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Abstract

Objectives: The separation axioms are about the use of Kasaj topology
to distinguish disjoint sets and distinct points. Methods: Any two Kasaj
topologically distinguishable points must be distinct, and any two separated
points must be Kasaj topologically distinguishable. Findings: New classes of
separation axioms in Kasaj topological space namely, KS,, KS,, and KS,, spaces
by utilizing KS,, KSgs and KS,- open and closed sets are introduced and studied.
Several of their fundamental characterizations and their relationships with
other corresponding kinds of spaces are discussed. Novelty: In our paper work
using the relation among the spaces are graphically illustrated as direct graphs.
AMS Subject Classifications: 54A05, 54B05, 54A99

Keywords: KS-semi-Ti(i < 4) spaces; KSa-Ti(i < 4) spaces; KSg-Ti(i < 4) spaces;
KSgs-Ti(i < 4) spaces; KSsg -Ti(i < 4) spaces

1 Introduction

In 2020, Kashyap G. Rachchh and Sajeed I. Ghanchi" introduced a partial extension
of microtopological space, namely Kasaj topological spaces. In the same year, Rachchh
K. G., Ghanchi S. I, Soneji A. A., and Ghanchi S. 1. established the concepts of
kasaj-closure and kasaj-interior and defined kasaj semi-closed and kasaj generalized
closed sets in Kasaj topological spaces. In 2022, Prakash et al.®) defined and studied
the notions of KS,-closed and KSy,-closed sets in Kasaj topological space. The classes
KS,, KS,s and KSy,-open and closed sets play a vital role in the development of the
generalization of Kasaj topological spaces. To further initiate new ideas on this paper, we
refer to Abdelwaheb Mhemdi, Tareq M. Al-shami® which is introduced in year 2021,
the concepts of functionally T; space for i = 0, 1, 2. They study their main properties,
especially those are related to product spaces and topological and hereditary properties.
In 2022, Ferit Yalaz, Aynur Keskin ka ymakci®, initiated the concept of G-Ry-space
and oKerr by using the o-topology produced with the help of the ideal and local
closure function. This investigation has made significant contributions to the theory of
separation axioms in Kasaj topological spaces. The main goal of the present paper is to
consider and study the new classes of spaces called KSg, KS,, and KS;, spaces by using
the respective Kasaj open and closed sets, respectively. Several properties concerning
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these kinds of spaces were presented. Also, the relationships among these spaces were investigated graphically, and examples
were presented wherever necessary.

Preliminaries:

Definition: ("

The Kasaj topology is defined by KSz(X) = {(KNS)U(K'NS') : K,K' € Tr(X), fixed S,S & 7z (X),SUS = U}

The Kasaj topology KSg(X) satisfies the following postulates:

1. U, ¢ € KSp(X)
2. The union of elements of any sub collection of KSg (X) is in KSg (X)
3. The intersection of any finite sub collection of elements of KSg (X) is in KSg (X)

Then (U, tr(X), KSr(X)) is called Kasaj Topological Spaces and the members of KSg(X) are called Kasaj-open (KS-open) set
and the complement of a Kasaj-open set is called a Kasaj-closed (KS-closed) set.

Definition: ()

The Kasaj closure and the Kasaj interior of a set P is denoted by KS.;(P) and KS;,(P) respectively. It is denoted by KS.;(P)
={Q: P C Q, Qis KS-closed} and KS;,,(P) = U{Q: Q C P, Q is KS-open}

Definition: (V

For any two subsets P, Q of U in a Kasaj topological space (U, 7g(X), KSg(X))

(i) P is a Kasaj-closed set iff KS.;(P) = P

(ii) P is a Kasaj-open set iff KS;y(P) = P

(iii) If P C Q, then KS;,(P) € KS;,(Q) and KS,;(P) € KS(Q)

(iv) KS¢; (KS.;(P)) = KS.(P) and KS; (KS; (P)) = KS;ye (P)

(v) KS¢(P) U KS(Q) € KS(PUQ)

(vi) KS;n (P) U KS;ins (Q) € KS;ie (PUQ)

(vii) KSCI(PQQ) C KSy(P) N KS.(Q)

(viii) KS;i; (PNQ) € KS; (P) N KS;(Q)

