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Abstract

Objectives: To prove some fixed point theorems and common fixed point
theorems by using partial b-metric spaces. Methods: Ciric type contraction for
single-valued mapping is also used to prove fixed point theorem and Nadler's
type Banach contraction is used to produce fixed point and common fixed
point theorems. Findings: We have to find fixed point and common fixed point
theorems for single valued mapping and a fixed point theorem for multivalued
mapping. Novelty : We have to use a new type of space called partial b-
metric space to prove all the theorems in this paper. No one has proven these
theorems before in this space.
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1 Introduction

An essential part of functional and nonlinear analysis is fixed point theory. Banach !
presented an important finding regarding contraction maps. Since then, other writers
have contributed numerous papers that deal with fixed point results (see, for
example, >~9).

More recently, Shukla®) expanded upon the notions of b—metric spaces and partial
metric spaces, introducing the concept of partial b—metric spaces. In this context,
Shukla not only formulated the Banach contraction principle but also established a
Kannan-type fixed point theorem within partial b—metric spaces.

The aforementioned spaces have seen a great deal of development. The aforemen-
tioned spaces have recently been the focus of investigation into fixed point and common
fixed point results for single-valued as well as multi-valued mappings; for examples, see
Ali et al. @, Khan et al. 7, Kanwel et al. ®-19), Tassaddiq et al. 'V, Karapinar et al. 1213,
Qawaqneh et al. '¥), Shoaib et al. 1), and the references within it.

This work is dedicated to the formulation and proof of contractive mappings fixed
point theorems in partial b-metric spaces. The application of contraction of the Ciric !®)
type is used in Theorem 3.1 to determine a fixed point of a single-valued map and
provide an extension in partial b-metric space. Theorem 3.2 uses Banach (") type
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contraction in the setting of complete partial b-metric spaces to expand Nadler’s fixed point theorem (!”). A fixed point theorem
for multi-valued mapping in partial b-metric spaces was demonstrated by Theorem 3.3.

2 Preliminaries

Firstly, we recall some basic definitions,

Definition 2.1®) Let X be a non-empty set and the self mapping d : X x X — Rt (R* stands for non-negative reals) satisfies:

(Pbl) x =yifand only if d(x,x) = d(x,y) = d(y,y);

(Pb2) d(x,x) < d(x,y);

(Pb3) d(x,y) = d(y,x);

(Pb4) there exist a real number s > 1 such that d(x,y) < s[d(x,z) +d(z,y)] —d(z,z).

Then d is called a partial b—metric on X and (X,d) is called a partial b—metric space with coefficient s.

Definition 2.2 Let {x, } be a sequence in a partial b—metric space (X,d). Then:

(1) The sequence {x,} is said to be a convergent in (X,d), if there exists x* € X such that lin,_,ed(x,,x*) = 0.

(2) The sequence {x,} is said to be a Cauchy sequence in (X,d), if for every € > 0 there exists a positive ng € N such that
d(xn,xm) < € for all n,m > ng (or, equivalently, lim,; y—seod Xy, X)) = 0).

(3) (X,d) is called a complete partial b—metric space if every Cauchy sequence is convergent in X.

Definition 2.3 Let X be a non-empty set. Then a self-mapping 7" : X — X is said to be a fixed point if for all x € X such that
T (x)=ux.

Example 2.4 The mapping 7 : R — R defined by T (x) = sinx has 0 as a fixed point.

Definition 2.5 A pair of self-mappings have a common fixed point §,7 : X — X is a point a € X for which

S(a)=T(a)=a.

Definition 2.6 Consider a metric space (X,d). Let CB(X) denote the family of all non-empty bounded and closed subsets
of X. Suppose thatamap H : CB(X) x CB(X) — R for U,V € CB(X), define

H(U,V) = max{supd(u,V),supd(v,U)}

uclU veVv

where d(u,V) = inf{d(u,v) : v € V} is the distance of a point u to the set V. This H is a metric on CB(X), called Housdorff
metric induced by the metric d.

