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Abstract

Objectives: To present a recursion formula on the order of an eccentric fuzzy
graph and the same is found by subdividing the set of lines in it. Methods:
Here, a special fuzzy graph known as an eccentric fuzzy graph denoted by
EF(G): (o.,u.), which is derived by eccentricity and diameter of a crisp graph
G*:(P,L) with membership function of point set o, and line set . is considered.
In this article, the wheel and ladder graph were mainly discussed. Findings:
With membership function of Eccentric fuzzy graph, the order of an eccentric
fuzzy ladder graph was established and the same is found by subdividing the
lines on the left path, right path and on both. Further, order for an eccentric
fuzzy wheel graph by subdividing rim, spoke and both. Additionally, recursion
formulas for atop were found. Novelty: This is the first article which deals with
the order of an eccentric fuzzy graph by subdividing edges.

2020 A.M.S Mathematical Subject Classification: 03E72, 05C07, 05C12,
05C69.

Keywords: Fuzzy sets; Fuzzy Graph; Distance in graph; Vertex degree;
subdivision

1 Introduction

Let G* : (P,L) denote the crisp graph with point set P and line set L, whose order and
size are n and m, respectively. Any two distinct end points p; and p; can be joined by
a line p;p;. Two points are said to be adjacent if they are joined by a line. The shortest
path between two points p; and p; is denoted by d(p;, p;) called distance. The farthest
distance from a point p; is defined as eccentricity, and it is denoted by ecc(p;) that
is, ecc(pj)=max{d(pi, pj)/pi,p; € P(G*)}. The maximum (minimum) eccentricity of
a graph is called the diameter(radius), and it is denoted by dia = max{ecc(p;)/p; €
P(G*)} (rad = min{ecc(p;)/pi € P(G*)}). The path is denoted by P, as a sequence
of distinct consecutive points and distinct consecutive lines. The closed path is called
a cycle Cy. The length of the shortest cycle of the graph is called the girth of the graph.
A new point u; is introduced and connect it to every point in a cycle, the new graph thus
obtained is called wheel graph and is denoted by Wy, The points on the cycle are called
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rim points, and the newly introduced point is the apex. The new lines are referred to as spokes. If G} and G are any two graphs,
then the cartesian product is denoted by G} x G3 and is defined as the cartesian product of P(Gy) and P(GZ) where the two
points (p1, p}) and (p2, p}) are adjacent in G* x G5 if and only if either p; = p; and p is ad]acent to p) in G3. Ladder graph
Ly is the cartesian product of two paths P, and Py denoted by P> x Py. Thus, the ladder graph has two paths, one on the left py
and one on the right p,, with a line that connecting two.

The idea of Eccentric fuzzy graph was first defined by Meenal et al. 1=%). This article mainly focused on order of an eccentric
fuzzy ladder graph and eccentric fuzzy wheel graph by subdividing the lines on it. Through which the recursion formula were
derived. The subdivision on ladder graph is made at a time for right path, left path and both. Further, for the wheel graph the
subdivision were made on rim, spoke and both singly.

Notation:

(1). Nr(O (EF (G*)) denotes the numerator part of a graph’s eccentricity sum.

(2). O(EF (Sp,(Lg))) denotes the order in subdividing on the left path of a ladder graph.

(3). O(EF (S2p,(Lg))) denotes the order in subdividing on both the left and right paths of a ladder graph.

(4). O(EF (Sp,(Lg))) denotes the order on the subdividing line between the left path and the right path of a ladder graph.
(5). O(EF (S(Ly))) denotes the order of subdividing on every line of the ladder graph.

(6). O (EF (Sy(Wy)))denotes the order in subdividing on the rim of a wheel graph

(7). O(EF (S5 (Wg))) denotes the order of subdividing on a wheel graph’s spoke

(8). O(EF (Sys(Wg))) denotes the order of subdividing a wheel graph’s rim and spokes

2 Subdivision of EF(G)

Definition 2.1 An Eccentric Fuzzy Graph EF(G) : (0, 1t.) under the crisp graph G* : (P,L) with the set of eccentric
membership functions as follows,
Eccentric Fuzzy Point set function o, (p;) : P(G*)to[0, 1]on the point set P(G") is specified as,

ecc(pi) .
dia(G*)’

Ce(pi) = Vpi € P(G").

(ii). Eccentric Fuzzy line set function as p.(pip;) : L(G*)to[0,1] on the line set L(G*) is specified as, U.(pip;) =
min{0.(pi),0.(pj)}: Vpipj € L(G*) that s, every line is a strong line.