(ix) KS¢;(P) = [KS;n (P)]°

(%) KSin (P) = [KS(P)]¢

2 Methodology

In our paper work, the following methodologies are used: KSg- T0, KSgs- T0, KSsg- T0 spaces and KSg- T1, KSgs- T1, KSsg-
T1 spaces. If we pair distinct points and then there exist KSg, KSgs, KSsg -open sets such that the distinct points belong to any
one of the KSg, KSgs, KSsg -open sets in KSg- T0, KSgs- T0, KSsg- T0 spaces and KSg- T1, KSgs- T1, KSsg- T1 spaces. But in
KSg- T2, KSgs- T2, KSsg- T2 spaces, if we take each pair of distinct points, and then there exists KSg, KSgs, KSsg -open sets
such that the distinct points belong to any one of the KSg, KSgs, KSsg -open sets and so the intersection of two KSg, KSgs, KSsg
-open sets is empty. Likewise, KSg- T3, KSgs- T3, KSsg- T3 spaces, if given an element and KSg, KSgs, KSsg -closed sets belong
to a Kasaj topological space but element do not belong to KSg, KSgs, KSsg -closed sets and there exist distinct KSg, KSgs, KSsg
-open sets, two of which contain elements in one KSg, KSgs, KSsg -open set and KSg, KSgs, KSsg -closed set in another KSg,
KSgs, KSsg -open set. For KSg- T4, KSgs- T4, KSsg- T4 spaces, if given a pair of distinct KSg, KSgs, KSsg -closed sets, there
exists disjoint KSg, KSgs, KSsg -open sets contained in a Kasaj topological space. This implies that KSg, KSgs, KSsg -closed sets
contained in KSg, KSgs, KSsg -open sets.

3 Result and discussion
3.1 KS, -T,(i=0,1,2,3,4) spaces

In this section, we define and discuss some properties of KS; -To, KSg -T1, KS, -T2, KS, -T3 and KS, -T4 spaces in kasaj
topological spaces and obtain some of their basic properties.

Definition 3. 1.1. A KS topological space(U, g (X) ,KSg (X)) is said to be

(i) KS,-To spaces if given a pair of distinct points x,y € U either 3 a KSg-open set G € KSg(X) 2 x € G,y ¢ GorJa
KS,-openset H € KSg(X)oye H,x ¢ H.

(i1) KS,-Ti spaces if given a pair of distinct points x,y € U with x # y, 3 a KSy-open set G,H € KSg(X) > x € G,
y€¢GyyeH,x¢H.
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(iii) KS,4-T5 spaces if given a pair of distinct points x,y € U withx #y,3aKS,-openset G,H € KSp(X)>x€ G,ye H;
GNH=¢.

(iv) KS,-T5 spaces if given an element x € U and a KS,-closed set F C U > x € F, 3 disjoint KS,-open setsG1,G, CU >
xe Gy, F C G,

(v) KSg-Ty4 spaces if given a pair of disjoint KS,-closed sets C;,C, C U , 3 disjoint KSg-open sets C1,Co C U >
CiC GGC Go.

Example 3. 1.2. Let U = {a,b,c,d,e} with U/R = {{c,d}.{b,e}.{a}} and X = {a,b}C U. Then 1z (X) = { ¢, U, {a}, {a, b, €}, {b,
e}}. If we consider S={e}, S = {a,b,c,d} then KSg (X) = { ¢, {a}, {b},{e}{a, b}, {a, ¢}, {b, ¢}, {a,b,e},{a,b,c,d},U} and KS,-open ={
¢,{a}.{b},{c}.{d}.{e}.{a,b}.{a,c}.{a,d}.{a,e},{b,c},{b,d}.{b.e}.{c,e}.{d,e},{a,b,c}.{a,b,d},{a,b,e}.{a,c.e}.{a,d,e}.{b,c.e},{b,d,e},{a,b,c,d},

{a,b,c,e},{a,b,d,e}}

(i) Let d, e € U,d # e 3a KS, -open set ={a,d}> d € {a, d} and e¢{a, d}.

(ii) From Exemplar 3.1.2(i) and 3 a KS, -open set ={b,e}> e € {b, d} and d ¢ {b, e}.

(iii) From Exemplar 3.1.2 ((1)&(ii)) 3 {a, d} N {b, e} = ¢.

