INDIAN JOURNAL OF SCIENCE AND TECHNOLOGY

RESEARCH ARTICLE

Check for
updates

& OPEN ACCESS

Received: 03-02-2024
Accepted: 06-03-2024
Published: 22-03-2024

Citation: Thota T, Veladi S (2024)
Some Outcomes using Conditionally
Sequential Absorbing and Pseudo
Reciprocally Continuous in
Multiplicative Metric Space. Indian
Journal of Science and Technology
17(13): 1340-1348. https://doi.org/
10.17485/1)ST/v17i13.308

*Corresponding author.

thotathirupathi1986@gmail.com
Funding: None

Competing Interests: None

Copyright: © 2024 Thota & Veladi.
This is an open access article
distributed under the terms of the
Creative Commons Attribution
License, which permits unrestricted
use, distribution, and reproduction
in any medium, provided the
original author and source are
credited.

Published By Indian Society for
Education and Environment (iSee)

ISSN
Print: 0974-6846
Electronic: 0974-5645

Some Outcomes using Conditionally
Sequential Absorbing and Pseudo
Reciprocally Continuous in
Multiplicative Metric Space

Thirupathi Thota'*, Srinivas Veladi?

1 Department of Mathematics, Sreenidhi Institute of Science and Technology, Hyderabad,
Telangana, India

2 Department of Mathematics, University College of Science, Osmania University, Hyderabad,
Telangana, India

Abstract

Objective: The purpose of this paper is to establish two common fixed
point theorems in Multiplicative Metric Space (MMS). Method: By utilizing the
conditions Conditionally Sequentially Absorbing (CSA) and Pseudo Reciprocally
Continuous (PRC) mappings. Findings: Two unique common fixed point
theorems are generated and supported it with relevant examples. Novelty:
In the first theorem, we use the concept CSA and PRC mappings. In the second
theorem, we use the notion of CSA, non-compatible and PRC mappings. These
conditions are weaker than the existing conditions like weakly compatible
mappings which generalizes the theorem of Monika Verma, P Kumar and
Andnawneet Hooda.

Keywords: Multiplicative Metric Space (MMS); fixed point; Psudo Reciprocally
Continuous (PRC); Conditionally Sequential Absorbing (CSA); Occasionally
Weakly Compatible (OWC) mappings

1 Introduction

Fixed point theory is one of the most fascinating topics in modern mathematics and
it might be the existing topics of a functional analysis. Further this topic has become
a platform for numerous researchers for past many years. In the field of analysis, the
theory of metric spaces has grown significantly. We know that the set of positive real
numbers R™ is not complete in metric space. In order to overcome this problem the
concept known as MMS was introduced by Bashirove in 2008. Further Ozavsar and
Cevikel in 2017 investigated and developed the multiplicative contraction principle
and proved some common fixed point results. Thereafter, the theory of a multiplicative
metric space has been developed by many authors =), In this process Verma et al.(1?
generalized the theorem proved by Cho and Yooon MMS in 2009. The purpose of this
paper is to prove two common fixed point Theorems on MMS utilizing the concept like
CSA and PRC mappings. Additionally, we provided two examples to validate our results.
We first provide some helpful definitions and examples before presenting our findings.
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2 Preliminaries

Definition 2.1 @ Let X # @ setand d : X x X — R* then (X, d) is said to be MMS if it meets the requirements as below:

(D) d(y,®)>1foraly,0@cXandd(y,0)=1<y=0

(i) d(y,0) =d(0O,y) forall y,® € X

(iii) d(y,0) < d(y,0).d(0,0) for all y, 0,0 € X (multiplicative triangle inequality).

Definition 2.2 A sequence {7;} ina MMS (X,d) is said to be

(i) multiplicative convergent sequence to 7 if for every multiplicative open ball Bs(1) = {{/d(n,{) < 6}, 6 > 1, there exists
a positive integer N such that n); € Bs(n) forall j > lied(n;,n) — las j — .

