INDIAN JOURNAL OF SCIENCE AND TECHNOLOGY

RESEARCH ARTICLE

Check for
updates

& OPEN ACCESS

Received: 12-07-2023
Accepted: 26-09-2023
Published: 31-10-2023

Citation: Maheswari D, Devi BM,
Devibala S (2023) Unrestricted
Mersenne and Mersenne-Lucas
Hybrid Sequences. Indian Journal of
Science and Technology 16(41):
3591-3598. https://doi.org/
10.17485/1)ST/v16i41.1726

*Corresponding author.

matmahes@gmail.com
Funding: None

Competing Interests: None

Copyright: © 2023 Maheswari et al.
This is an open access article
distributed under the terms of the
Creative Commons Attribution
License, which permits unrestricted
use, distribution, and reproduction
in any medium, provided the
original author and source are
credited.

Published By Indian Society for
Education and Environment (iSee)

ISSN
Print: 0974-6846
Electronic: 0974-5645

Unrestricted Mersenne and
Mersenne-Lucas Hybrid Sequences

D Maheswari'*, B Malini Devi2, S Devibala3

1 Research Scholar, School of Mathematics, Madurai Kamaraj University, Madurai, 21, Tamil
Nadu, India

2 Guest Lecturer, Department of Mathematics, Sri Meenakshi Government Arts College for
Women (A), Madurai, Tamil Nadu, India

3 Associate Professor, Department of Mathematics, Sri Meenakshi Government Arts College
for Women (A), Madurai, Tamil Nadu, India

Abstract

Objectives: The creation of Unrestricted Mersenne and Mersenne-Lucas
Hybrid Sequences is the goal. Methods: Consider Mersenne and Mersenne-
Lucas sequences associated with hybrid numbers. Then choosing the coeffi-
cients of hybrid numbers as arbitrary to find recurrence relations, generating
functions and Binet formulas for the above sequences, and verifying the same
through well-known identities. Findings: An infinite number of terms of the
unrestricted Mersenne and Mersenne-Lucas hybrid sequences are found. We
have verified these sequences through some well-known identities. Novelty:
In contrast to the study of Mersenne and Mersenne-Lucas hybrid sequences,
where the coefficients of the ordered basis of the subsequent components of
the sequences were chosen, here we choose arbitrary coefficients for these
sequences.

Keywords: Mersenne Sequence; MersennelLucas Sequence; Hybrid numbers;
Unrestricted Sequences; Binet Formula

1 Introduction

A number of the form M, = 2" — 1, where n is an integer, was first introduced in
1644 by French mathematician Marin Mersenne. The Mersenne sequences have been
the subject of numerous investigations. The Mersenne-Lucas sequences are defined as
ML, =2"+1, n>2with MLy =2, ML, = 3. At""?, we outlined the Mersenne Lucas
sequences, which include its generating functions and Binet formulas. In 2018, Ozdemir
proposed the hybrid number, which comprises real, complex, dual, and hyperbolic
numbers. It is of the form H = 7o + z1i + z2€ + z3h, where 29,21,22,23 € Rand i, €, h
are operators such that > = —1, €2 =0, i> =1, ih= —hi =i + €.

A number of authors delved into hybrid numbers with coefficients that are
familiar sequences, such as Leonardo®), Horadam®, Fibonacci®, Lucas(®, Pell?,
Jacobsthal ®9 Mersenne 19, and Mersenne-Lucas 'V, The authors in the studies above
select the ordered basis coeflicients for successive sequence elements, while we are using
arbitrary Mersenne and Mersenne-Lucas sequences that serve as the basis for hybrid
numbers. To learn more regarding this topic, see 1>~
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2 Method of Analysis

For any integers p, g, v and non-negative integer n, unrestricted Mersenne and Mersenne-Lucas hybrid sequences are

MDD = Myt My i Mg+ My

ML}({ q,v) =ML, +MLn+pi+MLn+q€ +ML;vh

where M,, and ML, are the n™ Mersenne and Mersenne-Lucas sequences respectively.
Unrestricted Mersenne and Mersenne-Lucas hybrid sequences satisfy the recurrence relations

