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Abstract

Objective/Aim: To find the fixed point theorems and best approximation
results for the pair of self maps in the setting of metric and normed spaces.
Methods: We used the notion of generalized (¢, ¢, L), ,-weak contraction for
pair of maps in metric spaces and property (N) in Normed spaces. Findings:
Unigue common fixed points for four maps satisfying generalized (¢, ¢, L), .-
weak contraction condition and some best approximation results have been
established. Novelty/Improvements: Our results extend and improve the
existing results of Dahiya et al., Arya et al., He and Zhao etc. Examples have
also been added in support of our results.

Keywords: Metric space; Normed space; Common fixed point; Generalized
(@,0,L)r, - weak contraction; Best approximation

1 Introduction

In 1997, Alber and Guerre-Delabriere ") generalized the Banach contraction principle
by introducing the concept of weakly contractive mappings and proving the existence of
fixed points for weakly contractive mappings in Hilbert spaces. Thereafter, Rhoades®
assumed ¢ -weakly contractive mappings and Zhang and Song® introduced the
generalized ¢ - weak contraction and proved the fixed point results for these mappings.
Further, using the control function defined by Khan et al. ), the above results have been
generalized by many authors.

On the other hand, Berinde ® introduced the notion of (k, L)-weak contraction and
proved that many well known contractive conditions do imply (k, L)-weak contraction.
Afterward, many authors studied this new class of weak contractions and obtained some
significant results. In 2014, Rathee et al. © introduced the notion of (¢, ¢, L) ,¢~ Weak

contraction and proved a fixed point result for this contraction. In 2017, He et al.(”)
proved the common fixed point theorem for two mappings satisfying a generalized
(@, ¢) - weak contractive type condition in a complete metric space. Afterwards, Dahiya
etal.® established common fixed point results for generalized (¢, ¢)- weak contractive

https://www.indjst.org/

4073


https://doi.org/10.17485/IJST/v16i44.2511
https://doi.org/10.17485/IJST/v16i44.2511
https://doi.org/10.17485/IJST/v16i44.2511
dranibansal@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
www.iseeadyar.org.
https://www.indjst.org/

Reetu & Bansal / Indian Journal of Science and Technology 2023;16(44):4073-4080

mappings with constants in complete metric spaces. In 2023, Arya et al® generalized the results of He et al. 7).

In the present paper, we introduce the notion of generalized (¢, ¢, L), ,- weak contraction for the pair of self mappings
and obtain common fixed point results for (¢, ¢, L), - weak contraction, which generalize the existing results for generalized
(¢, @) - weak contractive type conditions. As an application, some best approximation results are also established which
generalize and extend various known results existing in literature.

Preliminaries

We now give some known definitions and standard notations that will be needed in the sequel:

Definition 2.1: Let (X, ||-||) be a normed space and T, S: X — X. A point x € X is called:

(1) fixed point of T if Tx = x.

(2) coincidence point of the pair {S, T} if Tx = Sx,

(3) common fixed point of the pair {S, T} if x = Tx = Sx.

We shall denote by Fix(T) the set of all fixed points of T and by C(S, T) the set of all coincidence points of S and T.

Definition 2.2: Let (X, ||-||) be a normed space and T, S: X — X. The pair {S, T} is called weakly compatible if STx = TSx for
allx € C(S, T).

Definition 2.3: A subset M of a normed space (X, ||-||) is said to be convex if the segment

[x, y] ={(1 — k)x+ky:0 <k <1}, joining x to y is contained in M for all x,y € M and k € [0, 1].

Definition 2.4: The subset M of a normed space (X, ||-||) is said to be q-starshaped if there exists ¢ € M such that the segment
[q,x] = {(1 —k)q + kx:0 <k < 1}, joining q to x is contained in M for all x € M and k € [0, 1].

Remark 2.5: Clearly, q-starshaped subsets of X contain all convex subsets of X as a proper subclass.

Definition 2.6!9): A subset M of a normed space (X, ||-||) is said to have property (N) with respect to T if

(i) T: M—M,

(ii) (1 - kn)q + k, Tx € M, for some q € M and a fixed sequence of real numbers &, (0 < k,, < 1) converging to 1 and for each
x € M.

