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Abstract
Objectives: To find the absolute error of the Hybrid fuzzy differential equation
with triangular fuzzy number since its membership function has a triangular
form. Methods: The third order runge-kuttta method based on the linear
combination of Arithmetic mean, Geometric mean and Centroidal mean is
introduced to solve Hybrid fuzzy differential equation. Seikkala’s derivatives are
considered, and Numerical example is given to demonstrate the effectiveness
of the proposed method. Findings: The comparative study have been done
between the proposed method and the existing third order runge-kutta
method based on Arithmetic mean. The proposed method gives better error
tolerance than the third order runge-kutta method based on Arithmetic mean.
Novelty: In this study a new formula has been developed by combining three
means Arithmetic Mean, Geometric Mean and Centroidal Mean using Khattri’s
formula and it is solved by the third order runge-kuttamethod for the first order
hybrid fuzzy differential equation. The error tolerance has been calculated for
the proposed method and the Arithmetic mean and it is seen that the error
tolerance is better for the proposed method.
Keywords: Hybrid fuzzy differential equations; Triangular fuzzy number;
Seikkala’s derivative; Third order runge-kutta method; Initial value problem

1 Introduction
Control systems that are capable of controlling complex systems which have discrete
time dynamics and continuous time dynamics can be modeled by hybrid systems. The
differential systems containing fuzzy valued functions and interaction with a discrete
time controller are named as hybrid fuzzy differential systems.

A brief analysis and interpretation on arithmetic operations of fuzzy numbers has
been done (1). AThird order Runge-kutta method based on linear combination of three
means of various combinations have been proposed before (2–4). A method is proposed
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in (5) to solve fuzzy Initial value problem using explicit runge-kutta method. In (6), compared various derivatives of fuzzy
functions and arrived at the conclusion that Seikkala’s solution is the most general solution to the fuzzy initial value problem.
Arithmetic operations of Trigonal fuzzy numbers using Alpha cuts has been proposed in (7). Iterative methods have been
proposed in (8). The Analysis and interpretation of Malaria disease model in crisp and fuzzy environment has been done in (9).
Numerical Solutions of Fuzzy Multiple Hybrid Single Retarded Delay Differential Equations have been reported in (10). In (11),
proposed amethod to find theNumerical Solutions of Fuzzy PureMultipleNeutralDelayDifferential Equations.Understanding
the Unique Properties of Fuzzy concept in Binary Trees has been done in (12). A Fuzzy Fractional Power Series Approximation
and Taylor Expansion for Solving Fuzzy Fractional Differential Equation has been done in (13). In (14), proposed a technique to
resolve transportation problem by Trapezoidal fuzzy numbers. In (15), proposed a Type-2 fuzzy differential inclusion for solving
type-2 fuzzy differential equation.

In this study we have used Seikkala’s derivative to find the most general solution to the fuzzy initial value problem and a
new equation has been developed by combining three means Arithmetic Mean, Geometric Mean and Centroidal Mean using
Khattri’s formula and it is solved by the third order runge-kutta method for the first order hybrid fuzzy differential equation.
The comparative study has been done between the proposed method and the existing third order runge-kutta method based
on Arithmetic mean. The proposed method gives better error tolerance than the third order runge-kutta method based on
Arithmetic mean and it has been shown in Table 1 and Figure 1.

2 Preliminaries
Definition: 2.1 (Fuzzy Set)

If X is a collection of objects denoted generally by x, then a fuzzy set Ã in X is a set of ordered pairs Ã =
{(

x,µÃ(x)

)
/x ∈ X

}
,

where µÃ(x) is called the membership function or grade of membership of x in Ã.
Definition: 2.3 (Triangular fuzzy number)
It is a fuzzy number represented with three points as follows: Ã = (a1,a2,a3), this representation is interpreted as

membership functions and holds the following condition:
(i) a1 to a2 is increasing function
(ii) a2to a3is decreasing function
(iii) a1 ≤ a2 ≤ a3

