INDIAN JOURNAL OF SCIENCE AND TECHNOLOGY

RESEARCH ARTICLE

Check for
updates

& OPEN ACCESS

Received: 21-03-2024
Accepted: 21-04-2024
Published: 09-05-2024

Citation: Ghuge V, Holambe TL,
Sontakke B, Shrimangale G (2024)
Solving Time-fractional Order Radon
Diffusion Equation in Water by Finite
Difference Method. Indian Journal
of Science and Technology 17(19):
1994-2001. https://doi.org/
10.17485/1)ST/v17i19.868

*Corresponding author.

v.t.ghuge@gmail.com
Funding: None

Competing Interests: None

Copyright: © 2024 Ghuge et al. This
is an open access article distributed
under the terms of the Creative
Commons Attribution License, which
permits unrestricted use,
distribution, and reproduction in
any medium, provided the original
author and source are credited.

Published By Indian Society for
Education and Environment (iSee)

ISSN
Print: 0974-6846
Electronic: 0974-5645

Solving Time-fractional Order Radon
Diffusion Equation in Water by Finite
Difference Method

Vijaymala Ghuge'*, T L Holambe?2, Bhausaheb Sontakke?,
Gajanan Shrimangale*

1 Department of Mathematics, Rashtramata Indira Gandhi College, Jalna, Maharashtra, India
2 Department of Mathematics, Late Shankarrao Gutte Gramin Arts, Science and Commerce,
Dharmapuri, Beed, Maharashtra, India

3 Department of Mathematics, Prathishthan Mahavidyalaya, Paithan, Aurangabad,
Maharashtra, India

4 Department of Mathematics, Mrs. Kesharbai Sonajirao Kshirsagar Alias kaku Arts, Science
and Commerce College, Beed, Maharashtra, India

Abstract

Objective: The aim of this research is to gain a comprehensive understanding
of radon diffusion equation in water. Methods: A time fractional radon
diffusion equation with Caputo sense is employed to find diffusion dynamics of
radon in water medium. The fractional order explicit finite difference technique
is used to find its numerical solution. A Python software is used to find
numerical solution. Findings: The effect of fractional-order parameters on the
distribution and concentration profiles of radon in water has been investigated.
Furthermore, we study stability and convergence of the explicit finite difference
method. Novelty: The fractional order explicit finite difference method can
be used to estimate approximate solution of such fractional order differential
equations.

Keywords: Radon Diffusion Equation; Finite Difference Method; Caputo;
Fractional Derivative; Python

1 Introduction

Fractional calculus extends traditional calculus by allowing for non-integer or fractional
orders of differentiation and integration!). Fractional calculus has a wide range
of applications across various fields due to its ability to model complex systems
and phenomena that involve non-integer order derivatives and integrals‘®. Some
of the prominent applications of fractional calculus include, Physics, Engineering,
Signal Processing, Biology and Medicine, Chemical Engineering, Astronomy and
Astrophysics etc. The analytical solutions of fractional partial differential equations can
be challenging to obtain, especially for non-trivial cases, as they often involve fractional
derivatives. To handle this, numerical methods are used to obtain solution of fractional
differential equations®). Finite difference method is one of the widely used numerical
method for solving differential equations in both one and multiple dimensions“~7).
They are particularly valuable when analytical solutions are not readily available or
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practical. Radon, a radioactive gas, is both colorless and odorless. It occurs naturally through the radioactive decay of elements
like uranium, which are distributed in varying quantities within soil and rock all over the world. This gas, originating in the
ground, can migrate into the atmosphere, as well as infiltrate both underground and surface water. Radon is pervasive in
both outdoor and indoor environments. Given its hazardous nature, numerous researchers investigate the movement of radon
through substances like soil, air, concrete, and activated charcoal®. In 2022, Shrimangale G.W and Raut S.R developed a
crank-nicolson method to solve radon diffusion equation in soil medium ®. In 2021, Rao T.D. and Chakraverty S. have used
forward and inverse techniques for fuzzy fractional systems applied to radon transport in soil chambers®). Furthermore, A.
Rybalkin study Radon difussion equation, and they obtained its exact solution ), In this cotext, we develop a fractional order
Radon diffusion equation, but it is very difficult to obtain its exact solution. Therefore, we develop fractional order explicit finite
difference method ''-13) to investigate the diffusion of radon in water medium. Furthermore, we create Python code to visually
represent the approximate solution graphically.