Definition 2.2 Let EF (G) : (0., L) be an Eccentric Fuzzy Graph under the crisp graph G* : (P, L), then Order and Size are
defined as, O, (EF (G)) = ¥ ,ep(G+) Oe(Pj);  Vpj € P(G")

Se(EF(G)) = Xppicrich) Me(Pirj): ¥ pipj € L(GY).

Theorem 2.1 The order of a eccentric fuzzy ladder graph EF (L)), under the crisp graph Ly : (P,L) whose order is 2.,

where o0 > 4 is,
3a2+fa—1

Jif ais odd a
OEF (La)) = | iy OB 14 0 (EF (Ly.s)) = VOLELa)) | seis
~—if o is even

Proof. Let EF (L) be an eccentric fuzzy ladder graph whose crisp graph Ly, with pointset {p1, p2, ..., Pa, Pa+1, Pat2s-- > P2a}-
Case(i): If o is odd

The eccentricity of the point in a Ladder graph Ly is, ecc (p1) = & = ecc (pa+1) = ecc (pa) = ecc(pra);
ecc(pr)=a—1 —ecc(pa+2)—ecc(pa_l)—ecc( P(2a—1 ), .
ecc(paz1) = ecc(paan) = eCC(pw) ?3;666(%;1 ) = ece(paas) = 4.

Thus, the diameter is d ia(G*) =

The membership function of a point set is defined by, o, (p;) = ;l.c;((g% = %; Vp; € P(G*)

The order of a ladder graph is,
a—3 a+l
OEF(Lg)) =4 |9+l yo2 @) iy é]

o o o o

a( %) —(1+2+4-+%3)]
o

3024201
S -

a+1]

4l 12l

2
o

OEF (Ly)) = -
The recursion formula for eccentric fuzzy ladder graph is,
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_p(e3 Lokl
O(EF(Lg)) = Nr(o(EF(La)))+4((x+1)+4((x+2) 2( %342l

a+2 a2
O(EF (Ly)) = MOEFLa)) | dats

Case(ii): If a is even
The eccentricity of the point in a Ladder graph Ly is,

ecc(p1) =a=ecc(pas1) =ecc(pa) =ecc(pra);

ecc(pr) =a—1=ecc(pgt2) = ecc(pa—1) = ecc (p(m,])) e

2

a+4
ecc (p(%z) =ecc (p<3a,2)> = > = ecc (p(xTM) =ecc (p<3a+4)> ;
2

ece(pg) =ecc(p,, @) =4 =ecc(pag) = ecc(py, ap2).

Thus, the diameter is dia(G*) = o.
— ece(pi)

The membership function of a point set is defined by, o, (p;) = TGy = %3”'); Vpi €ELg

The order of a ladder graph is,

(=2
O(EF(LW)):4[Z+%+V+---+W}
_ gle®) -ttt )
3a2+2a «
OEF(Lg)) = é .

The recursion formula of the ladder graph,
O(EF (Lg,,)) = V(OEFLa))) | ot +blos2)-4(%5)

o+2 a+2
Nr(O(EF(L
O(EF (Lgy1)) = YOE L)) | 68
Remark 2.1

Order of an eccentric fuzzy ladder graph of a=3 is 16 i.e., O (EF (L3)) = 16
Theorem 2.2 The order of a eccentric fuzzy ladder graph by subdividing the lines on left path of ladder graph in an EF (L),
under the crisp graph Lq, : (P,L), whose order is 3t — 1, where o > 3 is,

902 +12a—9
—2A s ifaisodd .

O(EF (Sp, (La+2))) = {02 iotrs f and O(EF (Sp, (La12))) = VOUEMSr(La)) 4 9us1s
—aT if oiseven

Proof . Consider an eccentric fuzzy ladder graph EF(Ly) with a crisp graph Ly consisting of two paths with point
set (p1,p2,..-,Pa} denotes left path and {pg+1,Pa+2,---,P2a} denotes right path. Assume the subdivision of the line is
constructed as follows:

(i) Join the points p; to pg+; where 1 <i < a.

(ii). The newly added point on the subdivision of the line in the left path is represented by p(;)(; 1) where 1 <i < a —1.

The new point established after subdividing the lines on the left path is,

{pl yP(1)(2):P2:P(2)(3), P35 -+ s Pa—1:P(a—1)(a)s Pos Pot1; Pa+25 - - vp205} .