(iv) Let e € U, {a,d}= KS; -closed sets and e¢{a, d} 3 {c,e} and {a,b,d}= KS, -open sets Se € {c, e} and {a, d} C {a, b, d}.

(v) Let {c} and {d} = KSg-closed sets where {c}\neq{d} 3 {a,c} and {b,d}=KS,-open sets where {a, c} = {b, d}>{c} C {a, ¢} and
{d} C {b, d}.

Theorem 3. 1.3. If U is KS,-T space and V is a subspace of U then V is also KS,-T space.

Proof: Let U be KSg-Tg space and V be a subspace of U. To show that V is KS,-Tp space, let x, y € V with x # y. Since V C
U, we have x, y € U. But U is KS,-Tospace. So 3 a KS,-open set G > G contains only one pointx € Gand y ¢ G then VNGisa
KSg-open setin V 3x€ VNG and y VG. Hence V is KS,-Ty space.

Theorem 3.1.4. A KS topological space U is a KS,-Ty space iff KS,-closure of distinct points are distinct.

Proof: Let x and y be distinct points of U. Since U is KS,-T¢ space there exist a KS,-open set G5 x € Gandy € G.
Consequently, U — G is a KS¢-closed set containing y but not x. But KSg,(y) is the intersection of all a KS, -closed set containing
y. Hence, y € KSg(y). But x € KS,ci(y) as x €(U—G). Therefore, KS,(x)7#KS,c(y). Conversely, let KS,(x) #KSqq(y) for
x7#y. Then J at least one point z € U > z € KS,;(x) but zZKS,;(y). We claim x ¢ KS,(y) because if x € KS,;(y), x C KSg(y)
implies KS,c;(x) C KSg(y). So, z € KS,(y), which is a contradiction. Hence xZKS,;(y), which implies x € U-KS,;(y), which
is a KS,-open set containing x but not y. Hence U is a KS,-Ty space.

Theorem 3.1.5. A KS topological space U is KS,-T space if and only if each one point set is KS,-closed.

Proof: Assume that U is KS,-T space. Let x € U. Then for eachy € U — {x} 3a KS,-open set U >y € Uand x € U . Since,
x €U the sets {x} and U are disjoint. i e, {x} N U = ¢ that implies U C U — {x}. Thus,y € U C U — x that implies U — {x} isa
KS,-open set that implies {x} is a KS4-closed set. Conversely, assume that each point set is KS,-closed. Let x, y € U with x # y.
So, U — {x} is a KS,-open set containing y and but not x. Also, U — {y} is KS,-open containing x but not y. So U is KS,-T
space.

Theorem 3.1.6. Every subspace of KSg-T space is KSg-T space.

Proof: Let (U, g (X),KSg (X)) be KSg-T space. Let (V, 7z (Y),KSk (X)) be a subspace of U.

Letx,y € V with x # y. Since V C U, we have x, y € U. Since U is KS,-T space 3 KS,-open sets G and H such thatx € G, y
ZGandye H,xZHLetI=VNGand]J=VNH. ThenIand ] are KSg-open setsin V. Also,x e LyZIandy €], x¢]. So, V
is KS,-T space.

Theorem 3.1.7. A KS topological space U is KS,-T space iff every finite subset of U is KS,-closed in U.

Proof: Assume that U is KS,-Tj space. Let G be a finite subset of U. Let G = {x1, X, ...X,}. Then G = {x;} U {xp} U ...{x,,}
which is KS,-closed, begin a finite union of KS,-closed sets. Conversely, let each finite subset of U is KS,-closed in U. Then {x}
is KSg-closed since it is finite. Since each singleton is KS,-closed, U is KS,-T space.

Theorem 3.1.8. A KS,-closed subspace of KS, -T4 space is KS, -T4 space.

Proof: Let V be a KSg-closed subspace of KS, -T4 space. Let C; and C; are disjoint KS,-closed subsets of V. Since V is KS,
-closed in U, C; and C; are also KS; -closed in U. There exist disjoint KS, -open sets G and H in U such that C; € G and C;
C H. Since V contains both C; and C;, we have C; C VNG, C, C VN Hand (VN G)N(VNH)=¢. Since, G and H are
KS, -open in X, (V N G) and (V N H) are KS, -open in V. Thus, in the subspace V, we have disjoint KS; -open sets (V N G)
containing C; and (V N H) containingC,. Hence the subspace V is KS, -T4 space.