2 Methodology
2.1 Some Preliminaries

Definition 1. The Caputo time-fractional derivative of order ¥, (0 < y < 1) is defined by ®,

V(L) 1 [ov(C,t) dn

atr I(1—y) / an  (t—n) (1)

2.2 Mathematical Modeling

The FicK’s second law elaborates the change in concentration with respect to both time and position occurs. This law can be
expressed as follows

2
aV((;i, ) :Da ‘g(gz, T) —uv(¢, ) (2)

where p is the radon decay constant.
In this paper, we focus on the time-fractional order radon diffusion equation given below (%),

MV(L,T) VL)

= — N < > 3
37 D ez uv(,1);0<f{<L0<y<1,7>0 (3)
initial condition:
V(£,00=0, 0<{<L (4)
boundary conditions:
V(O,T):Voandw:o;fzo (5)

Here, V = V (&, 1) is the concentration of radon at space { and time 7, D is the diffusion coefficient, y is the radon decay

[ . . .
constant and 2 ‘gg’f) is considered in Caputo sense.

2.3 Finite Difference Scheme

Let (&, w);i =0,1,2,....M and k = 0,1,2,...,N be the exact solution of time fractional radon diffusion Equations (3), (4)
and (5) at the mesh point ({;, %), where tu = k7, k=0,1,2,...,Nand {;=ih, i=0,1,2,...,M, where T = L and h = £.
Let V/ be the numerical approximation of the point V (ik,kt’). We approximate time-fractional derivative in the Caputo sense
as follows )

Thk+1
V(&) 1 1 IV (&i.7)
Ity L I(1-y) f (Ter1—1) an dT[
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— (sz’y) I:Vk+1 Vk] +F Z |: k J+1 _‘/ikfji| +O(T)

where b; = (G+D)r— - 7,] —0,1,2,
Also, we approximate the second order space derivative as follows,
V(1) _ V(Gfl«Tk)—ZV(C;«Tk)+V(§f+1’Tk)

{2
V(Gm) _ Ve vt +‘/z+1
er 7

Therefore, substituting in Equation (4), we get
j —j vk vk
( -~ [VkH Vk] +1" Z [ k j+1 _Vik j:| :D{ z+1} —uV (&)

h2
Vi -V +xk [Vk s v"*f}

L

= DT [yk | ok vE| ]~ uT(2 - )TV (Gute)

Putr = % and ' = ul’(2 — y)t" we have,
k—j+1 k=
Vi =V Dby [V = 2 v - v ©
After simplification,
Vik+1 — VVik,l + (1 —2r—/.L )Vk—i—r *, Z lb' (V‘k*hLl _V_k*]
=V (L =2r =)WV rVE 4By [V =V 4 by [v" A
by [V VI b [V VR b [V -V
VI =V + (L= 2r = = b))V VR + B (b = b VS + P 7)
We approximate initial condition as follows
v i=0,1,2,--- M.
Also, V(;‘ =0and %27) = 0, which gives VA’fI+1 = VA’fFl.
Now, for k = 0, we obtain
V=V + (1=2r = VP + 1V,
Therefore, the complete fractional approximated initial boundary value problem is,
‘/i]:ri/i(il—i—(l—Zr—u)\/iO—l—r i1 fork=0 (8)
VI =+ (L= 2r = = b))V VR + XL (b — b )V + BV fork > 1 9)
with initial condition:
v0=0,i=0,1,2,--- M (10)
boundary conditions:
dV(L
VE=0 and%:o, Vi1 =V 13 k=0,1,2,--- (11)
The finite difference scheme Equations (8), (9), (10) and (11) can be expressed in matrix form as follows,
Vvi=avO4+ V', fork=0 (12)
vkl — pyk 4 z H(bj— b )V + b VO+ V! fork>1 (13)
https://www.indjst.org/ 1996
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where, V& = [VE VA VE ... vE], v =0=[v0,0,---,0],