(ii) multiplicative cauchy sequence if for all 6 > 13N € N such that d(n;,m;) < & for all j,k > N ied(n;,n) — 1 as
J ok — oo,

Definition 2.3 !9 The pair of mapping (G,J) of a MMS(X ,d) is said to be

(i) Compatible if lzm d(GJn;,JGn;) = 1 whenever a sequence {1} in X like that Gn; = Jn; = { for some { € X.

(ii) Weakly compatlble if G = J{ for some § € X such that GJ§ = JGE.

(iii) OWC if the mappings commute at a coincidence point.

Example 2.1

Lt (X,d) be a MMC and ¥n,{ € X we have d(n,{) = el"¢|.Now define the self mappings G,J as G(n) = 57" and
J(n) = 51" foralln € [0,1].

Clearly for the mappings G,J the coincidence points are n =0, 1.

Atn =0wehaveJ(0) =1=G(0)and GJ(0) = G(1) =5 also JG(0) = J(1) = 57!

Therefore, GJ (0) = JG (0) = 5!, Alsoat n = 1 wehave G(1) =J(1) =51, GJ(1) = (5 1) =575 " andJG(1) =J (57 !) =
557

Therefore, GJ(1) # JG(1). From above the maps G and J are not weakly compatible but OWC.

Definition 2.4 The pair of mapping (G,J) of a MMS(X,d) is said to be

(i) CSA if whenever {{;} is a sequence satisfying {{; : G{; =J{;} # ¢ as j — oo then J another sequence {7;} € X with
Gtj=Jtj = u (say) as j — oo for some u € X such that lim d (Jt;,JGt;) =1 andllm d(Gt/,Gth) =1

Joree

(ii) PRC (w.r.t to CSA) whenever sequence {C i:GCi=JC ,} #@asj—oo 1mp11es then there exists another sequence {n j}

such that Gn; = Jn; =1 (say) then lim d (Gn;,GJn;) = 1 and lim d (Jn;,JGN;) = 1 such that lim d (GJn;,Gt) =1 and
J—ree J—reo Jore

limd (JGn;,Jt) = 1.
Joreo

Example 2.2

Let (X,d) bea MMS with X =[0,10] and ¥ 1, { € X, d(n,&) = el —¢1.

| cosmn if0§n<%

G(")_{ N ifk<n <o

We define G, J as

J(n) = COSTEN + sinmn if0§n<%

= n’+1 if L <n<io;

Clearly the coincidence points for the above two mappings are =0, i'

Atn =0,G(0)=J(0)=1,GJ(0) =G(1) =1and JG(0) =J(1) =3.

From above, it is clear that GJ(0) # JG(0).

For a sequence r; = l. forall j > 1 then

lim Grj = lim G( ) = lim cos (5) =1land

Jj—roe Jj—roe J Jj—roo J

— I z z) =
JIZZ,JVJ —jll_}n:](f) _}LHZOCOS(J) —|—sm(}) =1. le?ojr/ _}LHZOJ<J) _}ZZ,COS(J) —l—sm(}) 1.

Therefore, lim Gr; = lim Jr;.
j—ee /—>°°

For a sequence (;) = 5 + ,forall j > 1. Now lim G (t}) = G(% + %) = lim (%Jr%) =1 and

J=eo e
2
tim J (1) = (1+1) = lm(§+;) +
j (o}

1

J—reo 4

Now lim GJ( ) ( )
J—ree
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limJG(tj):JG(l+l.) =limJ(3+7) =3
Therefore, llmd(th,Gth) =1and llmd(JtﬁJGt]) = 1. Further llmd(GJt],G(i)) =land limd (JGt;,G(3)) = 1.

Joreo
Hence, the mapplngs J, G are CSA and PSC (w.r.t CSA) but not weakly compatible.