Case(i): If o is odd.

The eccentricity of the points is given by,

ecc(p1) = ecc(po) = ecc (17(1)(2)) = ecc (P(a—l)(a)) =o+1;

ecc(p2) = ecc(pa-1) = ecc (py3)) = ecc(pa+1) = ecc(paa) = ecc (P(a-2)(a-1)) = &

ecc(p3) = ecc(pa-2) = ecc (pay4)) = ecc(paya) = ecc (Paa-1)) = ecc (P(a—3)a—2)) = ¢ —1

https://www.indjst.org/ 10
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cce (pags) = e (pags ) =ece (pagyagn)) = e (prags)age) ) = ece (praags)) = e (ppags) ) = 257

o+3 a+1
> ECC(p(3a2+]>)

ecc(paT“) = ecc(p(gaTq)) = ecc(p(za2+z)) >

This implies that the diameter is dia(G*) = ot+1.

Thus, the membership value of point set is defined by, o, (p;) = ;fac(%;)) = ef;(fl" ), Vp; € P(G¥)

The order of an eccentric fuzzy ladder graph by subdividing the lines on the left path of the ladder graph is,

[e3 +z a+l
0<EF<spa<La>>>=6[a+1+$+1+ +OE+1)]+4[$1}]+3[( )]+[(ail)]
= il(a(“ ) — (142434 +92) | +4 (L] +3 (&3] + 5 (4]
9a+12a9
O(EF(Sp(La)) = o]

The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on the left path of the ladder
graph is,

’ N _3(9F5)_p(ad3)_(atl
O(EF (Sp, (Lay1)) = VrOEF Sy L)) | olars?) siloces)ea(ece )3 2%) 2 542)~(%5)

O(EF(SP (La))) _Nr (O(EF(SPaB(LSa—l)))) + 6a+212
o o+ a+3 -
Case(ii): If « is even.

The eccentricity of the points is given by,

ecc(p1) = ecc(pa) = ecc (P(l)(z)) = ecc (p(a_1>(a)) =o+1;
ecc(p2) = ecc(pa—1) = ecc (p)3)) = ecc(par1) = ecc(pra) = ecc (p(a—2)(a—1)) = %

ecc(p3) = ecc(pa—2) = ecc (p(3)(4>) = ecc(pg+2) = ecc (p(m,l)) = ecc (p(a,3)(a,2)) =a—1;...;

() =ee () =ee ) = (o) = e (esy) o) = 5

cce(pg) =ece (pusa) = ecc gy ug)) = ece (ppu)) = ece gy = 5575

ecc(p(%a)) = ecc(p(%)) = “T”.
This implies that the diameter is dia(G*) = a+1.
Thus, the membership value of a point set is defined by, o, (p;) = 5;;(%?) = egfl") ; Vpi € P(GY)
The order of an eccentric fuzzy ladder graph by subdividing the lines on the left path of the ladder graph is,

Ot2
OBF (S, (La) = 6 | g7 + &t ++ 517 +a [8]] 45| G 2| G

o+1 o+1
= a7 [a(%j>f(1+2+3+-~+“7‘6>]+4[31H+% (2] + 3 (2]
9a-+12a—8
O(EF (Sp,(La))) = Q

The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on the left path of the ladder

o+td o+2 a+t6
graph is, O(EF (Sp,)(La)) = NV(O(EZ(iI;a (La))) + 6(0‘+2)+4(0‘+3>+2(0‘+2;33(T+)*2(%)*(%)

Nr(O(EF(SPa(L3a_1)))) 9a+15
o+3 a+3

O(EF (Sp,(La))) =

Remark 2.2

https://www.indjst.org/ 1
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The order of an eccentric fuzzy ladder graph on subdivision of left path of a laddar graph is O(EF (Sp,) (L3)) =
24 and O (EF (Sp,) (Ls)) = 48.

Theorem 2.3 The order of a eccentric fuzzy ladder graph by subdividing the lines on both path of ladder graph inan EF (L),
under the crisp graph Ly, : (P,L), whose order is 40t — 2, where o > 3 is,

O(EF (Sar, (La))) = 2527 and O(EF (Sap,(Las))) = “HAEGrelbell) | 20y
Proof. Consider an eccentric fuzzy ladder graph EF (Lo )with a crisp graph Ly consisting of two paths with point set

(p1,p2,.-, Do } denotesleft pathand (pg+1, Pa+2,- - - P2a } denotes right path. Assume the subdivision of the line is constructed
as follows:

(1) Join the points p; to pg+; where 1 <i < a.