Definition 2.7 ® Let a multi-valued mapping 7' : X — CB(X) on a non-empty set X, CB(X) be the family of all non-empty
closed and bounded subsets of X. A point y € X is called fixed point of T if y € Ty.

Lemma 2.8®) Let partial h—metric space (X,d) and let CB(X) is the family of all non-empty closed and bounded subsets
of X. Then, for U,V € CB(X),

(1)d(a,U)<H(U,V),a€eU;

(2) For ¢ >0and a € U,3b € V such that

d(a,b) <H(U,V)+¢

3 Result and Discussion

In this paper, we begin with the proof of the following result in partial b—metric space with the help of single valued mapping:
Theorem 3.1 Let a (X, d, s) be a complete partial >—metric space with s > 1 and T : X — X is a single valued mapping, such
that
d(Tx,Ty) < ond(x,y) + 0pd(x, Tx) + o3d (y, Ty) + au[d(y, Tx) +d(x, Ty)],
where o) + (1 +s)aa + 03+ (1 +5)os < 1,Vx,y € X. Then, Ix* € X such that x, — x* and x* is the unique fixed point.
Proof. Let xo € X and {x,} be a sequence in X define as
Xp=Tx, =T"x9,n=1,2,3,...
Now,
d(xnvanrl) = d(Txnfl , Txn)
< ald(xn—l ;xn) + a2d<xn—laxn) + a3d(xnaxn+l)
0y [d (Xn, Xn) +d(Xn—1,Xn11)]
< ond(xp—1,%n) + 0d (xp—1,%,) + 03d (X, X 11) + Oad (X, X 11)
+sotad (xp—1,%n) +s04d (X, Xp11) — Oad (X, %)
< ald(xnfl ,Xn) + azd(xnfl ,Xn) + a3d(xn;xn+l) + a4d(xnaxn+l)
+50u4d (Xn—1,Xn) + 504d (Xn, Xn+1)
(1 — 03— 0y — sa4)d(xmxn+1) < (OC] + o +SOC4)d(xn_1 2 Xn)
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d(xp;Xn11) < (%)d(xn—l +Xn),

o +0p+s50y

where k = 1= T

Therefore,
d(xnaxlﬁ»l) < kd(xnflvxn)
< kzd(xn—Zaxn—1)~
Continuing this process, we get
d(Xp,Xnt1) < k"d(x0,x1).
Consider m,n € N withm > n
d(xnaxm) < S[d(xnaanrl) +d(xn+17xm)] - d(xn+laxn+l)
< sd(xp, Xp+1) + 5d(Xnt1,%m)
< 5d (X, Xn1) +548[d (X415 X042) +d (X2, Xm)| — d(Xn2,%012) }
< 5d Xy Xn 1) + 5% (X115 %022) + 52d (X2, %m)
< sd (Xp, Xt 1)+ 52d (X1, Xn12) +53d (X129, %043) + oo 5" (X1, Xntm)
< sk'd (xo,x1) + 52K d (xg,x1) + 53K 2d (x0,x1) + ...+ ST (x0, x1)
< sk'd (xo,x1)[1 4 sk + (sk)? + ... + (sk)™ ]
< sk (xo,x0) [T,
when m,n — oo, d(x,,xn) — 0. Hence, {x, } is a Cauchy sequence in X. Since X is complete, {x,} converges to an element
of X, say x* € X.
Now,
d(x*, Tx*) < sld(x*,xp41) +d(Xnt1, Tx*)] — d(Xn1,Xn41)
<sd(x*,xy41) +5d(Tx,, Tx*)
<sd(x*,x541) +sod (xp, x*) + s0pd (x4, Txy) + soad(x*, Tx*)
+soud(x*, Txy) + soud(x,, Tx*)
< sd(x*,xp41) +soud(xn, x*) + s00d (Xn, xp41) + s03d (x*, Tx*)
+s0ud (x*, xp41) + s0{s[d(xn,x*) +d(x*, Tx*)] — d(x*,x*) }
<sd(x*,xp41) +sod (xy, x*) + s0pd (xXn,Xn+1) + sozd (x*, Tx*)
+s0d (X*, X 41) + 52 04d (X, X¥) + 5% qd (x*, Tx*)
. 2
d(x*,Tx*) < %d(x*,anﬂ) + %d(an,x*) + %d(an,anﬂ),
taking n — oo, we have