3.2 KS,-T;, (i=0,1,2,3,4) spaces

In this section, we define and discuss some properties of KSg-To, KSgs-T1, KSys-T2, KS,s-T3 and KS,e-T4 spaces in kasaj
topological spaces and obtain some of their basic properties.
Definition 3. 2.1. A KS topological space(U, Tz (X ), KSg (X)) is said to be
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(i) KSqs-To spaces if given a pair of distinct points x, y € U either 3 a KSg-open set G € KSg(X) 5x € G,y ¢ Gor Ja
KSgs-open set H €KSg (X)>y € H, x ¢H.

(ii) KSgs-T spaces if given a pair of distinct points x, y € U with x#y, 3a KSgs-open set G, H € KSg (X) 5x € G, y¢G; y €
H, x¢ZH.

(iii) KSqq-T2 spaces if given a pair of distinct points x, y € U with x# y, 3 a KS,s-openset G, H € KSz (X)>x€ G,y€ H, G
NH=¢.

(iv) KSgs-T3 spaces if given an element x € U and a KSgs-closed set F C U x¢Z F, 3 disjoint KSg,-open sets G1, Go C U 3 x
€ Gy, FC Gy.

(v) KSgs-T4 spaces if given a pair of disjoint KSgs-closed sets Cy, Co C U, 3 disjoint KSgs-open sets Gy, G» € UsCy C Gy,
Cy C Gy,

Example 3.2.2. Let U = {a,b,c,d,e} with U/R = {{c,e}.{a,b},{d}} and X = {a,b,c} CU. Then 7z (X)={ ¢, U, {a, b}, {c, e}, {a, b, c, e}}.
If we consider S={a,d}, S/:{b,c,e} then KSg (X)= {9, {a}.{b}.{a, b}, {a, d}, {c, e}.{a, b, d}, {a, c, e}, {b, c, e}, {a, b, c, e}, {a, ¢, d, e}, U }
and KS,s-open = {¢,{a},{b},{c},{e},{a,b},{a,c},{a,d},{a,e},{b,c},{b.e},{c,e},{a,b,c},{a,b,d},{a,b,e},{a,c,d},{a,c.e},{a,d,e},{b,c,d},{b,c.e},

{b,d,e},{a,b,c,d},{a,b,c.e},{a,b,d,e}.{a,c.,d,e}}

(i) Let b, e € U, b#e 3 a KS,s-open set ={b,c}>b € {b, cland e¢{b, c}.

(ii) From Exemplar 3.2.2(i) and 3 a KS,s-open set = {a,e}>e € {a, e} and b¢{a, e}.

(iii) From Exemplar 3.2.2((1)&(ii)) 3 {b, ¢} N {a, e} = ¢.

(iv) Let c € U, {a,e}= KSgs-closed sets and c#{a, e} 3 {b,c}and{a,d,e} = KSz-open sets > ¢ € {b, ¢} and {a, e} C {a, d, e}.

(v) Let {a,d} and {b,e} = KSg,-closed sets where {a, d}#{b, e} 3 {a,d} and {b,c,e} = KSgs-open sets where {a, d}#{b, ¢, e}>{a,
d} C {a, ¢} and {b, e} C {b, ¢, e}.

Theorem 3. 2.3. Let U is KSg-T space iff the intersection of all KSgs-neighborhoods of any point x in U is the singleton{x}.

Proof: Assume that U is KSg-T space. Let x € U. Let G be the intersection of all KSg,-neighborhoods of x. Let y be any
point in U different from x. Since the space U is KS,,-T space. 3 a KSy,-neighborhood N of x> y&N. Since y¢ZN, we have y¢G
since G is the intersection of all KSg,-neighborhoods of x. Since yZG, no point different from x is in G. Hence, G ={x}.

Conversely, assume that the intersection of all KS,s-neighborhoods of p in U is p. To prove that, U is KSg-T} space, let x,
y € U with x #y. Let G = N{all KSg-neighborhoods of x in U}. Then G ={x}. Let H = N{all KSg-neighborhoods of y in U}.
Then G ={y}. Since y#x, we have y¢ZG that implies 3 a KS,,-neighborhood P of x with yZU. Since x#y, xZH that implies a
KS,s-neighborhood Q3> y with x¢ZQ. Hence U is KS,,-T1 space.