Remark 2.7 () It is to be noted that each T-invariant q-starshaped set has property (N) but converse does not hold in
general. This is shown by the following example:

Example 2.8 19: Let X = R be the set of real numbers and M = {%, where n is a natural number} be endowed with the usual
norm. Define Tx = 1 for each x € M.

Then clearly, M is not

g-starshaped, but has property (N) with respect to T, for q =1, k, = 1- %

Definition 2.9: Let M be a nonempty subset of a normed space (X, ||-||) and x € X. If there exists an element yo in M such
that d(x, yo) = d(x, M), then yy is called best approximations to x out of M. We denote by Py (x), the set of all best approximation
to x out of M.

2 Main Results

First, we introduce the concept of generalized (¢, ¢, L) ,-weak contraction for the pair of self mappings in the following way:

Definition 3.1: Let S, T: X — X be two self maps on the metric space (X, d). Then the pair {S, T} is called a generalized
(¢, ¢, L); ,-weak contraction if for each x, y € X

(S5, Ty)) < (m(x,y) — ¢ (m(x, y)) + Lo(n(x, y)),

where f, g: X — X, L >0,

m(x, y)= max{d(fx, gy), d( fx, $x), d( gy, Ty), 1 [d( . Ty) + d( gy, Sx)]},

n(x, y) = min {[d(fx, $x) + d(gy, Ty)] , d(gy, Sx) , d(fx, Ty)},

and @: [0,00) — [0,00) is a continuous nondecreasing function with ¢(t) = 0 if and only if t = 0 and ¢: [0,00) — [0,e0) is a
lower semi continuous function from right such that ¢ is positive on (0, «) and ¢(0) = 0.

Remark 3.2: (i) If we take S = T in the above definition, then T is a generalized (¢, ¢, L)f7 ¢” weak contraction.

(ii) if f = g = I (identity map), then {S, T} is called generalized(¢, ¢, L )-weak contraction and if S = T, then T is called a
generalized(@, ¢, L )-weak contraction.

(iii) If L = 0 and g = f = identity map, that is, m(x, y) coincides with M(x, y), then {S, T} is called generalized (¢, ¢) - weak
contraction.

(iv) If S=T,L =0and ¢@(t) = t, then T is called a generalized

¢y, ¢ -weak contraction, which is the same as the generalized (f, g) -weak contraction investigated by Akbar et al. (see 1))
and if @(t) = (1 - k)t for a constant k with 0 < k < 1, then T is called generalized (f, g) -contraction.
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We now prove our main result which extends and improves many existing results, including the results of Rathee et al ® and
Dahiya et al.®. The following lemma is needed to prove our main result:
Lemma 3.3 ©): If /im d(¥n+1, yu) = 0 and {y2,} is a Cauchy sequence and converges to z, then {y2,11} also converges to z.
n—soo

Theorem 3.4: Let M be a nonempty subset of a metric space (X, d) and f, g, S, T be self mappings of M such that cl(T(M)) C
f(M) and cl(S(M)) C g(M). Assume that cI(T(M)) or cl(S(M)) is complete and the pair {S, T} is a generalized (¢, ¢, L) —weak
contraction. If the pairs {f, S} and {g, T} are weakly compatible, then M N Fix(f) N Fix(g) N Fix(S) N Fix(T) is smgleton ie.,f,
g, S, T have a unique common fixed point in M.

Proof: Let xg be an arbitrary point in M. Since cl(T(M)) C f(M), we can find x; € M such that Txp = fx;, and also, as cl(S(M))
C g(M), there exists xo€ M such that Sx; = gx,. Continuing this process, we obtain a sequence {y,} in M such that for every

n>0,

Yan = Txon = 2411 and yon 41 = Sx2n41 = gX2nt2-

If, for some n, y2,, = Y2541, then {y,} turns out to be a constant sequence, hence it is Cauchy. Now suppose that y2,7#y2,+1.