ol ¢ . 2
d(x*, Tx*) < %d(x*,x*) + %d(x*,x*) + W‘?ﬂwd(x*,x*),
implies that x* = T'x*. Hence, x* is an fixed point of 7.
For uniqueness, assume that y* is another fixed point of 7. Then, we have Ty* = y*.
Consider,
d(x*,y*) =d(Tx*,Ty*
<oc1d( y)+ad(x*, T )+(X3d(y* Ty*) + aqld(y*, Tx*) +d(x*,Ty")]
< oyd(x* *)+Oc2d(x*,x )+a3d( V) + ould(y*, x*) +d(x*,y")]
< ad(x*,y*) + opd(x*,y )+Ot3d(y X))+ auld(y*,x*) +d(x*,y")]
((X1+062+063 +2(X4)d( )
this implies that x* = y*.
Theorem 3.2 Consider a complete partial b metric space (X, d,s) with constant s > 1 and suppose that F,G : X — X be two
maps, for which 1y, 7, € [0, 1) such that
d(Fa,Gb) < mid(a,b)+nz2ld(a,Fb) +d(a,GD)).
Then there exists a common fixed point of F and G.
Proof. Let xo € X. Consider the sequence {x;,} so that x2,+2 = GX241,%20+1 = Fx2,. Then
d(Xop41,X2n42) = d(Fx24, GX2pp1)
< nld(x2)17x2n+1 ) + M [d(xZnnyZn) + d(x2n+] ) GxZnJrl )]
< Md(x2n41,%20) + Mod (X2n41, X2n42) + N2d (X20,X2n+41),
(1 =m2)d(x2n41,%2042) < (M1 +N2)d (X2, X2041),

¥ —

d(x2n+17x2n+2> < [(n'_ nz)}d(xzmxznﬂ) < kd (x2n,X2041),
where k = [( %] Asmi,m €0, D-Som+2m<l=n+m<l-—1n.

This implies that 8‘;;722) < 1,ie k< 1.So,
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d(X2n41,X2042) < kd(X20,X2041)
< k2d(xXan—1,%2n).-
Continuing this process, we obtain
d(x2n+1,%2m12) < k"d(x0,x1).
In general,
d(xp,xXn41) < K'd(x0,x1).
Now, let m,n € N withm > n
d(xnaxm) < s[d(xmxerrl) + d(xﬂ+1 7xm)] - d(xn+l axn+l)
< Sd(xnaxn+1 ) + Sd(anrl 7xm)
< sd (X, Xn1) + 5{8[d (Xn11,Xn12) + d(Xn12,X%m) ] — d(Xn12,Xn12) }
< Sd(xn;xn+1) + Szd(er»l 7xn+2) + Szd(xn+27xm)
< sd (Xp, Xni1) +52d (Xpi1, Xn12) +53d (X120, %043) + oo+ 5" (X1, X))
< sk™d(xo,x1) + 2K d (x0,x1) + K" 2d (x0,x1) 4 ... + 8K (x0,x1)
d(Xp, %) < sk™d(x0,x1) 1;(_352 .
When m,n — o0 lin,_eod (X, X)) = 0.
Hence, {x, },_, is a Cauchy sequence in X. Since X is complete, {x, } convergestoy € X.
Now,
d(y,Gy) < S[d(y7Fx2n) +d(Fx2n;Gy)] —d(Fx2,,Fx2p)
< sd(y,Fxa,) + sd(Fx,,Gy)
< sd(y,xan11) +s[Md(x2n,y) + M2d (v, Gy) + M2d (x2n, Fx20)]
< sd(y,x2n+1) +sMd(x2n,y) + s12d(y, Gy) + sM2d (X20, X2041)
(1=sm2)d(y,Gy) < sd(y,x2n+1 ) +sm1d(x20,y) + 5M2d (X2, X20+1)
d()’a Gy) = Wd(y»xzwl) + 1= mzd(amy) + 1 q%zd(XZn,XZnJrl)c
When n — oo,