Theorem 3. 2.4. For a KS topological space U, each of the following statement are equivalent:

(i) U is KSg,-T; space.

(ii) The intersection of all KS -open sets containing the set G is G.

(iii) The intersection of all KS,, -open sets containing the point x € U is {x}.

Proof: (i)= (ii) Suppose U is KS,, -T space. By Theorem (3.2.3) each singleton set is KSg -closed in U. Let G C U. Then for
eachx € U — G, {x} is KSg,-closed in U and hence U — {x} is KS, -open. Clearly, G C U — {x} for each x € U — G. Therefore
G CN{U — {x} : x € U — G}. On the other hand, if y¢G theny € U — G and y¢U — {y}. Therefore, y¢N{U — {x} : x € U — G}
C G. Therefore, the intersection of all KS,s-open sets containing the set G is G.

(ii)=- (iii) Suppose the intersection of all KSg, -open sets containing the set G is G. Take G = {x}. Then G = {x} = N{H: His
KS,s -open and x € H}. Therefore, the intersection of all KS, -open sets containing the point x € U is {x}.

(iii)= (i) Let x, y € U and y#x. Then yZ{x} = N{H: H is KSg, -open and x& H}. Hence, 3 a KS, -open set H containing x
but not y. Similarly, 3 a KSg, -open set H containing y but not x. Thus, U is KSg -T; space.

Theorem 3. 2.5. Each singleton set in space is KS,-closed.

Proof: Let U be KS, -T> space. Since U is KS, -T> space. This = U is KS, -Tspace.

= {x} is KSg -closed for x € U. Hence, each singleton set in KSg,-T>space is KSgs-closed.

Theorem 3.2.6. A subspace of KS, -T5 space is KS, -T> space.

Proof: Let V be a subspace of KS, -T5 space U. Let p, q € V with p # ¢g. Thenp,q € U.

Since U is KSg, -T> space, 3 KS, -open sets G and H such that p € G,q € Hand GN H = ¢. Thus, wehave GNH,HN'V
are KSg; -openin V, (GNV)N(HNV)=¢.pe GNVand q& HN V. Hence V is KSg -T> space.

Theorem 3. 2.7. In any KS topological space, the following are equivalent:

(i) U is KSg, -T space.

(i) For each x#y, 3 a KSg, -open set G > x € G and y¢ KS,,;(G).

(iii) For each x € U, {x} = N{KS,s; (U): U is a KS-open set in U and x € U}

Proof:
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(i)=(ii) Assume (i) holds. Let x, y € U and x#y, then 3 disjoint KS,, -open sets Gand H > x € Gand y € H. Clearly U —
H is a KSg -closed set. Since G N H = ¢, GCU-H. Therefore, KSg; € KSgy; (U — H) = U — H. Now y¢Z U — H that implies
Y¢ ngscl (G)

(ii)=(iii) For each x7#y 3 a KSys-open set G 3 x € G and yZKS (G). So y&Z N{ KSge (G): G is a KSgs-open set in U and
x € G}={x}.

(iii)=-(i) Let x, y € U and x#y. By hypothesis 3 a KSy,-open set G> x € G and KS(G). This implies 3 a KSg,-closed set H
> y¢H. Therefore,y € U — Hand U — H is a KS4s-open set. Thus, 3 two disjoint a KS4, -openset Gand U —H>x € Gandy
€ U — H. Therefore, U is a KSg,-T, space.

Theorem 3. 2.8. A space U is KS,,-T4 space iff for any a KSgs-open set A containing a KS,-closed set F 3 a KS,s-open set G
FCGC ngscl(G) CA.

Proof: Assume that U is KS, -T4 space. Since F and A€ are disjoint and KS, -closed sets in U, 3 disjoint KS, -open sets G
and H > F € Gand A C H. Since G and H are disjoint, G C HF, we have KS,;(G) C H® C A. Thus, we have a KS,s-open set
G > F C G C KSg(G) C A. Conversely, assume that the condition holds. Let A and B be disjoint KSg-closed sets in U. Since
B¢ is KS, -open and contains a KSg,-closed set A by assumption, there is a KS,,-openset V.3 A CV C KSg (V) C B€. Thus,
we have a KSg-open set V O A and [KS,s;(V )] 2 B. so U is KS,s-T4 space.