Using the fact that {S, T} is generalized (¢, ¢, L) , - weak contraction, for each n > 0, we have

(p(d(y2n+1’ y2n)) = (P(d (Sx2n+1> TxZn))

<o (I’Il (X2n+1ax2n)) -0 (m (X2n+17X2n)) +Lo (n (X2n+lax2n)) (3.1)

where
m(x2+1, X2n) = max {d(fx2, 11, gxan), d(fx2n41, Sx2041), d(gxan > Txan),
2 1d( 2011, Tozn) + d( g2, Sx2041) 1}
= max{d(y2n, Y2n-1)» A2 Y2n41)s d020-15 Y20)s 5 [d20—15 y2011] }
< max { d(y2n> Y2n-1)> d32m Yan+1)s 5 [d32n—1, Y20) + d(¥2n> Yont1)1}
n(x2,41, X20) = min {[d(fx2, 41, Sx2041) + (g%20, Tx2n)] 5 d(gX205 Sx2011) 5 d(fx20 41, Tx2s)}

= min {[d(y2n, y20+1) + dV20—15 y20)] s d¥20—15 Y20+1), 0} = 0.
Since ¢(0) = 0, and n(xp,11, x2,) = 0, therefore eqn. (3.1) becomes

¢ (d(y2nt1,¥2n)) < @ (M (Xon41,X2n)) — @ (M (X2n41,X2n)) (3.2)

This implies that
(p(d(erH»l, y2n)) S (P(m(x2n+l > xZn))-
As @ is a nondecreasing function, therefore, for each n > 0, we have
d(y2n+15 y2n) < m0241, X20)-
Now, we show that {d(y,+1, y»)} is monotonically decreasing sequence.
If possible, let d(y2n-+1,y20) > d(¥20, Y2n—1), then, by (3.1),
m (X241, X21) < d(Y2n+1> y2n) which implies that

@ (d(y2nt1,Y20)) < @ (d(yans1,¥20)) — ¢ (d(Yant1,Y2n)) (3.3)

This is a contradiction since @(t) > 0. Therefore, we have

d(y2n+1> y2n) < d(yZn) y2n—1)-

Similarly, it can be shown that d(y2,,, ¥2n—1) < d(y2n—1, Y2n—2). Therefore, for each n > 0, we have d(y,41, yn) < d¥n> Yn—1)-

Thus, the sequence {d(y,+1, y)}is nonincreasing. Also, the sequence {d(y,+1, y»)} is bounded below, therefore, there exists
r > 0 such that

Lim d(Ynt1,yn) = 1.
After letting n — o0 in (3.3), we obtain ¢(r) < @(r) - ¢(r), which is a contradiction unless r = 0. Hence,

limy, 00 d ()’thlaYn) =0 (3.4)

Now, we show that {y»,} is a Cauchy sequence in M. Let m, n€N and m > n. Then,

d(y2na y2m) S d(yZna y2n+l) + d(y2n+l> y2n+2) T d(y2m71> y2m)
Now, taking the limit as m, n — e and using (3.4), we get

l l'ﬂ d(y20, y2m) = 0. Thus, {y2,} is a Cauchy sequence in cI(T(M)). Therefore, by the completeness of cI(T(M)), there exists
m, n—oo

some z € cl(T(M)) such that

limy; o0 y2,, = limy, 00 TX2p = limy oo fX20 41 =2 (3.5)
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By Lemma 3.3, {y2,+1} also converges to z. Therefore,
im0 Y21 = limy—s0 Sxop+1 = limy—ye0 gX2n42 = 2 (3.6)

Further, cI(T(M)) C f(M), therefore there exists u € M such that fu = z. Now, we show that u is a coincidence point of S and f
in M. Since {S, T} is a generalized (@, ¢, L) 7 g-weak contraction, therefore, we have

< @ (m(u,x20)) — ¢ (m (u,x20)) + Lo (n(0,x20)) (37)

where

m(u, x2,) = max {d(fu, gx2,), d(fu, Su), d(gx2,, Tx2,), 5 [d(fu, Txz,) + d( gran, Su)l}

n(u, x2,,) = min {[d(fu, Su) + d(gx2, , Tx2,)] , d(gx2,, Su), d(fu, Txz,)}

Now using (3.5) and (3.6), we get m(u, x2,) — d(Su, z) and n(u, x2,) — 0 as n — oo,

Therefore, letting n — oo in (3.7), we get

©(d(Su, z)) < @(d(Su, z)) - ¢(d(Su, 2)).