d(y,Gy) < mzd(y,y)Jr Phd(3,y) + 5-d ()
d(y,6y) < =57;d (v, Gy) + 125-d (3, Gy) + 725 d (7, Gy)
d(y,Gy) <0,

this implies that y = Gy.

Now,

d(y,Fy) < s[d(y,Gxant1) +d(Gxopi1,Fy)] — d(Gxani1,Gxont1)
d(y,Fy) < sd(y,Gxapt1) +sd(Gxoni1, Fy)
d(y,Fy) < sd(y,x2n12) +snid(x2n+1,) +5M2d (X2n11, Gxoni1) + s12d (v, Fy)
(1 —sm2)d (5, Fy) < sd(y,xon+2) +5Md(xoni1,5) + 5724 (xon+1,%2042)
d(y,Fy) < =77 d(y,xon42) + 1= Sihd(xznﬂ,y) + 7 ?%zd(x2n+1;x2n+2)a
when n — oo,
d(y,Fy) < =7,d(0y) + 77-d(30y) + 775-d (5,y)
d(y,Fy) < =55d (v, Fy) + 1 ”ll,zd(y, Fy)+ 25-d(y. Fy),
this implies that y = Fy.
Thus, Gy = Fy = y. Hence, y is a common fixed point of G and F.
Now, we will prove a fixed point theorem for multi-valued mappings in partial b—metric space:
Theorem 3.3 Let (X,d) be a complete partial b—metric space with constant s > 1. Let G : X — CB(X) is a multivalued
mapping defined as
H (Gx,Gy) < ad(x,y),Yx,yeX and a€0,1),s > 1.
Then, there exists x € X such thaty € Gy.
Proof. Suppose that xy € X,Gxp # 0 is closed and bounded subset of X. Also, let x; € Gxp, Gx; # ¢ be closed and bounded
subset of X. By lemma 2.8, there exists xo € Ga; such that
d(x1 ,XZ) < H(GX(), Gx ) + .
Now, Gx; # ¢ closed and bounded subsets of X, there exists x3 € Gx; such that

d(x2,x3) < H(Gx1,Gxp) + o, (3.3.1)

By using contraction condition,
d(x2,x3) < d(x1,x2) + 062,
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d()C3,X4) < H(Gx3, GX3) +al
< ad(x,x3) +a’.
Using Equation (3.3.1), we have
d(x3,x4) < atd(x1,x0) + a&?] + o
< a?d(xy,x) +2a?
< a*[H(Gxo,Gx)) + o] +2¢°
< a?[ad(xo,x)) + o] + 203
< add(xg,x1) + o +2a3
< add(xg,x) +3a3.
In general,
d(xp,xn41) < ad(xp,x1) +no.
For convenience, we set d(x,,%,41) = dy, so the above result can be written as
d, < o'dy+no.
For m,n € N,m > n, we have
d (X, Xm) < s[d (o, Xpn1) +d (Xnp1,%m)] — d(Xnt1,Xn11)
< sd(xp, Xp+1) + 5d (Xnt1,%m)
< 5d (X, Xn+1) +5{8[d (X415 X0 42) +d (X2, Xm)| — d(Xn2,%012) }
< sd(Xp, Xni1) + S2d(xn+1 axn+2) + Szd(xn+27xm)
< Sd(xmanrl ) + Szd(xn+1 axn+2) + SSd(xn+27xi1+3) +...+ smi”d(xmfl 7xm)
< sod(xp,x1) + 52" d(xp,x1) + 53" F2d (x0,x1) + . A+ S0 N (x0,x1)
+sno +s(n+ 1) o + 2 (n4+2)a 2 4 F " (m— 1!
< sad(xo,x1)[14so+ (sa)? 4.5 Lo 4 ym- Ligiontl gl