M) — 3Mr(lzi«,lq-, v) 2M(P~,2q-, Y) and

n—

(P-a:v) _ 3307 a:7) (P-4 v)
ML =3mL " —2mML ]

3 Result and discussion

3.1 Generating Function

The generating functions for the sequences {M,(,p @ V)} 0and {MLg,’7 @ V)} ,are
n= n=

M(()”" q, V)+ (Milh q,v) _3Mé11- q; V))x

M ('x) = 1-3x+2x2

and

ML(()IL ) | (MLiﬁ, q,v) _3ML(()P= q, v>>x
1—3x+2x2

ML(x)=

Proof
Let us define M (x) =Y, Mr(ln q,v) e
M (x) = Mép" @) 4 fo”’ @) 4 Yo, ML)
Multiply this equation by —3x and 2x*, we obtain

=)

—3M (x)x = =3xM 4 =3 Y MP

n—1

Adding these three equations, we get

(1—3x+2x*) M (x)

=M (MY —3m ) 4 i (M) = 3m ) a0

(p,q.v) (p,q.v) (p,q.v)
M)+ () —3p 4 )
1—3x+2x2

Therefore, M (x) = .
ML(()p-, q, V)+ (ML(I"’ q.v) 73ML(()P1 q, v)>x
1—-3x+2x2 '

In a similar way, we obtain ML (x) =

https://www.indjst.org/ 3592
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3.2 Binet formula

For any integers p, g, v and n, the unrestricted Mersenne and Mersenne-Lucas hybrid sequences are

MY =20 —pand MLY *) = 2"a +b
wherea =1+2Pi+29¢+2"h, b=1+i+€+h.

Proof
Mr(lp. a.v) =M, + My, pi+Myy 4€+ My h
=@ =D+ (=) it (27 1) e+ (2 1)
=2"(14+27i+2%+2"h) — (1+i+&+h)
= 2”a_b.
MLSZP’ q; V) :MLn +MLn+pi+MLn+q8 +MLn+Vh
1y )i (e (2 1)
=2"(1+2"i4+2%+2"h)+ (1 +i+e+h)
=2"a+b.

3.3 Vajda Identity

For any integers p, g, v,m,n and k, we have
MM P M) = 2, (b ab)

Z-r v) *MLS,{] 9, V>ML(I77 q,v) _ ZmMn (ab—2kba)

(P, 9:v) a g7 (Ps
ML ML mn+k —

‘m-+n 'm-+

Proof

M,Ef;Z’ v) anpi/? v) M’&n q,v) Mr(nzl Z+Vk)

— (2m+na _ b) (2m+ka _ b) _ (2ma _ b) (2m+n+ka o b)

=2"hpg (2" — 1) —2Mab(2" - 1)
=2"M, (2¥ba — ab).

ML ML ML ML

= (2™ "q + b) (zm“‘a n b) — (2"a+b)(2" g + b)

= 2" kpq (2" — 1) +2"ab(2" — 1)

=2"M, (ab—2"ba).
If we substitute k — —n in the Vajda identities, we obtain the Catalan’s identities.
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3.4 Catalan’s identity

For any integers p, g, v,m and n, we have

2
M(Pw 9, V)M<pv q,v) _ (M’(npv 9, V>i| _ zm—nMn (b(l o Z"ab)

m-+n m—n

‘m-+n m— m

2
ML(‘D’ q, V)ML(p’ ;Ila v) _ (ML(‘D’ q, V):| — 2m—nMn (2”61[) o ba)
If we substitute n — 1 in Catalan’s identities, we get Cassini’s identities.

3.5 Cassini's identity

For any integers p, g, v and m, we have

m+1 m—

2
M(quv")M p4,v) _ (Mlslpﬁqa V)i| — 2m7] (ba—2ab)

i : 2
ML(p: g, ‘)ML(pv ‘]]’ ‘) _ (ML'(np’ 9 V>:| = 2'”71 (Zab — ba)