This is true only if d(Su, z) = 0, that is, Su = z. But z = fu, therefore, Su = fu. Thus, u is coincidence point of S and f in M.
Since the pair {f, S} is weakly compatible, therefore,

Sz = Sfu = fSu = fz. Now, we show that Sz = z. Since {S, T} is generalized (¢, ¢, L) fe weak contraction, we have

@(d(Sz, tx2n41)) = @(d(Sz, Txz,))
< @ (m(z,x21)) — ¢ (m(2,%20)) + L@ (n(2,X20)) (3.8)

where

m(z, x2,) = max {d(fz, gx2,), d(fz, Sz), d(gx2 » Tx2n), 3 [d(fz, Txzy) + d( gron, S2)1}

= max {d(Sz, gron), d(Sz, Sz), d(gx2n > Tx2n), 5 [d(Sz, Txa,) + d( g, S2)1}

n(z, x2,) = min {[d(fz, Sz) + d(gxan , Tx2n)] , d(gxan, Sz), d(fz, Txzn)}

Now using (3.5) and (3.6), we can write

m(z, xp,) — d(Sz, z) and n(z, xp,) — 0 asn —> oo,

Therefore, letting n — oo in (3.8), we get

¢(d(Sz, 2)) < (d(Sz, 2)) - ¢(d(Sz, z)). This is true only if d(Sz, z) = 0; that is, Sz = z = fz.

The next step is to show that z is also a common fixed point for mappings g and T. Since cl(S(M)) C g(M), there exists a point
y in M such that Sz = gy. Now, we show that gy = Ty,

o(d(gy, Ty)) = 9(d(Sz, Ty))

< @(m(z,y)) — ¢(m(z,y)) + L ¢(n(z,y)),

where

m(z, y) = max {d(fz, gy), d(fz, Sz), d(gy , Ty), 3 [d(fz, Ty) + d(gy; S2)]}

= max {0, 0, d(gy, Ty), 5 [d(gy, Ty) + 0]} = d(gy , Ty)

n(z, y) = min {[d(fz, Sz) + d(gy, Ty)] , d(gy, Sz), d(fz, Ty)} = 0.

Thus, we get

¢(d(gy Ty)) < @(d(gy, Ty)) — ¢(d(gy, Ty)).

This is true only if d(gy, Ty) = 0; that is, gy = Ty. Now since {g, T} is weakly compatible, therefore Tz = TSz = Tgy = gTy = gz.
Finally, we show that Tz = z.

9(d(z, T2)) = 9(d(Sz, T2))

< @o(m(z, z)) - §(m(z, z)) + Lo(n(z, z)), where

m(z, z) = max {d(fz, gz), d(fz, Sz), d(gz , Tz), % [d(fz, Tz) + d(gz, Sz)1}

= max {d(z, Tz), 0, 0, % [d(z, Tz) + d(z, Tz)]} = d(z, Tz)

n(z, y) = min {[d(fz, Sz) + d(gy, Ty)] , d(gy, Sz), d(fz, Ty)} = 0.

Thus, we get

¢(d(z, Tz)) < @(d(z, Tz)) — ¢(d(z, Tz)), which implies z = Tz and hence Sz = fz = Tz = gz =z. Thus, z is common fixed
point of f, g, Sand T in M.

The proof is similar if cI(S(M)) is complete. Moreover, it can be easily shown that this z is unique and hence, M N Fix(f) N
Fix(g) N Fix(S) N Fix(T) is singleton.