(ii) The newly added point on the subdivision of line in the left path and right path is represented by, p(; ;1) and
D(o+i)(a+(i+1))> where 1 <i<a-1.

The new point set after subdividing the lines on the left and right paths is,

{p1 yP(1)(2): P2:P(2)(3)s P35 -+ -s Pa—1,P(a—1)(a)s Pas Pa+1; P(a+1)(a+2) Pa+2 P(a+2)(a+3)s - - - Pa+l ap(2a—1))(2a)7p205}

If o is odd, The eccentricity of the points is given by,

ecc(p1) = ecc(pa) =ecc(pa+1) = ecc(pra) =20 —1;

ecc(p<a+1) = ecc(p(%)) =a.

2

This implies that the diameter is dia(G*) =20 — 1.
Thus, the membership value of a point set is defined by, o, (p;) = ;;:((gi)> = e;;(f? ;. Vpi € P(GY)
If o is even, The eccentricity of the points is given by,

ecc(p1) =ecc(pa) =ecc(pa+1) =ecc(pa) =20 —1;
ecc (P)@)) = ecc (Pla-1y(@) = ecc (Playa+n) = ece (Pa-1)oa)) = 2002

ecc (p%) = ecc <paT+2) = ecc (p(zTa)) = ecc (p(#)) = (X+1,

ecc(p(%)<aT+z)) = ecc(p(sTa)(sL;z)) =a.

This implies that the diameter is dia(G*) = 2¢-1.

Thus, the membership value of a point set is defined by, o, (p;) = ;f;((cpi>> =5 gff"l) ;  Vpi € P(GY)

For both the cases of a(either odd or even). The order of an eccentric fuzzy ladder graph by subdividing the lines on both
left path and right path of ladder graph is,

—1
O(EF (29, (La)) =2 [ £l + 2 4+ o] o e ]

— 2 (o= 1)+ (14243 4+ (a—1)]+2 [52]

a1
O(EF (Sap,(La))) = [%}

https://www.indjst.org/ 12
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The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on both left and right path
of the ladder graph for both the odd and even case of « s,

Nr(O(EF (Sypy (L B B
O(EF (S2p,(Lg.))) = (o( 25111’104( D) 4(2(X)+4(2oc;-()‘1-)~_12(a+1) 2
O(EF (Sap, (Lg))) = (O(Eggipla (La)) | 2(6oc+1)
Theorem 2.4 The order of a ladder graph by subd1v1d1ng the lines between left and right path in an EF(L¢), under the crisp

graph Ly : (P,L), whose order is 30, where o > 4 is given by,

9a2+18a 3 £ Jd
—=—if aiso

O(EF (Sp, (La))) = ga‘ﬁéa and
—a s if aiseven

O(EF (Sp,(Lg+2))) = Nf<0<EZ (igz L)) St 1s

Proof. Consider an eccentric fuzzy ladder graph EF(Ly) with a crisp graph Ly consisting of two paths with point set
(p1,p2,-.-,Py} denotes left path and {pgi1,Pa+2;s---, P20} denotes right path. Assume the subdivision of the line is
constructed as follows:

(i) Join the points p; to pg+; where 1 <i < .

(ii) The newly added point on the subdividing of the line between the left and right paths is represented by
Pi(a+i) Where 1 <i < o. Now, the new point established after subdividing the lines between the left and right paths
is, {Plap(l)(a+oc)7P2»p(2)(a+((x71))ap3» cosPa—15Pla—1)(a+2)s Pos P(a)(a+1)s Pot1s Pot25 - - - 7p206}-

Case(i): If o is odd.

The eccentricity of the points is given by,

ecc(p1) = ecc(pa) = ecc(pay1) = ecc(pra) = ecc (P(1)ara)) = €< (P(a)(ar1)) = &+ 1;

ece(p2) = ecc (paa-1)) = ecc (PR)ea-1)) = ecc(pa—1) = ecc(paya) = ecc (Pia—1)(a+2)) = O --

cce (pags) =ece (p(aaa)) = ce (pagnyags) ) = ece (p(age)sapn)) = ece () ) = ece (pags ) = 537
ecc(paTH) = ecc(p(%)) = ecc(p(%ﬂ)(%)) = O‘T"LS.