We now go over the following example to determine how non-compatible and CSA mappings are related.
Example 2.3
Let(X,d) be a MMS with X = [0,10] and V1, { € X we have d(n,{) = e/m~¢I. We define G, J as

[ 1430 ifo<n<i
G(”)_{ nt ifl<n<io;

_f 8m  ifo<n<i
7 _{ n?+2 ifl<n<io.
Letp; = % for all j > 1. Then

1 3 8
tim Gy = fim 6 (5) = tim (1+3) =35 W
and
1 .8 8
JILHZOJPJJZZ?OJ(S> 7};’1575 2)

From Equations (1) and (2) we get lim Gp; = lim Jp;
e Jreo
Therefore, {(pj) : lim Gpj = lim Jpj} # 0.
Jreo Jreo
Then 3 another sequence g; = V2, forall j > 1.

lim Gq; = lim G(v2) = lim4 =4

e Joeo e 3)
and

limJq; = limJ(v/2) = lim4 = 4. (4)

Jre Jree Joee

From Equations (3) and (4), we get lim Gq; = lim Jq; = 4.
J—roo ; J—roo ;

Now (lim GJ(q;) = GI(V2) = lim G(4)> = lim 4* =256 and lzm JG(q;) =JG(V2) = limJ(4) =18
Joee Jree Jre
Therefore, limd(GJq;,JGq;) # 1. Hence, the mappings are non-compatible. Moreover, lim d(Gq;,GJq;) # 1 and
= ' ' e '
limd(Jq;,JGq;) # 1. Hence, the pair (G,J) is not CSA mapping.
Joee

Example 2.4
Lt (X,d) bea MMS with X = [0,1] and V¥ 11, { € X we have d(n, &) =I5l
| sin(7n) if0§n<% ncos(mn) if0<n <3

WedeﬁneG,JasG(n){ 0.9 ifl<77<1 and G(n) = 0 if%gngl
Let p; = forallJ > 1. Then llm Gp] _]LHZCG(J) —}Lﬂistn( ) =0

. o 1\ _ 1 _ '
and;inijpj fg@](}) }Lrtzojcos<1> 0
From above lim Gp; = lim Jp;

Joreo Joreo

Therefore, {(pj) 2 lim Gpj = limJp; » # 2.
J—roo J—oe

Then 3 another sequence ¢; = 0.9, forall j > 1.
llm nGqj = llm G(O 9)= llm09 0.9.

And lszq, = lsz(O 9) = 1im0.9=0.9.

Jj—reo

https://www.indjst.org/ 1342
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From above, we get lim Gg; = lim Jg; = 0.9.
J—reo Joreo

Now | lim GJ (q;) = lim GJ(0.9) = lim G(O.9)> = 1[im 0.9 =0.9 and
joeo e Joeo e
lim JG (q;) = lim JG(0.9) = lim J(0.9) = 0.9.
Joreo joeo Joeo
Therefore, lim d (GJqj,JGq;) = 1. Moreover, d (Gq;,GJq;) = d (Jq;,JGq;)=1as j — oo. Hence, the pair (G,J) is CSA as
Jree

well as compatible mappings.
Verma et al. 1% established the following Theorem.
Theorem 2.1
Assume that (X,d) is a complete MMS and the mappings A, S, B and T are defined on X such that
(B1) B(X) C S(X) and A(X) C T(X)
(82)d(Ac,BB) < (max{d(Ac,S0) ,d (BB,TB),\/[d(Aa,JB).d (BB, Sa)].d (S, T) } )
(max{d (Aa,Sat),d(BB,Tp)})".(max{d (Aa,TB),d(BS,Sax)})"
forall a, B,€ X, where 0 < p+q+2r < 1 (p,q and r are non— negative real numbers).
(B3) the subspace A(X) or B(X) or S(X) or T(X) is complete.
(B4) both the pairs (4, S) and (B, T) are weakly compatible.
Then the four maps A, B, S and T share a unique common fixed point in X.
We now generalize Theorem 2.1 as below.
Now we proceed to our main result.