Now, we give an example in support of Theorem 3.4:

Example 3.5: Let X = R and M = [0, 1) be equipped with the usual metric d(x, y) = |[x—y| forx,y € X. Letf, g, S, T: M —
M be defined by
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S(x) = log(1+ x), T(x) =log(1 + 7 ), f(x) = e* - 1and gx)=e"-1.
Define @, ¢: [0,00) — [0,00) by (p(t) 2tand ¢(t) = 3t forall t > 0.
Now we will show that {S, T} is a generalized (¢, ¢, L), ,-weak contraction. Let x, y € M, then using the mean value

theorem, we have
@(d(Sx,Ty)) =2d(Sx,Ty) =2 [Sx—Ty [=2 [log(l+x)—log(1+%) [<2- |4x—y |

1 ,

§§’€4x76}|

=5 ol

=5 |fx—ay
1 1

< 5 max Ifx—gyhlfx—SX\,lgy—TyI,g[lfx—Tyngy—SXI] ,
1 3

:Em(xvy)zzm(xay)iim(xvy)

— g(m(x,y)) — d(m(x,y)).

This yields that

(d(Sx, Ty) <p(m(x, ) - (m(x y) + L o(n(x, y)),

holds for all L > 0. Therefore, all the conditions of Theorem 3.4 are satisfied and hence S, T, f, g have a common fixed point.
Here it is clear that 0 is the unique common fixed point of S, T, fand g.

Remark 3.6: If we take S = T in Theorem 3.4, then we have the following result of Rathee et al.:

Corollary 3.7 ©: Let M be a nonempty subset of a metric space (X, d) and f, g and T be self-mappings of M such that
c(T(M)) C fiM) N g(M). Assume that cl(T(M)) is complete and T is a generalized (¢, ¢, L) e weak contraction. Then the
pair (T, f) and (T, g) have a unique point of coincidence in M. Also, if the pairs (T, f) and (T, g) are weakly compatible, then M
N Fix(f) N Fix(g) N Fix(T) is singleton.

Corollary 3.8: Let (X, d) be a complete metric space and let T be a self-mapping of X. If T is a generalized (¢, ¢)-weak
contraction, then T has a unique fixed point.

Remark 3.9: If we take f = g = identity mappings in Theorem 3.4, then we have the following result:

Corollary 3.10: Let M be a nonempty subset of a metric space (X, d) and let S and T be self-mappings of M such that
c(T(M)) € M and cl(S(M)) C M. Assume that cI(T(M)) or cl(S(M)) is complete and the pair {S, T} is generalized (¢, ¢, L) -
weak contraction. Then, M N Fix(S) N Fix(T) is singleton.

Now, we prove another fixed point result using corollary 3.10:

Theorem 3.11: Let M be a nonempty subset of a metric space (X, d) and f, g, S, T be self mappings of M such that cI(T(M))
or cl(S(M)) is complete and the pair {S, T} is a generalized (¢, ¢, L) fia weak contraction. Further assume that Fix(f) N Fix(g)
is nonempty, cI(S(Fix(f) N Fix(g))) C Fix(f) N Fix(g) and cl(T(Fix(f) N Fix(g))) C Fix(f) N Fix(g). Then M N Fix(S) N Fix(T) N
Fix(f) N Fix(g) is singleton.

Proof: Firstly, suppose that cI(T(M)) is complete. Then cl(T(Fix(f) N Fix(g))) is complete by the completeness of cl(T(M)).
Now, for any x, y € Fix(f) N Fix(g), we have:

¢(d(Sx, Ty) <@(m(x, y)) - ¢(m(x, y)) + Lo(n(x, ),

= @(M(x, y)) - 9(M(x, y)) + Lo(N(x, y)),

where

M(x, y) = max{d(x, y), d(x, $x), d(y. Ty), } [d(x, Ty) + d(y, S},

N(x, y) = min {[d(x, $x) + d(y, Ty)], (s $x) , d(x, Ty)}.

Hence {S, T} is generalized (¢, ¢, L)-weak contraction mapping on Fix(f) N Fix(g). Also, cI(S(Fix(f) N Fix(g))) C Fix(f) N
Fix(g) and cI(T(Fix(f) N Fix(g))) C Fix(f) N Fix(g), therefore by corollary 3.10, S and T have a common fixed point in Fix(f) N
Fix(g) and consequently, M N Fix(S) N Fix(T) N Fix(f) N Fix(g) is singleton.