This implies that the diameter is dia(G*) = a+1.
Thus, the membership value of a point set is defined by, o, (p;) = jl‘;((gi)> = Efﬁrl 2 .Yp; € P(Sp, (La))
The order of an eccentric fuzzy ladder graph by subdividing the lines between left and right path of the ladder graph is,

O(EF(Sn(La)) =6 |82t + 853+ L2 | w6 ]+ [o2] +3 | GHY

o+1
(*)
a+1] +3 ail ]

8

— a7 [a(55%) - (142434 553 6 (23] 46

{9a2+143a+15]

O(EF(SPQ(L(X))> = o+1
The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines between left and right path
of the ladder graph is,

Nr(O(EF (Sp, (Lg _a(045\_a( a3
O(EF (Sp, (Laya))) = “HAE G b)) | Slaiz)iolety) 25 ) 3055 )
Nr(O(EF (Sp, (Lg
O(EF (Sp,(La2))) = LR Eel) | oats

Case(ii): If « is even.
The eccentricity of the points is given by,

ecc(p1) = ecc(pa) = ecc(pa+1) = ecc(pra) = ecc (pm(z(,)) = ecc (p(a)<a+l)) =o0+1;
ecc(p2) = ecc (Paa-1)) = ecc (Pa)a-1)) = ecc(pa—1) = ecc(pa+2) = ecc (Pa—1)(a+2)) = 03

ecc(p%) = ecc(paTﬂ) = ecc(p(%ﬂ%)) = ecc(p(%)) = eCC(p(aTJrZ)(Sa2+4)) 0?4

https://www.indjst.org/ 13
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This implies that the diameter is dia(G*) = ot+1.
Thus, the membership value of a point set is defined by, o, (p;) = 5;;((51>> = “&(f’l) Vpi € P(Sp,(La)).
The order of an eccentric fuzzy ladder graph by subdividing the lines between left and right path of the ladder graph is,

0(EF<SPZ<La>>>=6[a+1+3+f+ iy >}+6[“+‘]+6[a+1]

oz+l o+1
=gy [ (%) = (142434 + 9] +6 [ 2] +6 [ 55]
902 +18a
0<Efxs@<La»>::£—a%T—l~

The recursion formula on order of eccentric fuzzy ladder graph by subdividing the lines between left and right path of the
ladder graph is,
Nr(O(EF(Sp,(La))) | 6(0+3)+6(a+2)—6( %)

O(EF (Spy(Las2))) = OE S (L) | slaidiolas,
Nr(O(EF (Sp, (Lo
O(EF (Sp,(Lg+2))) = o ai;’z( )))+9a+18

Theorem 2.5 The order of a ladder graph by subd1v1d1ng the lines on both paths and between left and right path in an EF(L,)
under the crisp graph Ly, : (P,L), whose order is Sa — 2, where o > 3 is given by,

15024205
—2—if aisodd
OEF(S(La)) = 150290 f andO(EF (S(Lq+2))) = NHOELSL)) 4 30032
se——if o is even

Proof. Consider an eccentric fuzzy ladder graph EF (L) with a crisp graph Ly, consisting of two paths with point set denotes
{P1,DP2,---,Pa} left path and {pg11,Pat2,---,P2a} denotes right path. Assume the subdivision of the line is constructed as
follows:

(1) Join the points p; to pg+; where 1 <i < a.

(ii) The newly added point on subdivision of lines on the left path, the right path, and lines between the left and right paths
are represented by p(;)(i-1)> P(ati)(a+(i+1))> Where 1 <i< a —1and p(;(qi) where 1 <i< . Now, the new point established
after subdividing the lines on the left path, the right path, and the lines connecting the left and right paths is,

{pl7[)(1)(2)7172517(2)(3)71737 co s Pa—1,Pla—1)(a)s Pas Pa+1s P(a+1)(a+2)) Pa+2; P(a+2)(a+3)s - -+ s P2a—1, P2a—1)(2a) s