p

3 Result and Discussion

3.1 Theorem

Suppose that in a complete MMS (X, d), the four self mappings A, S, B and T meeting the requirements
(C1)B(X) C S(X) and A (X) C T (X)
(C2)
d(Ac,BB) < (mar{d (Aq,Sa),d (BB, TB), /(d[Ac,JB) d (BB, Se)].d (o, TB) } )
(max{d (Aa,Sa),d(BB,TB)})?.(max{d (Aa,TB),d(BB,Sa)})"
forall o, 3,€ X, where 0 < p+q+2r < 1(p,q and r are non — negative real numbers).
(C3) the couple (A, S) is CSA and PRC (w.r.t. CSA) and (B, T) is OWC.
Then there exists a unique common fixed point for the above mappings.
Proof: By (C1), there is a point uy € X such that Aug = Tu; = v;.
At this u; € X3 a point up in X 3 Bu; = Sup = v, and so on.
Likewise, we are able to define Buy;_1 = Sup; = vaj; Aupj = Tupj1 = voj41 for j=0,1,2,....
Now it is possible to establish that the sequence {v |
d (V2j+1,vzj+2) <d (Au2j7BM2j+l)
P
S <max{d (Auzj,Suzj) ,d (Bu2j+1,Tu2j+1) 5 \/[d (Augj,Tu2j+1) .d (Bu2j+1,Su2j)] ,d (Suzj, TV) }) .
(max{d (Auzj,Suzj) ,d(Bu2j+1,Tu2j+1)})q.(max{d (Auzj, Tu2j+1) ,d(Busz,Suzj)})r
d (V2j+17V2j+2
p
< (maX{d(Vzﬁhvzj) o (v2j2,v2j41) 7\/[61 (v2js1,v2j41) -d(V2j+2,V2j)},d(V2j7V2j+1)}) .
(max{d (vajs1,v2;) ,d(vajia,vaj1) )T (max{d (vaji1,v2j51) ,d(vajsa,v2))})
d (V2j+17V2j+2
p
< (maX{7d(V2j+1,V2j) , d (v2j42,v2j41) \/[d (vajs1,v2s1) d (vajs1,v2)) -d(V2j+17V2j+2]ad(V2jav2j+1)}) .

(max{d (vj11,v2;) ,d(v2js2,v2541)}) 7 (max{d (v2ji1,v2j+1) .d (Vaji1,v25) -d(vaji1,v2j42) )
In the above equation, if d (v2j12,v2j+1) > d (v2j+1,v2;) for some positive integer j,

p

then d (vzj+17vzj+2) < d(vzj+1 ,vzj+2)h, where 0 < h = p+ g+ 2r < 1, a contradiction.

h
Therefore, we have d (V2j+27 vzj+1) < d(vzj, vzj+1) .
Similarly , we obtain

https://www.indjst.org/ 1343
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2
d(VJ,V2j+1) < (d(vj;l,\/j)h) < (d(\}j,z,vj;l)h ) ...... Sd(VQ,vl)h .
Letl,j € N such that! > j, such that
d(vl,vj) < d(vl,vl_l) cod (Vj+1,Vj)
< (d(vi,v0))"
< (d(vi,v0)) T = 1 asl, j— cowhere 0 < h— p+q+2r < 1.
Thus, {v j} is cauchy sequence.
By the completeness of X3z € X > v; — yas j — oo,
Accordingly, the sequences Auoj, Suzj, Tuaj1,Busji1 — Was j— oo.
By (C3) the couple (A, S) is CSA 3{v;} € X like that
JliniAVj = jliniSvj = y satisfying d (Av;,ASv;) = 1 and

d(Svj,SAv;) =1 (5)

and by PRC (w.r.t. CSA) of the couple (A, S) we have
limd (Avj,ASv;) = 1 and limd (Sv;,SAv;) = 1 such that
Jreo oo

limASv; = Ay and JlinZQSAvj =Sy (6)

oo
Therefore, from Equations (5) and (6)
Ay =Sy =y. (7)
Snice Ay € A (X) then by (C1) 3 ¢ like that Ay = T ¢ and hence
V=Ay=Sy=T¢ (8)
Claim B =T ¢.
Putting = v, v = ¢ in (C2) and using Equation (8), we get
p
d(Ay,Bg) < (max{d(Ay.5y).d(Bo.T9),\/[d(Aw,T9) d(Bo,Sy).d (Sy.T9) }) .
(max{d (Ay,Sy),d(Bo,T¢)})".(max{d (Ay,T¢),d(Bo,Sw)})". )
d(Ay,Bp) < (max{d(% ¥),d (Bo,T9),/[d(y,y).d(Be,T)].d (v, w)}) :

(max{d (w,y),d(Bo, To)})"-(max{d (v, y) d(Bg, Tp)})".
d(T¢,B9) < d(Te,Be)" ",

Hence T¢ = B¢.