The proof is similar if cI(S(M)) is complete.

Corollary 3.12 : Let M be a nonempty subset of a metric space (X, d) and f, g and T be self-mappings of M such that
c(T(M)) is complete, T is generalized (@, @, L) e weak contraction, Fix(f) N Fix(g) is nonempty and cl(T(Fix(f) N Fix(g)))
C Fix(f) N Fix(g). Then, M N Fix(T) N Fix(f) N le(g) is singleton.

In Theorem 3.11, if we take S = T and L = 0, then we easily obtain the following results which properly contains Theorem 3.3
of Akbar et al. '),

Corollary 3.13: Let M be a nonempty subset of a metric space (X, d) and f, g, T be self mappings of M such that cI(T(M))
is complete, T is a generalized (¢, ¢), - weak contraction, Fix(f) N Fix(g) is nonempty and cl(T(Fix(f) N Fix(g))) C Fix(f) N
Fix(g). Then M N Fix(T) N Fix(f) N Plx(g) is singleton.
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Common Fixed Point Theorems for Generalized (¢, ¢, L) 7, ¢~ Weak Contraction in Normed Spaces:
Now, we prove common fixed point results for generalized (¢, ¢, L) 1, ¢~ Weak contraction in the setting of normed spaces,

which contain similar results of Akbar et al.(!") and Rathee et al.©:

Theorem 4.1: Let M be a nonempty subset of a normed space X and S, T, f and g be self-maps of M. If Fix(f) N Fix(g) has
the property (N) with respect to S and T, cl(T'(Fix(f) N Fix(g))) C Fix(f) N Fix(g) and cl(S(Fix(f)NFix(g))) C Fix(f) NFix(g) and
S, T, 1, g satisty

P(K[[Sx=Ty[l) < @ (m1(x,y)) —k¢ (mi(x,y)) + kLo (m(x,y)) (4.1)

forallk € (0, 1) and x, y € M, where

(2)@: [0,00) — [0,00) is a continuous monotone nondecreasing function with ¢(t) = 0 if and only if t = 0,

(b)¢: [0,00) — [0,00) is a lower semcontinuous function from right such that ¢(t) > 0ift > 0 and ¢(0) =0,

(©)mi (%, y) = max{]| fx - gy], dist(fx, [q, Sx]), dist(gy, [q, Ty]), 5 [dist(gy, [q, Sx])

+dist(fx, [q, TyD]},

(d)n (x, y) = min{[dist(fx, [q, Sx]) + dist(gy, [q, Ty])], dist(gy, [q, Sx]), dist(fx, [q, Ty])

Then, M N Fix(S) N Fix(T) N Fix(f) NFix(g) #, provided that cI(S(M)) or cI(T(M)) is compact, S and T are continuous.

Proof: As T(Fix(f)NFix(g)) C Fix(f)NFix(g), S(Fix(f)NFix(g)) C Fix(f)NFix(g) and Fix(f)NFix(g) has the property (N) with
respect to S and T, therefore, for each n € N, we can define 7,: Fix(f) N Fix(g) —Fix(f) NFix(g) by T,x = (1- k,)q+k,Tx and

Spx = (1- k,)q+k,Sx, for all x € Fix(f) NFix(g) and a fixed sequence of real numbers k, (0 < k, < 1) converging to 1. Since
Fix(f) N Fix(g) has the property (N) with respect to S, T and cl(T(Fix(f) N Fix(g))) CFix(f) N Fix(g), cl(S(Fix(f) N Fix(g))) C
Fix(f) N Fix(g), we have cl(7, (Fix(f)NFix(g))) C Fix(f)NFix(g) and cl(S,(Fix(f)NFix(g))) C Fix(f)NFix(g) for each n €N. Also,
by the inequality (4.1)

o] Sux - Ty |) = @(ky [|Sx - Ty|])

<Q(m1(%,y)) - kn (1 (5, Y)) + kn Lo (11 (%, )

= QU5 Y)) - a1 (%)) + La@(1 (%, 1)),

where ¢, = k¢, L,= k,, L,

my (%, y) = max{||fx - gy]|, dist(fx, [q, Sx]), dist(gy; [q, Ty), 5[dist(gy, [q, Sx])