Potas P(1)(a+1): P(2)(a+2) Pla) (2a) }-
Case(i): If o is odd.
The eccentricity of the points is given by,
ecc(p1) = ecc(para) = ecc (P(1yara)) = ecc (Pa) = ecc(pat1) = ecc (P(ay(a+1)) = 20
ecc (P)@)) = ecc (Pla-1)(@) = ecc (Platiara) = ece (P<a+<a71))<a+a>) =2a-1;
ecc (pz) =ecc (pa+(oc 1)) = ecc (p2 (a+(a—1)) ) =ecc(pa—1) = ecc(pat2) = ecc (p(a,l)(aﬂ)) =200—2;...;
ece (g e)) =ece(prag a5 ) = ece (o) o)) =ece (o)) = a2
ECC(pa2+1 )= ecc(p(m2+1 ) = ECC([)(a+I (3ot )) =o+1
This implies that the diameter is dia(G*) =
Thus, the membership value of a point set is deﬁned by, 0, (pi) = 5;‘((5;)) = “;Ex 20/ p; € P(S (Lo ).
The order of an eccentric fuzzy ladder graph by subdividing the lines on right path, left path and between left and right path
of the ladder graph is,

O(EF(S(L(X))) 6|:OC+3+06+5+ +( )jl +4|:a+2+05+4+ +((x+(oc 1)):|+3|:L‘H:|
Zl) 24446+ +(a—1))

=S [ () +(B+5+7+.. +a)]+2a[a( -1 2a
=2q [@(“71) + (“F1) @O+ (T =) 2)] + 5 [a (57 + (57) @)+ (%7 - 1) )] +3[5F]
mmmLm:[i }

The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on left path, right path and

lines between left and right path of the ladder graph is,
O(EF(S(La+2))) _ Nr(o(gg(fiLa)))) + 4(2a+1)+6(2a+2)+4(2a+3)+26((12+a4+4) 3(a+1)—4(a+2)—3(a+3)

Nr(O(EF(S(Lg
O(EF(S(Las+2))) = MOUES L)) | 390132
Case(ii): If « is even.
The eccentricity of the points is given by,

https://www.indjst.org/ 14
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+a)) = ecc(pa) = ecc(pat1) = ecc (pay(at1)) = 20

ecc(p1) = ecc(pa+a) _ecc( P(1)(a+
= ecc (P(a+1)(ar2) = ecc (Paa-1)ew) =20 1;

ecc (p1ya) = ecc (Pia—1)(a))

ecc(p2) = ecc (p(2a71)) =ecc (p(Z)(Zafl)) = ecc(pa—1) = ecc(pa+2) = ecc (p(a—l)(a+2)) =200—12;...;

cce(pg) = ece (pag) =ece (pig) ) ) = ece (ppsp)) = ece (p(egen)) = ece (pagzyan)) = o2

ccelpig)(eg2)) = ecclp(p)z)) =t 1
This implies that the diameter is dia(G*) = 2.
Thus, the membership value of a point set is defined by, 0. (p;) = ;fac((c”;)) = <)y € P(S(Losa)).

20
The order of an eccentric fuzzy ladder graph by subdividing the lines on left path, right path and lines between the left and
right path of the ladder graph is,

O(EF(S(LO;))) 6[a+2+a+4+ +a+a}_~_4|:a+3+a+5+ _|_(05+<0‘ 1))]4_2[0627-;1}

Sla($)+2+4+6++a)]+ 5 [a(%2)+(B+5+T+ -+ (a—1))] +2[%!
2 [0 (5) +(5) @) + (7 = 1) 2] + 5 [o () +(%5%) 23) + (57 ~ 1) D] + 2[5
150~ 42a—4
O(EF(S(La)) - L
The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on left path, right path and

between left and right path of the ladder graph is,
0(EF(S(La+2))) _ Nr(o(gg(fiLa)))) 4(2a+1)+6(2a+2)+4(2a+3)+26((1234+4) 2(a+1)—6(0+2)—2(0o+3)

O(EF(S(Lg2))) = NV(O(gg(f( o)) 4 30ai32.

lustration 2.1 Consider a ladder graph L;; with point set {p1, p2,..., P11, P12, P13, -, P22 }. Assume that, if the lines are
subdivided once, then the new point set for o=11 is,

{m yP(1)(2)s P2 P(2)(3), P35+ -+, P6,P(6)(7): PT: P85 P(8)(9)s P95 - - - s P13, P(13)(14) P14, P(1)(22)> P(2)(21)» - - - » P(11)(1 1)}-

From Theorem 2.5, the eccentricity and membership value of points on subdivision of ladder graph were defined and thus
the diameter is 2o If =11 which is odd, then the order of an eccentric fuzzy ladder graph by subdividing the lines on left path,

right path and lines between the left and right path of the ladder graph is,
O(EF (S(L1))) = 6[”*34—1”5—# +<11+11)}+4{11+2+11+4_~_ +M}+3[11+1] _