This gives Ay =Bo =T ¢ = y.

From (C3) the couple (B, T) is OWC with Bo = T ¢ gives BT ¢ = TB¢
Implies that By = T y.

Claim y = By.

Puttingu =v =y in (C2)

d(Ay,BY) < (max{d(ay.5v),d By, Ty),\/[d(Ay,Tw).d By, Sw)].d(Sw,Ty)})".
(max{d (Ay,Sy),d(By,Ty)})?.(max{d (Ay,Ty),d(By,Sy)})" )
d(y,By) < (max{d(y,y)d(Tw,Tv),/d(w.By) d By, ¥)].d (v.By) }) .

(max{d (y,y).d(Ty,Ty)})?.(max{d (y,By),d(By,y)})"
d(y,By) <d(y,By)" "

which implies y = By.

Therefore,

By=Ty=vy ©)

From Equations (7) and )y =Sy =Ay =Ty = By.
This demonstrates that the common fixed point for the maps above is y.

https://www.indjst.org/ 1344
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For Uniqueness : Assume that p be another fixed point then p = Sp =Ap =Tp = Bp.
Putting u = y and v = p in (C2)

d(Ay,Bp) < (max{d(Ay.Sv),d (Bp,Tp), /I (Ay.Tp) 4 (Bp,5w)],d(sw,Tp) } )" .
(max{d (Av,S¥) ,d(Bp. Tp)})".(max{d (Aw,Tp) . d(Bp,Sw)})’

d(w.,p) < (max{d(v.w).d(p.p).\/[d(v.p)-d(p. W) d(v.p) })

(max{d (y,y),d(p,p)})".(max{d (y,p).,d(p,y)})"
d(y,p) d(y,p)" ", a contradiction
which implies y = p.
This demonstrates that the unique common fixed point for the maps above is y.
Now we give an example to validate our result.

3.2 Example:

Let (X,d) be an MMS and X = [2,10] with d (B,n) = elP~lfor all B, 1 € X.
Define self-mappings A, B, S and T as

nt2 .
A(m) B(n){ 4n5—1 if4 <n<10 and
2 .
S(n)=T(n){ T o if2sn<d

3cos(mm) if4 <n<10 °
Clearly A(X) =[2,7.8]| UC T (X) =[2,8]U{1} and
B(X)=12,7.8] CS(X) =[2,8]U{1} so that (C1) is satisfied.
For a sequence {ni} asne =4+ 1 forallk >0
1
then limAny = A (4+ 1) = G0 _ 3
en limAmy = A (44 ) 3
and lim$n = (4+ 1) =3cos (x (4+ 7)) =3.
—yo00
This givesklimAnk = klim SNr =3 and hence as k — oo the limit of A1y and STy is non empty so that there is one more
—o0 —o0

sequence. ff =2 +1V k > 0.

. _qs 1\ _ g: 24142 - . T 1y _
Then ZL”;Aﬁk flfgnlA (2+7) k@g[ 4 } =2and ]ggnlSBk 7kllﬁrZzOS (2+4)=2

This gives lim APy = limSP; = 2.
k—yoo k—yoo
. . 1 1\2 .
Further [imASB; = limA (}(2 +1)°) = limA (2) =2
and limSAB = limSA (2 + 1) = limS(2) = 2.
k—yoo k—yoo k—so0
Thus, from the above lim ASP; = lim APy and lim SAB, = lim Sp;.
k—yoo k—yoo k—yoo k—yoo
Also, lim ASB, =A(2) and lim SAB, = S(2).
k—ro0 k—so0

Therefore, the couple (A4, S) is CSA and PRC (w.r.t CSA).
Also,A(2)=S(2)=2andB(2)=T(2) =2,

seeing that 2,4 are the coincidence point of A, S

ButAS(2) =A(2)=2andSA(2) =5(2) =2.