+ dist(fx, [q, TyD)]},

< glax{llfx— gyl 16 - Sux[l [lgy - Tuyll, 3(lIgy - Suxl| + | x - Ty |1},

an

n1(x, y) = min{[dist(fx, [q, Sx]) + dist(gy, [q, Ty])], dist(gy, [q, Sx]), dist(fx, [q, Ty]),

< min{[||fx - Sux|| + [lgy - Tuyll], gy - Sux]|, [|fx - Tyl[].

for all x, y € Fix(f) N Fix(g) and 0 < k,, < 1. Clearly, ¢,: [0,00) — [0,%0) is a lower semicontinuous function from right such that
oy, is positive on (0,e0) and ¢,,(0) = 0 and L,, > 0. Thus, for each n €N, {S,, T} is generalized (@, ¢y, L,) fia- weak contraction.

Now, suppose that cI(T(M)) is compact. Therefore, for each n € N, cl(7,(M)) is compact and hence complete for each n €
N. By Theorem 3.11, for each n > 1, there exists {x,} in M such that x,, = f(x,,) = g(x,) = S (xs) = T, ().

Again, the compactness of cI(T(M)) implies that there exists a subsequence {Txy,,} of {Tx,} such that Tx,, — z € cl(T(M)).
Since {Tx,} is a sequence in T(Fix(f) N Fix(g)) and cl(T(Fix(f) N Fix(g))) C Fix(f) N Fix(g), therefore z € Fix(f) N Fix(g).

Moreover

Xm = Ty (X)) = (1 - km)q + ki Txy— 2,

As Sand T are continuous on M, we have Sz = Tz = z. Similarly, we can prove the result if cI(S(M)) is compact. Thus, M N
Fix(S) N Fix(T) N Fix(f) N Fix(g) #9.

In theorem 4.1, if we take S = T, then we obtain the following result, which generalize the result of Rathee et al.©):

Corollary 4.2 : Let M be a nonempty subset of a normed space X and T, f, g be self-maps of M. If Fix(f) N Fix(g) has the
property (N) with respect to T, cl(T(Fix(f)NFix(g))) C Fix(f) NFix(g) and T, f, g satisfy

(K[| Tx Ty ) <@(mi (%, y)) - ko (my (%, y)) + KLg(n1 (%, y)),

forallk € (0, 1) and x, y € M, where

(2)@: [0,00) — [0,00) is a continuous monotone nondecreasing function with ¢(t) = 0 if and only if t = 0,

(b)¢: [0,00) — [0,00) is a lower semicontinuous function from right such that ¢ is positive on (0,e0) and ¢(0) = 0,

(cmi (x, y) = max{||fx - gy, dist(fx, [q, Tx)), dist(gy, [q, Ty)), 4 [dist(gy, [q, Tx))

+ dist(fx, [q, Ty])]},

(d)n (x, y) = min{[dist(fx, [q, Tx]) + dist(gy, [q, Ty])], dist(gy, [q, Tx]), dist(fx, [q, Ty])

Then, M N Fix(T) N Fix(f) N Fix(g) #9, provided that cl(T(M)) is compact and T is continuous.
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In Theorem 4.1, if we take S="T, ¢(t) =tand ¢(t) = (% - 1)t for a constant k with 0 < k < 1, then we easily obtain the following
result:

Corollary 4.3: Let M be a nonempty subset of a normed space X and T, f and g be self-maps of M. If Fix(f) N Fix(g) has the
property (N) with respect to T, cI(T(Fix(f)NFix(g))) CFix(f)NFix(g) and T, f, g satisfy

ITx - Ty || <m(x, y) +Lni(x, y), for all X, y € M, where

my (%, y) = max{||fx - gy]|, dist(fx, [q, Tx]), dist(gy, [q, Ty]), 5 [dist(gy, [q, Tx])

+ dist(fx, [q, TyDI),

n1(x, y) = min{[dist(fx, [q, Tx]) + dist(gy, [q, Ty])], dist(gy, [q, Tx]), dist(fx, [q, Ty])

Then, M N Fix(T) N Fix(f) N Fix(g) #@, provided that cl(T(M)) is compact and T is continuous.