µÃ (x) =


0 , x < a1

x−a1
a2−a1

, a1 ≤ x ≤ a2
a3−x

a3−a2
, a2 ≤ x ≤ a3

0 , x > a3

Now, if you get crisp interval by α - cut operation, interval Ãα shall be obtained as follows,∀α ∈ [0,1] from

a(α)
1 −a1

a2 −a1
= α ,

a3 −a(α)
3

a3 −a2
= α

The Third order runge-kutta method based on a linear combination of Arithmetic mean (AM), Geometric mean (GeM) and
Centroidal mean (CeM) for IVP was introduced by Khattri as follows:

Yn+1 (k1,k2) =
14AM (k1,k2)−GeM (k1,k2)+32CeM (k1,k2)

45

3 The Hybrid Fuzzy Differential Equations
The hybrid fuzzy differential equation

ẏ(x) = f (t,y(t),λk (yk)), t ∈ [tk, tk+1] k = 0,1,2, . . .
y(t0) = y0

(3.1)

where tk = 0 is strictly increasing and unbounded, yk denotes y(tk) , f : (t0,∞)×R×R → R is continuous, and each λk : R → R
is a continuous function. A solution to (Equation (3.1)) will be a function y : (t0,∞) → R satisfying (Equation (3.1)). For
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k =0,1,2,3, . . . , let fk : (tk, tk+1)×R → R where, f (t,yk(t)) = f (t,yk(t),λk (yk)). The hybrid fuzzy differential equation in
(Equation (3.1)) can be written in expanded form as

ẏ(t) =



ẏ0(t) = f (t,y0(t),λ0 (y0)) = f0 (t,y0(t)) ,y0 (t0) = y0, t0 ≤ t ≤ t1
ẏ1(t) = f (t,y1(t),λ1 (y1)) = f1 (t,y1(t)) ,y1 (t1) = y1, t1 ≤ t ≤ t2

.

.

.
ẏk(t) = f (t,yk(t),λk (yk)) = fk (t,yk(t)) ,yk (tk) = yk, tk ≤ t ≤ tk+1

.

.

and a solution of (Equation (3.1)) can be expressed as

y(t) =



y0(t) = y0, t0 ≤ t ≤ t1
y0(t) = y0, t0 ≤ t ≤ t1

.

.

.
y0(t) = y0, t0 ≤ t ≤ t1

.

.

we note that the solution of (Equation (3.1)) is continuous and piecewise differentiable over (t0,∞) and differentiable on each
interval (tk, tk+1) for any fixed yk ∈ R and k = 0,1,2, . . . .

4 A Third order runge-kutta method based on linear combination of Arithmetic
mean, Geometric mean and Centroidal mean for hybrid fuzzy differential equation
Consider the IVP (Equation (3.1)) with crisp initial condition y(t0) = y0 ∈ R and t ∈ [t0,T ]. Let the exact solution [Y (t)]r =
[Y (t;r), Y (t;r)] is approximated by some [y(t)]r = [y(t;r), y(t;r)] from the equation yn+1 = yn+

h
2

[
∑2

i=1 Means
]
wheremeans

includesArithmeticmean (AM),Geometricmean (GM),Contra -Harmonicmean (CoM),Centroidalmean (CeM), Rootmean
Square (RM), Harmonic mean (HaM), and Heronian mean (HeM) which involves ki1 ≤ i ≤ 4,

where,

k1 = f (tn,yn)
k2 = f (tn +a1h,yn +a1hk1)

k3 = f (tn +(a2 +a3)h,yn +a2hk1 +a3hk2)

where the parameters for the linear combination of Arithmetic mean, Geometric mean and Centroidal mean are

a1 =
2
3
, a2 =

203
810

, a3 =
743
810

The third order formulae based on runge-kutta scheme using the Combination of Arithmetic mean, Geometric mean and
Centroidal mean are

yn+1 = yn +
h
90

{
7(k1 +2k2 + k3)−

(√
k1k2 +

√
k2k3

)
+

64
3

(
k2

1 + k1k2 + k2
2

k1 + k2
+

k2
2 + k2k3 + k2

3
k2 + k3

)}
with the grid point s a = t0 ≤ t1 ≤ ·· · ≤ tN = b and h = (b−a)

N = ti+1 − ti
We define

yk,n+1(r)− yk,n(r) = ∑3
i=1 wiki

(
tk,n;yk,n(r)