‘m—+1 m—

3.6 D'Ocagne’s identity
For any integers p, g, v,m and n, we have
MIS’LPY 9, v)M(p7 q, V) _ M(p! q, V)M'glpﬁ 4, V) — 2mab _ zﬂba

n+1 m+1

MLﬁf’ @) g (o) _ gy (P24 V)MLﬁ,p’ V) _onpa _2Map

n+1 ‘m+1
Proof
20 V) g (P @) (P 0V) oY)
R VR
= (2"a—b) (2""'a—b) — (2" 'a—b)(2"a—b)
=2"ha(1—2)—2"ab(1—2)
=2"ab—2"ba.
MLy ML ML L)
= (2"a+b) (2" a+b) — (2" a+b)(2"a+b)
=2"ba(2—1)—2"ab(2—1)
=2"ba —2"ab.
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3.7 Honsberger Identity
For any integers p, g, v,m and n, we have

. g(PsqV) 2 4(P: g V) (P+q,v) 7P 4 V)
LM, ) My + M M,

= 2" MLy — 2"baML; — 2" abMLy + 257

s (P @:V) a g7 (Py G v) (P, a;V) a g7 (P 0, v)
iil. ML, "7 "MLy +ML; ML,

=220 s+ 2"baM Ly + 2" abML, + 2b%

Proof

(P 4,v)

M(p;ql- V)Mr(lp., q,v) _|_M’$1P7 q, V>Mn+1

= (2" 'a—b) (2"a—b)+ (2"a—b)(2" " a—b)

=212 (224 1) = 2"ba(2+ 1) = 2" Lab (2 + 1) 4 267

= 2mtn=lg2 ML, —2"baMLy — 2™ 'abML; + 2b°.

ii. MLﬁfL‘f’ V)MLI(ZP’ q,v) _'_MLS’{% q, V)ML£,1:L,1q7 v)

= (2" 'a+b) (2"a+b)+(2"a+b)(2" 'a+b)

=2l (224 1) +2%a(2+ 1) +2" Lab (24 1) +2b7
= 2"t g2 MLy 4 2"baM Ly + 2™ 'abML, + 2b°.

3.8 Theorem

For any integers p, g, v and n, we have
i Mr(llh q, V)ML,(lp’q’ v) _ ZM’EP-,% v) — Mo, 7M2(n+p) +M2(n+q) + 2n+q+1vaq£ _ 2n+p+1Mq7p (1 Jrh) 4 2n+p+1Mv7p(l-+ 8)

i Mr(lp-, q,v) +ML’(1P~ q,v) _ ontl,
iii. My Y~ ML Y = 20
Proof

i M}Sn g, V)ML,(f’q’ v)

= (My + My pi + My g€ + My yh) (ML, + MLy pi + MLy g€ + MLy h)

=M, — M2(n+p) - Mn+qMLn+p + Mn+pMLn+q + M2(n+v) +i (Mn+pMLn + MnMLn+p - Mn+vMLn+p +Mn+pMLn+v} +
€ (M)H»qMLn - Mn+VMLn+p +MnMLn+q + Mn+vMLn+q +Mn+pMLn+v - Mn+qMLn+v} +
h (Mn+vMLn + Mn+qMLn+p - Mn+pMLn+q + MnMLn+v]

= Moy — My p) + Moy — (2P M) +i (2Manyp — 2" P IM, ] + € (2Mopg — 2P H M, 2700 IM,_ | +
h (2M2n+v + 2n+P+qu—p:|

https://www.indjst.org/ 3595
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= (Man + iMonyp + EMan g+ hMyiry) — My p) + Mo(niv) + iMopip + EMop g+
hMoy i — 2P (My_ )y — My pi — My p€ + My ph] + 27, e

= Mérf ) + (Még *M_ M2’1) =My (nyp) +Maniv) — atas (Mq*p —My_pi—My_p€ +quph] + 2n+q+1vaqe
_ 2Mr(ll’-,l]7 v) — Moy — Moy p) + Moy ) + 2"+q+1MU,qS _ 2n-&-p—¢—11‘,1qﬂ7 (1+h) JrZn+p-~-1]uv7p(iJr £).
i Mr(Lp, q,v) + MLELP’ q,v)

= (Myy + My pi + My g€ + My ph) + (ML, + MLy i + MLy € + MLy h)
= (Mrz +MLn) +i (Mner +MLn+p) +€ (Mn+q +MLn+q) +h (MnJrv +MLn+D)

= 2" (1 4 2P 4 €29+ h2Y)

— 2n+1a‘
i M’(/L q,v) —ML,({""” v)

= (M, + My pi+ My g€ +Myvh) — (ML, +MLyypi+MLy 1 4€ +ML, yh)
= (Mn - MLn) +i (Mn+p - MLn+p) + &€ (Mn+q _MLn+q) + h (MnJrv _MLn+v)

=-2(1+i+e+h)
— —2b.