Applications to Best Approximation:

Theorem 5.1: Let M be a nonempty subset of a normed space X and S, T, f, g be self mappings of X. If u € X and

D = Py(u), Do = D N Fix(f) N Fix(g) is q-starshaped, cl(S(Do)) CDy and cl(T(Dp)) CDy, cl(S(D)) or cI(T(D)) is compact, S
and T are continuous on D and (4.1) holds for all x, y € D. Then, Py/(u) N Fix(S) N Fix(T) N Fix(f) N Fix(g) #2.

Proof: Since Dy is q - starshaped set and it is S and T- invariant, therefore, Dy satisfies property (N) with respect to S and T.
Also, all the conditions of theorem 4.1 are satisfied; therefore by theorem 4.1, Pys(u) N Fix(S) N Fix(T) N Fix(f) N Fix(g) #9.

We now give another best approximation result:

Theorem 5.2: Let M be a nonempty subset of a normed space (X, ||.||) and S, T, f and g be continuous self mappings of X
such that S(0M NM) C M and T(dM NM) C M, where dM denotes the boundary of M. Let u be common fixed point of f, g, S,
T for some u € X\M. Further suppose that D = Py, (u) N Fix(f) N Fix(g) has the property (N) with respect to S and T and q €
Fix(f) N Fix(g) and f(D) = g(D) = D. If the conditions ||Sx - Tu|| < ||fx - gu|| and ||Su - Ty|| < ||fu - gy || and (4.1) holds for all
x, ¥ € D and one of the cI(S(D)) or cl(T(D)) is compact, then Py (u) N Fix(S) N Fix(T) N Fix(f) N Fix(g) #<.

Proof. Let x € D. Then, for any h € (0, 1), ||hu + (1- h)x - u|| = (1- h) ||x - u||< dist(u, M). It follows that the line segment
{hu + (1 - h)x: 0 < h < 1} and the set M are disjoint. Thus x is not in the interior of M and so x € dM NM. Since S(dM NM) C
M and T(dM NM) C M, therefore, Sx and Tx must be in M. Also, since f(D) = D, fx € D and u is common fixed point of f, g,
S, T, therefore, from the given contractive condition, we obtain

IS -ul = IS - Tul| < | - gul| = |1 - u]| = d(u, M),

and |lu - Tx|| = ||Su - Tx|| <||fu - gx|| = ||u - gx|| = d(u, M). Thus, D is both S and T- invariant. Hence, S(D) C D = g(D) and
T(D) C D = (D) Thus all the conditions of the theorem 4.1 are satisfied; therefore, there exists z € D such that z is a common
fixed point of S and T, i.e., Pys(u) N Fix( S ) N Fix(T) N Fix( f) N Fix(g) #9.

Corollary 5.3: Let M be a nonempty subset of a normed space (X, ||.||) and T, f and g be continuous self mappings of X such
that T(0M NM) C M, where dM denotes boundary of M. Let u be common fixed point of f, g and T for some u € X\M. Further
suppose that D = Py(u) N Fix(f) N Fix(g) has the property (N) with respect to T and q € Fix(f) N Fix(g) and f(D) = g(D) = D.
If the conditions || Tx - Tu|| < ||fx - gu|| and (4.1) holds for all x, y € D and cl(T(D)) is compact, then Py (u) N Fix(S) N Fix(T)
N Fix(f) N Fix(g) #2.

Rfl?ark 5.4: Corollary 5.1 and Theorem 5.2 extend and generalize the corresponding results of Akbar et al. ') and Rathee
etal.®),

3 Conclusion

In this paper, we extend the notion of generalized (¢, ¢, L) s o.-weak contraction mappings to the pair of mappings and prove the
common fixed point theorems for such types of mappings in the setting of metric space and normed space. As an application,
some best approximation results have also been established. The results proved in this paper generalize various known existing
results in the literature. Examples are also given that verify our theorems.
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