3.3 KS,, -T(i=0,1,2,3,4) spaces

In this section, we define and discuss some properties of KSsg -To, KSyg -T1, KSy, -T2, KS,e-T3 and KSy,-T4 spaces in kasaj
topological spaces and obtain some of their basic properties.

Definition 3. 3.1. A KS topological space (U, g (X),KSg (X)) is said to be

(i) KSsg-To spaces if given a pair of distinct points x, y € U either 3 a KS,-open set G € KSg(X)> x € G, y¢G or Ja
KS,,-open set H €KSg (X)> y € H, x¢H.

(ii) KSy,-T spaces if given a pair of distinct points x, y € U with x#y, 3 a KS,-open set G, H € KSg (X) 2x € G, y¢ Gy y
€ H,x¢ H.

(iii) KS,g-T> spaces if given a pair of distinct points x, y € U with x#y, 3a KSyg-open set G, H €eKSg (X)>x € G,y € H, G
NH=9.

(iv) KSg-T3 spaces if given an element x € U and a KS,g-closed set F C U > x¢ E 3 disjoint KS,,-open sets G1, G, C U > x
€ G, FC Gy

(v) KSy¢-T4 spaces if given a pair of disjoint KS,g-closed sets Cy, C, C U, 3 disjoint KS,,-open sets Gi, G C U 3 C; C Gy,
C, C Gy.

Example 3. 3.2. Let U = {a,b,c,d,e} with U/R = {{c,d},{be},{a}} and X = {a,e}C U. Then 7z (X)= { ¢, U, {a}, {a, b, €},
{b, e}}. If we consider S={a,e}, S ={b,c,d} then KSg (X)={ ¢, {a}, {b}.{a, b}, {a, €}, {a, b, e},{b, ¢, d}, {a, b, ¢, d}, U } and
KS,copen={¢,{a},{b},{a,b},{a,e},{b,c},{b,d},{a,b,c},{a,b,d},{a,b,e},{a,c,e},{a,d,e},{b,c,d},{b,c.e},{b,d,e},{a,b,c,d},{a,b,c,e},{a,b,d,e}}

(i) Leta,b € U, a#b 3 a KS,, -open set ={a,e} > a € {a, e} and b¢{a, e}.

(ii) From Exemplar 3.3.2(i) and 3 a KSy,-open set ={b,c}> b € {b, ¢} and a¢{b, c}.

(iii) From Exemplar 3.3.2((1)&(ii)) 3 {a, e} N {b, c} = ¢.

(iv) Let d € U{a,c}= KSy,-closed sets and d¢{a, ¢} 3 {b,d} and {a,c,e} = KSs-open sets >d € {b, d} and {a, ¢} C {a, ¢, e}.

(v) Let {c} and {e} = KSg-closed sets where {c}7#{e} 3 {b,c} and {a,e} = KS,-open sets where {b, c}#{a, e} 3{c} C {b, ¢} and
{e} C {a, e}.

Result 3.3.3. From the definitions which is defined above, we observe that

(i) Every KS-To, KS-semi-Ty, KSo -To, KS, -To spaces are KSgs(KSy, )-To space.

(ii) Every KS-semi-T, KS¢ -T1, KSg -T1 spaces are KSg(KS, )-To and KSg,(KS,e )-T1 spaces.

(iii) Every KS-semi-T5, KSo - T2, KS, -T> spaces are KSg,(KSy, )-To, KSgs(KSg )-T1 and KSg(KSy, )-T> spaces.

(iv) Every KS-semi-T3, KSy -T3, KS, -T3 spaces are KSgs(KSsg )-To, KSgs(KSsg )-To, KSgs(KSsg )-T> and KSgs(KSsg )-T3
spaces.

(v) Every KS-semi-Ty4, KSar -Ty4, KSg -T4 spaces are KSgs(KSsg )-T4, KSgs(KSsg )-T, KSgs(KSsg )-T2, KSgs(KSsg )-T3 and
KSgs(KSsg )-T4 spaces.

Remark 3. 3.4. The following graphs are directed graphs obtained from the above results in which the directed arc U — V
denotes that every U space is V space.

Theorem 3. 3.5. Let the topological space U is sg-T3 space iff KS topological space U is KS,,-T3 space.

