet (U, z,V) are attained by
D
U=+ (=s*—2r%)
D
z:ic—b(—%s) (21)
V=t (s*—2r%)

r and s are coprime integers none other than zero, D is any non-zero integer, and d /4 is a positive integer.
Employing (21) in (20), the reduced equation is evaluated by

—s* + 287252 —4rt = g—zz
for some positive integer j = % /4. Here also, there are no values of j such that the ordered pair (s;,r;) satisfies the desired
conditions.
Hence, (8) has no integer solutions.

Case (iv): Suppose x = 1,y = las follows

2 _n,2
777 —2m 2} (22)

522-2n2 =10

which is abbreviated into the unique equation as
5m* — 1522 —n* =0
Assume that (a,b,c) = (5,—15,—1)
Since —ac = 5 is not a square modulo (b| = 15, then by Lagranges criterion for the existence of a non-zero solution to the
Diophantine equation, the given simultaneous exponential equations do not have any solution.
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Case (v): Presume x = 2,y = 0The compatible form of (8) is stated by

2
s |
Modify (22) as
;ﬁ B VT;zill } (24)
where
T=m?+5W=n+7 (25)

Then, the equivalent form of (18) after executing simple algebraic concepts is given by
T?—222-W?=0
Following the similar procedure as in case (iii), it is proved that the chosen exponential equations do not have any solution.
Hence, the possible solutions to the system of Diophantine equation (8) are evaluated by
(mom,x,y,2) = { (3,1,0,1,-1),(3,-1,0,1,—-1),(-3,1,0,1,—1),(=3,-1,0,1,—1) }
T (3,1,0,1,1),(-3,1,0,1,1),(3,—-1,0,1,1),(-3,-1,0,1,1) ’
Section 2.2: Consider the simultaneous exponential equations for exploration as

(m2+1)"+(m2+32y=5z2 (26)
(n?+5)" + (n*+7)" =112
where m,n € Z . The existence of solutions for various choices of x and y is given below.
Case (i ): Assume x = 0,y = 1. These options diminish (26in the subsequent double equations
572 —m? =4
11z2—n*=38 27)
After smearing simple Mathematical operations, (27) is altered into the resulting single equation
n—2m?—72=0 (28)
Letusselecta=1,b= —1,c= —2.
Using the basic solution (ng,mo,z0) = (1,0, 1) of (22), its general solution is conquered by
D
n==+— (—s2 — 2r2)
m=+—(-2rs) (29)

Z:Z‘:E( 2—2}"2)

where
rand s > 0and ged (r,s) = 1D € Z— {0} and d/2a’bczo® = 4 is a positive integer.
Retaining (29) in (28), the corresponding Thue equation is presented by

2

—s* 4281257 —4rt = %

for some non-negative integers, j = % /4. When the pair (s;,7;) meets the required conditions, j seems to have no value.
Consequently, there is no solution to the needed simultaneous exponential equations (26).

Case (ii): Takex=1,y=0
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Then, the simplified form of (26) is
522-—m*=2
1122-n?=6 } (30)
which can be transformed into

3m?—4z2 —n*>=0 (31)

Retaina=3,b=—-4,c= —1
But —bc = —4 is not a square modulo |a| = 3 and —ac = 3 is not a square modulo |b| = 4.
Then, as in case (iv) of Section 3.1, the specified couple of exponential equations do not have any integer solutions.
Case (iii): Supposex =0,y =2
Thus, (20) is developed into

e } (32)
where
A=m*+3,B=n*+7
Now, (32) can be revised as
B2_62—A2=0 (33)
The equivalent values of (B, z,A) are calculated by
I (=s*—6r%)
7=t+—(—2rs) (34)

A=t (s*—6r%)

r, s, and D satisfy the conditions as in the previous cases, and d /2a’bczo® = 12 is a positive integer.
Utilising (34) in (33), it is detected that
—s* 43228 =361t = 4
for some j = % /12. There is no value of j when the solution (s}, ;) satisfies the essential conditions as mentioned in earlier
cases.
Thus, the system of equations (26) does not possess any solution in integers.
Case (iv): Choosex =1,y =1

2 92
2 12 } (35)
Now, (35) is changed into the ensuing equation
3m?—272—n?2=0 (36)
The generalized solutions to (35) are estimated by
m= :I:B (faz()s2 —2bmgrs + bzgrz) = :I:g (7352 +4rs— 2r2)
z=+— (amos2 —2azors — bmorz) = :i:g (3s2 —6rs+ 2r2) (37)

n= :tg (an0s2 + bnorz) = :I:g (3s2 — 2r2)
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where r and s > 0 are relatively prime integers, D € Z — {0} and d/2a*bcz > = 36 is a natural number.

Interpreting (36) in (37), the two parametric equations are received by
275% + 1841252 4 1264 — 132rs% — 88135 = — (24)°
for some j = % /36. There is no value of j together with the assumed values of (sj,r;).
Therefore, in this case, there is no solution to (20).
Case (v): Supposex =2, y=0
These choices of (x,y) lead (26) into

(38)

572-C*=1
1122-D*=1

where

C=m*+1,D=n>+5.

Proceeding as in case (iii), it is concluded that the concurrent exponential equations do not have any integer solutions.

3

Hence, it is proven that the simultaneous exponential equation (26) has no integer solution.

Conclusion

In this study, the integer solutions of two different kinds of Simultaneous Exponential Diophantine equations in three variables
are investigated by applying standard solutions of the Thue equations. Similarly, one can pursue integer solutions to similar
types of simultaneous exponential Diophantine equations by using general solutions of systems of Pell equations.
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