)
yk,n+1(r)− yk,n(r) = ∑3

i=1 wiki
(
tk,n;yk,n(r)

)
https://www.indjst.org/ 1862
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where w1,w2,w3 are constants,

k1
(
tk,n;yk,n(r)

)
= min

{
f
(
tk,n,u,λk (uk)

)
\ u ∈

[
yk,n(r),yk,n(r)

]
,uk ∈

[
yk,0(r),yk,0(r)

]}
k1
(
tk,n;yk,n(r)

)
= max

{
f
(
tk,n,u,λk (uk)

)
\ u ∈

[
yk,n(r),yk,n(r)

]
,uk ∈

[
yk,0(r),yk,0(r)

]}

k2
(
tk,n;yk,n(r)

)
= min

 f
(
tk,n + 2

3 hk,u,λk (uk)
)
\ u ∈

[
zk1

(
tk,n;yk,n(r)

)
,zk1

(
tk,n;yk,n(r)

)]
,

uk ∈
[
yk,0(r),yk,0(r)

] 

k2
(
tk,n;yk,n(r)

)
= max

 f
(
tk,n + 2

3 hk,u,λk (uk)
)
\ u ∈

[
zk1

(
tk,n;yk,n(r)

)
,zk1

(
tk,n;yk,n(r)

)]
,

uk ∈
[
yk,0(r),yk,0(r)

] 

k3
(
tk,n;yk,n(r)

)
= min

 f
(
tk,n + 2

3 hk,u,λk (uk)
)
\ u ∈

[
zk2

(
tk,n;yk,n(r)

)
,zk2

(
tk,n;yk,n(r)

)]
,

uk ∈
[
yk,0(r),yk,0(r)

] 

k3
(
tk,n;yk,n(r)

)
= max

 f
(
tk,n + 2

3 hk,u,λk (uk)
)
\ u ∈

[
zk2

(
tk,n;yk,n(r)

)
,zk2

(
tk,n;yk,n(r)

)]
,

uk ∈
[
yk,0(r),yk,0(r)

] 
where

zk1

(
tk,n;yk,n(r)

)
= yk,n(r)+

2
3

hkk1
(
tk,n;yk,n(r)

)

zk1

(
tk,n;yk,n(r)

)
= yk,n(r)+

2
3

hkk1
(
tk,n;yk,n(r)

)

zk2

(
tk,n;yk,n(r)

)
= yk,n(r)−

203
810

hkk1
(
tk,n;yk,n(r)

)
+

743
810

hkk2
(
tk,n;yk,n(r)

)
where

zk1

(
tk,n;yk,n(r)

)
= yk,n(r)+

2
3 hkk1

(
tk,n;yk,n(r)

)

zk1

(
tk,n;yk,n(r)

)
= yk,n(r)+

2
3

hkk1
(
tk,n;yk,n(r)

)

zk2

(
tk,n;yk,n(r)

)
= yk,n(r)−

203
810 hkk1

(
tk,n;yk,n(r)

)
+ 743

810 hkk2
(
tk,n;yk,n(r)

)

zk2

(
tk,n;yk,n(r)

)
= yk,n(r)−

203
810

hkk1
(
tk,n;yk,n(r)

)
+

743
810

hkk2
(
tk,n;yk,n(r)

)
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define

Sk

[
tk,n;yk,n(r),yk,n(r)

]
=



7
[
k1
(
tk,n,yk,n(r)

)
+2k2

(
tk,n,yk,n(r)

)
+ k3

(
tk,n,yk,n(r)

)]
−
[√(

k1
(
tk,n,yk,n(r)

)
k2
(
tk,n,yk,n(r)

)
+
√[

k2
(
tk,n,yk,n(r)

)
k3
(
tk,n,yk,n(r)

)]]
+ 64

3

 k2
1(tk,n,yk,n(r))+k1(tk,n,yk,n(r))k2(tk,n,yk,n(r))+k2

2(tk,n,yk,n(r))
k1(tk,n,yk,n(r))+k2(tk,n,yk,n(r))