=n
< s0d (g3 )[BTyt yint g
In the limiting case when m,n — co,
d(Xp,xm) =0,
this implies that {x,} is a Cauchy sequence in X, the completeness of X implies that there exists y € X such that,
Xp — Y.
Now we will prove that y is a fixed point of G.
d(y,Gy) < sld(y,xn) +d(xn, Gy)] — d(xp,xn) < 5d(y,%n) + 5d(xn, Gy).
By Lemma 2.8,
d(y,Gy) < d(y,xn) +sH(Gxp—1,Gy)
< sd(y,xn) +sod(x,—1,).
In the limiting case when n — oo,
d(y,Gy) < sd(y,y) +sad(y,y)
< sd(y,Gy) +sad(y,Gy)
(1—s—sa)d(y,Gy) <0.
This implies that y € Gy. Hence, y is a fixed point of G.

4 Conclusion

The use of fixed point techniques is both appealing and extremely helpful. This theory has potential applications to discrete
dynamics for set-valued operators, functional inclusions, optimization theory, fractal graphics, and other nonlinear functional
analysis domains. We have generalized and demonstrated fixed point and common fixed point theorems for single-valued
mappings obeying Ciric type contractions in partial b—metric space. One fixed point theorem for multi-valued mappings with
Nadler’s type contractions has also been established in these spaces. Future studies could find these generalizations to be helpful.

5 Acknowledgement

Authors are thankful to the referees/Editors of Indian Journal of Science and Technology for all the useful comments and
suggestions.

https://www.indjst.org/ 63


https://www.indjst.org/

Tiwari & Dewangan / Indian Journal of Science and Technology 2024;17(1):59-64

References

1

~

'S
=

6

=

7

e
= —

\O
~

10

=

11

~

12

~

13

=

14

=

15

=

16

=

17)

18)

Banach S. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fundamenta Mathematicae. 1922;3(1):133-181.
Available from: https://eudml.org/doc/213289.

Chen L, Zou J, Zhao Y, Zhang M. Iterative approximation of common attractive points of (¢,3) - generalized hybrid set-valued mappings. Journal Fixed
Point theory and Applications. 2019;21. Available from: https://doi.org/10.1007/s11784-019-0692-0.

Aydi H, Batul S, Aslam M, Sagheer D, Ameer E. Fixed Point Results for Single and Multivalued Maps on Partial Extended b -Metric Spaces. Journal of
Function Spaces. 2022;2022:1-8. Available from: https://doi.org/10.1155/2022/2617972.

Sawangsup K, Sintunavarat W, Cho Y]. Fixed point theorems for orthogonal F-contraction mappings on O-complete metric spaces. Journal of Fixed Point
Theory and Application. 2020;22:1-14. Available from: https://doi.org/10.1007/s11784-019-0737-4.

Shukla S. Partial b-Metric Spaces and Fixed Point Theorems. Mediternian Journal of Mathematics. 2014;11:703-711. Available from: https://doi.org/10.
1007/s00009-013-0327-4.

Ali MU, Aydi H, Alansari M. New Generalizations of Set Valued Interpolative Hardy-Rogers Type Contractions in b-Metric Spaces. Journal of Functional
Spaces. 2021;2021:1-8. Available from: https://doi.org/10.1155/2021/6641342.

Khan A, Sarwar M, Khan E Alsamir H, Hammad HA. Fixed Point Results for Multivalued Mappings with Applications. Journal of Function Spaces.
2021;2021:1-10. Available from: https://doi.org/10.1155/2021/9921728.