Therefore, AS(2) = SA(2).

Similarly, BT(2) = TB(2).

Also,atn =4 wehave A(4) =S(4) =3.
ButAS(4)=A(3)=3andSA(4) =S(3) = 3.

Therefore, AS(4) # SA(4). Similarly, BT (4) # TB(4).

Showing that the couple (A,S) and (B, T)) are OWC but not WCM.
It can be observed from the self maps defined in the above example
A(2) =5(2) =B(2) = T(2) = 2, demonstrating that the unique common fixed point is 2.
We now demonstrate another theorem on MMS.

https://www.indjst.org/ 1345
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3.3 Theorem:

The following conditions are assumed to be met by the mappings A , S, B and T where (X,d) is a complete MMS
(D1)B(X)CS(X) and A(X) C T (X)
(D2)
d(Aa,BB) < (max{d(Aoc,Soc),d(Bﬁ,Tﬁ),\/[d(Aa,JB).d(Bﬁ,Sa)],d(Sa,TB)})p
(max{d (Ao, Sa),d(BB,TB)})?.(max{d (Aa,TB),d(BB,Sa)})"
forall a, B, € X, where 0 < p+q+2r <1 (p,qand r are non— negative real numbers).
(D3) the couples (A, S) and (B, T) are non-compatible PRC (w.r.t. CSA) and CSA.
Then there exists a unique common fixed point for the above mappings.
Proof: As in theorem (3.1), {v,} is cauchy sequence.
From (D3) the couple (A, S) is non-compatible 3{u; } € X with
limAuj = lzm Su, y for some y € Xbut either fgnid (ASuj,SAu;j) # 1 or the limit is non-existent.

e
Also, the couple (A,S) is CSA then Ja sequence {v;} € X like that
limAv; = lthv] y (say) with ltmd(AvJ,ASvJ) = land ltmd(Sv],ASv])

Jeo

Now by PRC (w.r.t. CSA) of the palr (A,S) we have
limd (Ay,ASv;) = 1 and limd (Sy,ASv;) = 1
Joeo ‘ e

By the above limits, we get,
Ay =Sy =y (10)

Since the non-compatible of the couple (B, T) implies 3 a sequence {u j} € X like that

limBu; = lzm Tuj = ¢ for some @ € X but either lzmd (BTuj,TBuj) # lor the limit is non-existent.
J—ree

Also the pa1r (B T) is CSA, Fa sequence {v;} € X hke that
limBv; = llmTvJ =B with lzmd(ij,BTv]) =land limd (Tv;,TBv;) = 1.

Jreo e
Now by PRC (w.r.t. CSA) of the couple (B, T) we have
limd (Bv;,BTv;) = 1and limd (Tv;,TBv;) = 1.

e Jeo

By the above limits, we get
BB =Tp =p. (11)

Let B # .
Substituting # = y and v = f§ in (D2) we get
d(Ay,BB) < (mav{d (Ay,5y).d(BB.TB),\/[d(Ay,TB) 4 (BB,Sw)].d (Sw,TB)} ).
(max{d (Ay,Sy),d(BB,TB)})".(max{d (Ay,TB) d(BB.Sy)})".
d(v,B) < (max{d(w, ¥).d(B.B),/[d(w.B)-d(B.w)l.d(v.B)})
(max{d (v, y),d(B, B)})".(max{d (y, B),d(B, y)})"
d(y,B) <d(y, [3) ", a contradiction.
Since d (v, ) ") <1
which gives d (v, B) = 1 since d (y, ) > 1 in MMS
Therefore, d (y,) =1
Hence, v = 3.
Hence, from Equations (10) and (11) we get Ay =Sy =By =Ty = y.
This makes y the fixed point of four self mappings.
For Uniqueness : Assume that p be another fixed point then p = Sp =Ap =Tp = Bp.
Putting u = y and v = p in (C2)