+
k2

2(tk,n,yk,n(r))+k2(tk,n,yk,n(r))k3(tk,n,yk,n(r))+k2
3(tk,n,yk,n(r))

k2(tk,n,yk,n(r))+k3(tk,n,yk,n(r))





Tk

(
tk,n;yk,n(r),yk,n(r)

]
=



7
[
k1
(
tk,n,yk,n(r)

)
+2k2

(
tk,n,yk,n(r)

)
+ k3

(
tk,n,yk,n(r)

)]
−
[√

k1
(
tk,n,yk,n(r)

)
k2
(
tk,n,yk,n(r)

)
+

√
k2
(
tk,n,yk,n(r)

)
k3
(
tk,n,yk,n(r)

)]

+ 64
3

 k2
1(tk,n,yk,n(r))+k1(tk,n,yk,n(r))k2(tk,n,yk,n(r))+k2

2(tk,n,yk,n(r))
k1(tk,n,yk,n(r))+k2(tk,n,yk,n(r))

+
k2

2(tk,n,yk,n(r))+k2(tk,n,yk,n(r))k3(tk,n,yk,n(r))+k2
3(tk,n,yk,n(r))

k2(tk,n,yk,n(r))+k3(tk,n,yk,n(r))




The exact solutions at tk,n+1 is given by

Y k,n+1(r)≈ Y k,n(r)+
hk
90 Sk

[
tk,n;Y k,n(r),Y k,n(r)

]
Y k,n+1(r)≈ Y k,n(r)+

hk
90 Tk

[
tk,n;Y k,n(r),Y k,n(r)

]
The approximate solutions at tk,n+1 is given by

yk,n+1(r) = yk,n(r)+
hk
90 Sk

[
tk,n;yk,n(r),yk,n(r)

]
yk,n+1(r) = yk,n(r)+

hk
90 Tk

[
tk,n;yk,n(r),yk,n(r)

]
5 Numerical Example
Consider the fuzzy Initial Value Problem{

y
′
(t) = y(t), t ∈ [0,1]

y(0;r) = [0.75+0.25r, 1.125−0.125r], 0 ≤ r ≤ 1

The exact solution is given by

Y (t;r) =
[
(0.75+0.25r)et , (1.125−0.125r)et] , 0 ≤ r ≤ 1

at t = 1 we get

Y (1;r) =
[
(0.75+0.25r)e1, (1.125−0.125r)e1] , 0 ≤ r ≤ 1

By the third order runge-kutta method based on the combination of Arithmetic mean, Geometric mean and Centroidal mean
with N = 2, gives

y(1.0;r) =
[
(0.75+0.25r)(C0,1)

2 , (1.125−0.125r)(C0,1)
2
]
, 0 ≤ r ≤ 1

Where

C0,1 = 1+
h
90


7
[
4+2h+ 743

1215 h2
]
−
[√(

1+ 2
3 h
)
+
√(

1+ 2
3 h
)(

1+ 2
3 h+ 743

1215 h2
)]

+ 64
3

[
1+(1+ 2

3 h)+(1+ 2
3 h)

2

2+ 2
3 h

+
(1+ 2

3 h)
2
+(1+ 2

3 h)(1+ 2
3 h+ 743

1215 h2)+(1+ 2
3 h+ 743

1215 h2)
2

2+ 4
3 h+ 743

1215 h2

]

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Now consider the Hybrid fuzzy initial value problem{
y
′
(t) = y(t)+m(t)λk (y(tk)) , t ∈ [tk, tk+1] , tk = k, k = 0,1,2, . . .
y(t;r) = [(0.75+0.25r)et , (1.125−0.125r)et ] , 0 ≤ r ≤ 1

Where

m(t) =
{

2(t(mod1)), i f t(mod1)≤ 0.5,
2(1− t(mod1)), i f t(mod1)≥ 0.5

λk (y(tk)) =
{

0 , i f k = 0,
µ , i f k ∈ 1,2, . . .

hybrid fuzzy Initial value problems is equivalent to the following system of fuzzy Initial value problems.
The exact solution for t ∈ [0,2] is given by y