Proof: Suppose U is sg-T3 space. Let x € U and A C U is KS,,-closed x € U —A. Therefore, x € U and A C U. Since U is
sg-T5 space, 3 disjoint sg-open sets G, H € U.x € G and A C H. This implies that x € G and A € H. Since G and H are disjoint
sg-open sets, we have GNH = ¢. Thus, GNH = ¢. Hence, G and H are disjoint KS,,-open sets. This implies that U is KS,,-T3
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\ V2
X
\/4 \/3

Fig1.Vi(i=1,2,3,4)ie, V1 = KS-T0, V2 = KS-semi-T0, V3 = KSa-T0, V4 = KSg-T0 V,(n = 5) ie., 5 = KS45(KSy,)-To

‘ﬁ

Fig2.V; (i=1,2,3) ie,V| = KS-semi-T}, V3 = KSg -T}, V3 = KSg-T| V,, (n = 4, 5) ie.,Vy4 = KSs(KSy )-To, Vs = KSgq(KSy)-T}

Fig3.V, (i=1,2,3)ie, V| = KS-semi-Ty, V3 = KSq -Ty, V3 = KS¢-Ty V,, (n = 4, 5, 6) ie., V4 = KSgs(KSyg)-To, Vs = KSg(KSy,)-T1,

Vi = KSgs(KSsg)-T2

Fig4.V;(i=1,2,3)ie, V| = KS-semi-T3, V) = KSq -T3, V3 = KS,;-T3 V, (n=4,5,6,7)ie.,V4 = KSgS(KSSg )-To, Vs = KSgS(KSSg)—Tl,
Ve = KSgS(KSSg)-Tz, V7 = KSgS(KSsg)-T3
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A\

Fig5.V, (i=1,2,3)ie, V| = KS-semi-Ty, V5 = KSg -T4, V3 = KSy-Ty V, (n=4,5,6,7, 8) ie., V4 = KS,(KSsg)-To, Vs = KSg (KSy)-T1,
Ve = KSgS(KSsg)‘TZa V= ngx(Kng)‘T3> Vg = ngs(KSsg)‘T4

space. Conversely, assume that U is KS;,-T3 space. Let x € U and A be sg-closed subset of U. Therefore, x € U and A is KS,,-
closed in U. Since U is KS,,-T3 space 3 disjoint KS,,-open sets G and H > x € G and A C H. Hence x € G and A C H. This
proves that U is KS,,-T3 space.

Theorem 3.3.6. A subspace of KS,-T3 space is KSy,-T3 space.

Proof: Let U be KS,-T3 space and V be a subspace of U. To prove that V is KS,-T3 space. Let P € V and F be a KS,-closed
set in V such that PZF. So, F = V N KS,;(F). Since P ZF. We see that P& KS,;(F). Since U is KSy,-T3 space, there exist disjoint
KS;¢-open sets G and H in U such that KSg,;(F) € G, P € H. Now F C KSsgcl(F) C G. Since F C V,F C VN G. SinceP € V
and P € H, P € VN H. Further, (VN G) N (VN H) = ¢.since GNH = ¢. Thus, VN G, VN H are KSy,-open sets in V,P € V
NH,FCVNGand (VN G)N(VNH)=¢.Hence, V is KS,-T3 space.

Theorem 3. 3.7. A KS topological space U is KSy,-T3 space iff for any x € U and KSy,-neighborhood N of x, there is a
KS;g-open set G 3 x € G C KS1(G) € N.

Proof: Assume that U is KS,,-T3 space and N is KS,g-neighborhood of x. Then N¢ is a KS,-closed set and x¢#N¢. Since U is
T3 space, there exist disjoint KSy,-open sets G and H > x € Gand N° C H. So, H* € N. Since G N H = ¢, G € H® = KS,;(G)
C H¢. Since HE is a KS,-closed set. Thus, x € G C KS,;(G) C N. Conversely, assume that the given condition is satisfied. Let
F be a KSy,-closed set in U and x¢ F. Since F° is KSy,-neighborhood of x, by assumption there is a KS;g-open set G>x € G C
KSsgc1(G) C F€. Thus, the disjoint KSy-open sets G and [KSg,;(G)]° contains x and F respectively. Hence, U is KS,-T3 space.

Theorem 3.3.8. The statements given below are equivalent

(i) U is KSyg-T3 space

(i) For x € U and each KS,-open neighborhood U 3 KS,-neighborhood of U such that KS,;(N) C U.