Sl (M) 434547+ -+ 1]+ 35 [a (U + 2+4+6+-+ (11— 1))] + 3 [ ]
[15(11)2;2(11) 5]
O(EF(S(L1))) = —— = 5.
The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on left path, right path and

lines between left and right path of the ladder graph is,

O(EF(S(L11+2))) = Nr(O(zlill'?l()i(i”))))+4(2(11)+1)+6(2(11)+2)+4(2(11)+3%2—l61()2+(‘1‘1)+4)—3(11+1)—4(11+2)—3(11+3)

O(EF(S(L13))) = (0(EF2(65<L11)))) + 30(121%+32 _ mg
If =12 which is even, then the order of an eccentrlc fuzzy ladder graph by subdividing the lines on left path, right path and

lines between the left and right path of the ladder graph is,
O(EF(S(L12))) = 6 [ 122 4 124 4 . Jr12+12]+4[12+3+12+5Jr Jr(12+(l2 1))}+2[@]
=S 12(3)+Q+4+6++12)] + 4 [12(22) + B+5+T+-+ (12— 1)) +2 [1ZH]

{15(12)%2(12)74]
_ 2 684+380+26

O(EF(S(LIZ))) 1090.
The recursion formula on the order of an eccentric fuzzy ladder graph by subdividing the lines on left path, right path and

lines between left and right path of the ladder graph is,
Nr(O(EF(S(L12)))) | 4(2(12)+1)+6(2(12)+2)+4(2(12)+3)+6(2(12)+4) —3(12+1)—4(12+2) ~3(12+3)

O(EF(S(L1242))) = —3mpa T 2(12)+4
O(EF(S(Lyg))) = “HOEFSE)) | 300302 _ 1482

Theorem 2.6 The order of an eccentric fuzzy wheel graph EF(Wy), under the crisp graph W, whose order is o+1, where
o > 4 is given by,0 (EF (Wy)) = 2% and O(EF (Wo1»)) = O(EF (Wy)) + 1
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Proof . Let EF (Wy) be an eccentric wheel graph with points {p1, p2,...,p«} and central point py 1. The eccentricity of
the points are given by,

ecc(p1) =ecc(pr) =+ =ecc(pa) =2;ecc(pat1) = 1.
The diameter of wheel graph is 2.
Thus, the membership value of point are, o, (p1) = 0, (p2) = - = 6c(pa) = 5:Ce(Pa+1) = 5.

The order of a wheel graph is,

O(EF (Wa) = (3) + (@) (3)

O(EF (Wq)) = 2%,

The recursion formula on order of the eccentric fuzzy wheel graph is,

O(EF (Wai1)) = O(EF(Wa)) + (2)

O(EF (Wos1)) = O(EF(Wo)) + 1.

Remark 2.2 Order of eccentric fuzzy wheel graph of a=3 is 4 i.e., O (EF (W3)) = 4.

Theorem 2.7 The order of a wheel graph by subdividing the lines on rim in EF(Wy) under the crisp graph W, whose order
is20t+ 1, where o > 4 is given by,

O(EF (S;(Wa))) = 1%2 and O(EF (S,(We11))) = O(EF (S,(Wa))) + (1)

Proof . Let EF (W) be an eccentric wheel graph with points { p1, pa, . . ., po } and central point pg 1 | . Assume the subdivision
of line is constructed as follows,

(i) Connect the cycle p; to pg and pgy1 to p; where 1 <i < .

(ii) The newly added point on subdivision on rim is represent by p(;(1) where 1 <i < a —1.

The eccentricity of the points is given by,

ecc(p1) =ecc(pr) =+ =ecc(pg) =3;

ecc(py2) = ecc(paya)) =+ = ecc(Pa—1)(a)) = ecc(P(ay(1)) =4 ecc(pa+1) = 2.

The diameter of wheel graph is 4. Now the new points on subdivision of rim on wheel graph is
{P1,P(1)2)s P2 P(2)(3)5 P35+ s Pla—2)(a—1)> Pa—1 P(a—1)(1)> Pat }-

Thus, the membership value of point are, 6, (p;) = <2 — %(P");Vpi € P(S,(Wy)).

= ialG*)
3
Oc(p1) = 0e(p2) =+ =0 (pa) = 2
0.(P(1)2) = Ce(P2)3) = = Oe(Pa-1)(@)) = Fe(P(a)(1)) = 3:0e(Pai1) = F.