Kanwal S, Azam A, Shami FA. On Coincidence Theorem in Intuitionistic Fuzzy b-Metric Spaces with Application. Journal of Functional Spaces.
2022;2022:1-10. Available from: https://doi.org/10.1155/2022/5616824.

Kanwal S, Hanif U, Noorwali ME, Alam MA. On fixed-point results of generalized contractions. Journal of Functional Spaces. 2022;2022:1-11. Available
from: https://doi.org/10.1155/2022/9167716.

Kanwal S, Hanif U, Noorwali ME, Alam MA. Existence of aL-Fuzzy Fixed Points of L-Fuzzy Mappings. Mathematical Problems in Engineering.
2022;2022:1-10. Available from: https://doi.org/10.1155/2022/6878428.

Tassaddiq A, Kanwal S, Perveen S, Srivastava R. Fixed points of single-valued and multi-valued mappings in sb-metric spaces. Journal of Inequalities and
Applications. 2022;2022(1):1-13. Available from: https://doi.org/10.1186/s13660-022-02814-z.

Karapinar E, Fulga A. Fixed point on convex b-metric space via admissible mappings. Journal of Pure and Applied Mathematics. 2021;12(2):254-264.
Available from: http://static.bsu.az/w24/contents%20v12n2%202021/pp254-264.pdf.

Karapinar E, Fulga A, Petrusel A. On Istratescu Type Contractions in b-Metric Spaces. Mathematics. 2020;8(3):1-11. Available from: https://doi.org/10.
3390/math8030388.

Qawagqneh H, Noorani MM, Shatanawi WS, Aydi H, Alsamir H. Fixed Point Results for Multi-Valued Contractions in b—Metric Spaces and an Application.
Mathematics. 2019;7(2):1-13. Available from: https://doi.org/10.3390/math7020132.

Shoaib A, Alshoraify SS, Arshad M. Double Controlled Dislocated Quasi-Metric Type Spaces and Some Results. Journal of Mathematics. 2020;2020:1-8.
Available from: https://doi.org/10.1155/2020/3734126.

Ciric LB. Generalized contractions and fixed point theorems. Publications de I'Institut Mathématique . 1971;12:19-26. Available from: http://eudml.org/
doc/258436.

S B Nadler J. Multi-valued contraction mappings. Pacific Journal of Mathematics. 1969;30(2):475-488. Available from: https://doi.org/10.2140/pjm.1969.
30.475.

Azam A. Fuzzy fixed point of fuzzy mappings via a rational inequality. Hacettepe Journal of Mathematics and Statistics. 2011;40(3):421-431. Available
from: https://dergipark.org.tr/en/pub/hujms/issue/7760/101437.

https://www.indjst.org/ 64


https://eudml.org/doc/213289
https://doi.org/10.1007/s11784-019-0692-0
https://doi.org/10.1155/2022/2617972
https://doi.org/10.1007/s11784-019-0737-4
https://doi.org/10.1007/s00009-013-0327-4
https://doi.org/10.1007/s00009-013-0327-4
https://doi.org/10.1155/2021/6641342
https://doi.org/10.1155/2021/9921728
https://doi.org/10.1155/2022/5616824
https://doi.org/10.1155/2022/9167716
https://doi.org/10.1155/2022/6878428
https://doi.org/10.1186/s13660-022-02814-z
http://static.bsu.az/w24/contents%20v12n2%202021/pp254-264.pdf
https://doi.org/10.3390/math8030388
https://doi.org/10.3390/math8030388
https://doi.org/10.3390/math7020132
https://doi.org/10.1155/2020/3734126
http://eudml.org/doc/258436
http://eudml.org/doc/258436
https://doi.org/10.2140/pjm.1969.30.475
https://doi.org/10.2140/pjm.1969.30.475
https://dergipark.org.tr/en/pub/hujms/issue/7760/101437
https://www.indjst.org/

	Introduction
	Preliminaries
	Result and Discussion
	Conclusion
	Acknowledgement