Proof:

(i)=-(ii) Let U be KS,g-neighborhood of x, 3 G belong to KSy,-open in U 3 x € G C U. Now G belongs to KS,-closed
in U and x¢ G°. From (i) 3 P, Q disjoint a KSy,-open set such that G C P, x € Q, PN Q = ¢. So, Q € M. Now KS,;(Q) C
KS;gc1(P€) = G and G°C P. This implies P C G C U. Therefore, KS;,;(Q) C U.

(ii)=-(i) Let KSy,-closed F in U and x & F or x € F® and U is KS,-open and so F€ is KSs-neighborhood of x. By hypothesis,
3 KS,g-open neighborhood N > x € N, KS,;(N) C F€. This implies F C {U — KS,;(N)} and N N {(U — KS(N)} = ¢. Thus,
U is KSyg-T3 space.

Theorem 3. 3.9. Let U is KS,-T3 space iff for every G belongs KS,-closed in U and pointp € (U — G) thenx € U,GC N
and KS;gc;/(N )N KSge1(U ) = ¢ where N and U are open sets.

Proof: Given that U is KS,-T3 space. Let G belongs to KS,,-closed in Uand U € G. Thenp € Mand G C Nand M NN = ¢
where M and N are open sets. This implies M N KS,;(N) = ¢. Since U is KS,-T3 space, p € P and KS,;(N) CQ, PN N = ¢
where P,Q are KSy,-open. Also, KSs/(P) N Q=¢.Let V=MNPthenp € V,G C Nand KS;,;(N)N KSye;(V) = ¢ where N,
V are KSy,-open in U. Conversely, suppose for all G belongs to KSy,-closed in U and p € (U — G), we have p € U, G C N and
KS;gc1(N)N KSyc1 (V) = ¢ where N, V are KSy,-open sets. This implies p € U, G € N, and VN N = ¢. Therefore, U is KS,-T3
space.

Theorem 3.3.10. For a KS topological space U the following are equivalent

(i) U is KS,g-T;3 space

(i) For every a KSq, -open set G is a union of KS-semi clopen sets.

(iii) For every a KS;, -closed set A is an intersection of KS-semi clopen sets
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Proof:

(i)=>(ii) Let G be a KSy,-open set Gandx € G. If A= U — G, then A is a KS,-closed set. By assumption there exists disjoint
KS-semi open subsets P and Q of U such that x € P and A C Q. If H = scl(P), then H is KS-semi clopenand HNACHNQ =
¢. It follows that x € H C G. Thus, G is a union of KS-semi clopen sets.

(ii)=-(iii) This is obvious.

(iii)=(i) Let A be a KSy,-closed set and x ¢ A. By assumption, there exist KS-semi clopen set H such that A C Hand x ¢ H.
If G=U — H, then G is KS-semi open set containing x and U NV = ¢. Thus, U is KSy,-T3 space.

Theorem 3. 3.11. For KS topological space U the following are equivalent:

(i) U is a KSy,-T4 space.

(ii) For every a KSy,-closed set A and every a KSy,-open set G containing A. There is a KS-semi clopenset H> ACHC G.

Proof:

(i)=>(ii) Let A be a KS,g-closed set and G be a KSsg-open set with A C G. Now we have A N (U — G) = ¢, hence 3 disjoint
KS-semi open sets Vi and Vo2 A C V1 and U — G C V,. If H = KS,;(V1), then H is KS-semi clopen satisfying A C H C G.

(ii)=-(i) This is obvious.

4 Conclusion

The class of KS-open and KS-closed sets has an important role to examine the separation axiom in kasaj topological space. In
this work, we studied new types of separation axioms namely, KSg-Ti (i=0,1,2,3,4) spaces; KSgs-Ti, (i=0,1,2,3,4) spaces and
KSsg-Ti, (i=0,1,2,3,4) spaces and the relation between spaces are discussed in new form, which are explained by direct graphs
and named the vertices as V1, V2, V3, V4, V5, V6, V7, V8 in the section 3. Several characterizations and the relation between
properties of the above sets of separation axioms are discussed and proved. Furthermore, useful results are investigated by
comparing KSgs(KSsg)-T3 spaces and KSgs(KSsg )-T4 spaces in the context of these new concepts.
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