The order of wheel graph on subdivision of rim is,

O(EF,(Wa)) = (3) + e (3) +a(3)

O(EF,(Wa)) = 1%

The recursion formula on subdividing rim on an eccentric fuzzy wheel graph is,

O(EF,(Was1)) = O(EF,(Wa)) + (3) + (5)

O(EF,(Wa1)) = O(EF,(Wa)) + (7).

Remark 2.2 Order of eccentric fuzzy wheel graph on subdivision of rim of @=3 is ? ie,O(EF,(Ws3)) =

Theorem 2.8 The order of a wheel graph by subdividing the lines on rim and spoke in an EF(W,,) under the crisp graph Wy,
whose order is 3a + 1, where ¢ > 5 is given by,

o (EF (Srs (Wa))) = 15L;r?’ and O(EF(Srs(WOC+2))) = O(EF(Srs(LOC))) + (%)

Proof. Let EF (W) be an eccentric wheel graph with points {p1, p2, .. ., pa } and central point pg. 1. Assume the subdivision
of line is constructed as follows,

(i). Connect the cycle p; to py and pg-1 to p; where 1 <i < .

(ii). The newly added point on subdivision on rim and spoke is represent by p(;;1) where 1 < i < a —
1 and p(j)(gs1) where 1 < i < a. Now the new points on subdivision of rim and spoke on wheel graph is
{P1,P1)2)> P2, P2)3), P35+ > Pla—2)(a—1)> Pa—15 Pla—1)(1)s Pats P(1)(@)s P(2)()s - - » Pla—1)(at) }-

The eccentricity of the points is given by,

20
-

ecc(p1) =ecc(pr) =---=ecc(pg) =3;

ecc(p(1y2)) = ecc(py3)) =+ = ecc(P(a—1)(a)) = €cc(P(a)(1)) = 6
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ece (p(1ya+1)) = ecc (Payat1)) = = ecc(P(ay(at1)) = 4secc(pat1) = 3.
The diameter of wheel graph is 6. Thus, the membership value of point are,

Oe(pi) = Stk = < ip, € P(S,, (W)

5 6
O (p1) = G (p2) =+ = 0e(Pa) = ¢1 Ce(P(1)2) = Oe(P2)(3) =+ = Oe(P(a-1)(0) = Oe(P(a)1)) = ¢
% (P(1)(@) = % (Pe)(@) =+ = Oe(Ploy(as1) = §:Oe(Patt) = §-
The order of wheel graph on subdivision of rim and spoke is,
O(EF (Sis(Wa))) = (3) + o (5) + (3) +(8)
O(EF (Ss(Wa))) = B¢
The recursion formula on subdividing rim and spoke on eccentric fuzzy ladder graph,
O(EF (S1s(Waci1))) = O(EF (Sis(Wa)) + (§) + (3) + (§)
O(EF (Sys(Wa+1))) = O(EF (Sis(Wa))) + () -
Remark 2.3
1. Order of eccentric fuzzy wheel graph on subdivision of rim and spoke of =3 is 3 i.e., O (EF, (W3)) = 3.
2. Order of eccentric fuzzy wheel graph on subdivision of rim and spoke of a=4 is % ie, O(EFs(Wy)) = 5?5

Illustration 2.2

Let us consider a wheel graph Wy by subdividing every line, then new points are

{Pl,P(l)(z)aP27P(2)(3)’P37P(3)(4)’ P4,P(8)(9)s P9:P(9)(1)5 -+ -5 P(1)(10)5 P(2)(10)5 - - - 5 P(9)(10), }

From Theorem 2.8, the eccentricity and membership value of points on subdivision of wheel graph were defined and thus
the diameter is 6. The order of wheel graph on subdivision of rim and spoke is,

O(EF (Srs(Wo))) = (3) +9(5) +9(3) +9 (&)

O(EF (S,4(Wy))) = 22 = 8.

The recursion formula on subdividing rim and spoke of an eccentric fuzzy wheel graph,

O(EF (Sys(Wos1))) = O(EF (S,s(Wo)) + (§) + () + (8)

O(EF (S1s(Wio))) = O(EF(S,5(W))) + () = 3.

3 Conclusion

A special fuzzy graph known as an eccentric fuzzy graph is considered in this with a defined membership function of point set
and line set and with the eccentricity and diameter of a crisp graph. Further, the recursion formula on order by subdividing lines
of left path, right path and on both on the ladder graph and rim, spoke and both on wheel graph were found with membership
function of eccentric fuzzy graph.
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