P
d(Ay,Bp) < (max{d(Aw,Sw)vd(Bp,Tp),\/[d(Aw,Tp)-d(Bp,Sw)],d(Sw, Tp)}) :
(max{d (Ay.Sy).d(Bp,Tp)})".(max{d (Ay.Tp) d(Bp.Sy)})"

d(y.p) < (max{d(w,w),d(p,p),\/[a’(w,p)-d(p,w)],d(w,p)})

https://www.indjst.org/ 1346
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(max{d (y,y),d(p,p)})".(max{d (y,p).d(p,y)})"
d(y,p) d(y,p)" ", a contradiction

which implies y = p.
This demonstrates that the unique common fixed point for the maps above is y.
Now, we provide an example to support our result.

3.4 Example:

Suppose X = [0, 10]is defined in an MMS and d(B,1) = e/P~7l forall B,n € X
Define self-mappings A, B, S and T'as
el .
_ 5 if0<n<l1 _ _ n if0<n<l

Clearly A(X) =[0.5,1]U{2} C T (X) =[0,l0g10], B(X = [0.5,1]U{2}) C S(X) = [0,l0g10] so that (D1) is satisfied.
Now take a sequence {1, } asn; = €*+ % forall j > 1.

Then [imAn; = limA <€2+ l.) = lim2=2and limSn; =S <e2—|— l.) =2.
j—roo k—so0 J J—yeo J—roo J
This implies limAn; = limSn; = 2.
j—reo Jree

Also, we have limASn = limAS (e2 + %) — limA (log <e2 + %)) — lim2=2

Jj—roo j J—roo Jj—roo k—yo0
and lim SAN; = lim$A (¢ + 1) = limS (2) = log2.
oo jove i) R

limd (ASN ;,SAN;) =d(2,1082) = e> 1082l o£ 1.

e

Similarly, limd(BTn;, TB1);) =d(2,10g2) = e~1082 £ 1.
j=eo

Hence, the couples (A,S) and (B, T') are non-compatible.

Now for a sequence §; =1 — % forall j > 0.

Then limAB; = limA (1~ 1) = 1 and fim $B; = lims (1 =) = 1.
oo J—oo J J—soo J—roo J
This gives limAB; =limSB; = 1.
j—reo Jj—reo

Now limASB; = limAS (1~ 1) = limA (1~ +) =1

J—roo j—reo J—voo
and fim $AB; = lim$A (1 = 1) = ims (1 1) = 1.
J—ree Jj=ree / k—o0 J

Therefore, limd(ASB;,AB;) =d(1,1) =el'~1l =1
e

andlimd(SAB;,SB;) =d(1,1) = el = 1.

e
Further limd(ASB;,A(1)) =d(1,1) =el'"1l =1

Jreo

andlimd(SAB;,S(1)) =d(1,1) = 1.

e
Hence, the couple (A, S) is CSA and PRC (w.r.t. CSA).
Similarly, the couple (B, T) CSA and PRC (w.r.t. CSA).
Further A (62) =S (ez) =2andB (62) =T (ez) =2.
But AS (¢?) =A(2) =2and SA (¢%) = S(2) = log2.
Therefore, AS (e*) # SA (¢?). Similarly,BT (e?) # TB (e?).
Butatnn =1wehave A(1)=S(1)=1
sothat AS(1)=A(l)=1andSA(1)=S(1)=1.
Therefore, AS (1) = SA(1). Similarly, BT (1) = TB(1).
This implies the couples (A, S) and (B, T) are OWC but not WCM.

It can be observed from the self maps defined in the above example
A(1)=58(1)=B(1) = T(1) = 1, proving that the unique common fixed point is 1.
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4 Conclusion

In this study, the concepts of CSA, PRC and OWC mappings are used for obtaining the generalization of existing common fixed
point theorems proved in ') which are weaker than those classes of WCM and continuous mappings. Further, these results are
also substantiated with appropriate examples.
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