3.9 Theorem

For any integers p, ¢, v and n, we have
L MP0 pmP e =3 (2m)a—2b

il MLE Y - MLP Y =327 a+2b

Proof

i Mr(/ilq, v) + Mr(lp, q,v)

= (Mys1 +My) +i(Myspir +Muip) + € (Mysqi1 + Mysg) +h(Myioir + Mpsy)

=3(2") (142" + €27+ h2"] —2(1+i+e+h)

=3(2")a—2b.
ii. ML) mr )

= (MLyy1+ML,) +i(MLyyp +MLyyp) + € (MLys g1 +MLyyg) +h (MLyjy 1 +MLyyy)

=3(2") (14i2° + €29+ h2"] +2(1 +i+e+h)

=3(2")a+2b.
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3.10 Theorem

For any integers p, ¢, v and n, we have
i 3Mr(llil‘17 v) _ 2Mr(zp’ q,v) — M]Efiz% v)
i M) _i_Mr(lzipq-, V)i+M,SfL’qq7 Ve +Mr(l1:g7 I},

=M ") — My — Miysp +Miyioy

Proof
i 3Mr(ltilq, v) 2Mr(zp’ q,v)

- (3Ml’l+l - 2Mn) + l (3Mn+p+l - 2Mn+p) + & (3Mn+q+] - 2Mn+q) + h (3Mn+1)+1 - 2Mn+1))

= Mp42 +Mn+p+2i +Mn+q+2£ +Mn+v+2h

— pPav)
- Mn+2 :
i M M B i MBS e M h

= (Mn +Mn+pi 'i‘]‘/lrz+q8 +Mn+1)h) + (Mn+p +Mn+2pi +Mn+p+q£ +Mn+p+1)h) i+ (Mn+q +Mn+p+qi+Mn+2q8 +Mn+q+vh) e+
(MnJrv +Mn+p+vi+Mn+q+vg +Mn+2vh) h

=MV (M pi =My 2p + My pig — Moyt prgh My p v € +Myy pivi] + (Muy g€ + My pirgh— Moy pig — My g v€] +
(M vh— Myt piv€ — My pivi+ Myt giv€ +Myyon]

= Mr(tp7 eV) - Mn+2p + Mn+2v + Mn+pi + MnJrqg + Mn+vh
=M — My~ Mys2p+ M0

3.11 Theorem

For any integers p, ¢, v and n, we have

i (M) 4 (M) (M) = 21 (221) a2 4 362 — 7(2") (ba + ab)

ii. (ML 82 — (ML ")) = 221a2 My + 27 (ab + ba)
Proof
i (M P2 = 22g2 _ anpg — dah 4 2
(MIEM%V))Z — 22na2 onbafZHab+b2

(Mr(zizq’ V))z QA2 o2 ont2gp 2

(Mr(lll q, V))2_|_ (MISZ;I% V))2_|_ (Mr(lljrvz% V))Z

=22 (1422 +2%) — 2"ba(1+2+2%) — 2"ab(1+2+2%) +3b*

=21(2%")a* 4 3b* —7(2")(ba + ab).

https://www.indjst.org/ 3597
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i (ML T2 = 22162 4 27ba + 2"ab + b?

(MLfl]ll%V))z :22n+2a2_|_2n+1ba+2n+lab_|_b2

(ML) = (g )

=222 (22 — 1) +2"ba(2 — 1) +2"ab(2 — 1)

=22"a’M, + 2"(ab + ba).

4

Conclusion

An infinite number of terms of the unrestricted Mersenne and Mersenne-Lucas hybrid sequences are found. One can generate
various number patterns whose characteristics satisfying unrestricted hybrid sequences.
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