′
(t) = y(t), t ∈ [0,1]

y0(0;r) = [(0.75+0.25r), (1.125−0.125r)], 0 ≤ r ≤ 1
y
′
i(t) = yi(t)+m(t)yi−1(t), t ∈ [ti, ti+1] , yi(t) = yi−1 (ti) , i = 1,2, . . .

y(t)+m(t)λk (y(tk)) is continuous function of t,x and λk (y(tk)), for each k = 0,1,2, . . . , the fuzzy Initial value problem{
y
′
(t) = y(t)+m(t)λk (y(tk)) , t ∈ [tk, tk+1] , tk = k

y(tk) = ytk

has a unique solution on
[
tk,tk+1

]
. To numerically solve the hybrid fuzzy IVP the modified third order runge-kutta method

based on Arithmetic mean, Geometric mean and Centroidal mean is applied for solving hybrid fuzzy differential equation with
N = 2 to obtain, y1,2(r) approximating x(2.0;r).

Let f : (0,∞)×R×R → R be given by
f (t,y,λk (y(tk))) = y(t)+m(t)λk (y(tk)) , tk = k,k = 0,1,2, . . . ,
Where λk : R → R is given by

λk(y) =
{

0, i f k = 0
y, i f k ∈ {1,2, . . . ,}

Since the exact solution for tε[1,1.5] is

Y (t;r) = Y (1;r)
(
3et−1 −2t

)
, 0 ≤ r ≤ 1, Y (1.5;r) = Y (1;r)(3

√
e−3), 0 ≤ r ≤ 1

Then Y (1.5;r) is approximately 5.290222 and the exact solution for tε[1.5,2] is

Y (t;r) = Y (1;r)
(

2t −2+ et−1.5(3
√

e−4)
)
, 0 ≤ r ≤ 1

Therefore,

Y (2.0;r) = Y (1;r)(2+3e−4
√

e)

Then Y (2.0;r) is approximately 9.676976.
The absolute error of the third order runge-kutta method based on a linear combination of Arithmetic mean (RK3AM),

Geometric mean (RK3GeM) and Centroidal mean (RK3CeM) is compared with the absolute error by Arithmetic mean
(RK3AM) for the r-level set with h = 0.1 and t = 2 of the example is given below.

Figure 1 is the graphical representation for the absolute error of the third order runge-kutta method based on the linear
combination of RK3AM, RK3GM, RK3CeM and RK3AM for the above example is given below, where t = 1.5, h = 0.1.
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Table 1. Absolute error of third order runge-kutta method based on a linear combination of RK3AM, RK3GeM, RK3CeM and
RK3AM for ther-level set with h = 0.1 and t = 2

r T A bsolute error A bsolute error
HRK3AMGeMCeM HRK3AM

0 2 4.55E-04 6.82E-04 5.94E-04 8.91E-04
0.1 2 4.70E-04 6.75E-04 6.14E-04 8.81E-04
0.2 2 4.85E-04 6.67E-04 6.34E-04 8.71E-04
0.3 2 5.00E-04 6.59E-04 6.54E-04 8.61E-04
0.4 2 5.15E-04 6.52E-04 6.73E-04 8.52E-04
0.5 2 5.31E-04 6.44E-04 6.93E-04 8.42E-04
0.6 2 5.46E-04 6.37E-04 7.13E-04 8.32E-04
0.7 2 5.61E-04 6.29E-04 7.33E-04 8.22E-04
0.8 2 5.76E-04 6.22E-04 7.53E-04 8.12E-04
0.9 2 5.91E-04 6.14E-04 7.72E-04 8.02E-04
1 2 6.06E-04 6.06E-04 7.92E-04 7.92E-04

Fig 1. 1 (h = 0.1, t = 1.5)

6 Conclusion
In this study, the first order hybrid fuzzy differential equation is solved using the third order runge-kutta method based on the
linear combination of Arithmetic Mean, Geometric Mean and Centroidal Mean. The absolute error of the proposed method
is compared with the absolute error of the Arithmetic mean method, and it has been noted that the proposed method gives
the better error tolerance and it is suitable for solving hybrid fuzzy initial value problem. Likewise, the approximate and exact
solutions can also be calculated for this proposed method.
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