1-2r—u' ifi=j
r ifi=j+1
A=lay) = r ifi=j—1
0 otherwise
and,
1-2r—u' —b ifi=j
r ifi=j+1
B=1byl= r ifi=j—1
0 otherwise

The above system of equation is solved by using Python software.

2.4 Stability

Theorem 1. The solution of the finite difference scheme Equations (8), (9), (10) and (11) for time fractional radon diffusion
Equations (3), (4) and (5), is stable, when r < min { 2%”,, 2_T“l o<y < 1} .
Proof: Let p; be an eigenvalue of matrix A, so we have, AX; = p;X; for some nonzero vector X;. Now, we choose i such that,
|X;| = max{|x]|j=1,2,...,k}.
Then we have
lj;% ajjXj = piX;
and therefore,

Y
Di :aiiJFZ];:l’i#laij;J' (14)
1

Now for i = 1, we get

D1 :a11+2§:21#1a1j% = 172r—1_7+a12% = 172r—u’+r%
<1-2r—p'+r<i<l—r—pu' <1

Theretofore, p; < 1.

Also,plv:lerfv+r% > I—erv—rj% >1-2r—pu' —r>-1

When, 1 —2r— ' —r > —1 implies that,

1=3r—p'>-1=3r<2—p/ = r< 2K
Now, for2 <i<M—1,

X3

p,~:1—2r—‘u/+a12)2—|—a23 <l-=2r—p'+r+r<i—p' <1
x|

x
pi:172r—u'+a12)2+a23 el >1—2r—p' —r—r>1—d4r—pu > -1
X1 X2

When, 1 —4r—p' > —1 implies that,

4r<2—p=4< B 0<v<

1 <p' <1for2<i<M—1whenr< 2t

Finally, wheni =M
pM:aMM"'Z];;i,i;éMaij% <1—2r—p' 40+ +2r<1—p' <1
=py>1-2r—pu' —-2r>-1

Also,

2—u’

I —dr—p'>-1=4r<2-p' =r< 28

!
Therefore, for 1 <i <M we get, —1 < pyy <1 when r < min{?7 2—4,,1 }

Implies, |py| < 1 when r < min{?,%ﬂl}

!
Therefore, || A ||2< 1 when r < min {%, ZT“ }, which gives

IV =l AVO < A L] VO |12

https://www.indjst.org/ 1997
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Now, we have || V/ [o<|| V" o< - <[ V! <] VO | .

Also, eigen values of B are glven by,

Whenl—l,pl—b|1+21 2,j#1 l]x —1—27‘—‘Ub]—|—b]2 <1—2r—u’—b1—|—r
§1—r—/,L -b <1

Also p; > 1—=2r—pu' —by — by 2 >1—2r—u’—b1—r21

Therefore,u’Z—lwhenl—?ar—y —b>—lier< #
When, 2<1<M—1
pi=bi+ Li] 1Lj#2 bijd =1=2r—pbi+biit +bo3 2
<1=2r—p —bi+r+r
<l—p'<1
Also,u' >1-2r—p'—by—r—r>1—4r—p' —by—r>—1
Therefore, t’ > —1when 1 —4r—pu' — by > _1le‘r§%

|t <1for2<i<Mwhenr< #.

When,i:M, pM:bMM—i_ZIJ(:l];éMblj% :1_2r—,ll/b1—|-
wW<1=2r—pu' —b1+2r<1—pu' —by <1

Also, ! >1-2r—pu' —by—2r>1—4r—u' —by > —

Therefore, t’ > —1 when 1 —4r—pu' — by > —1lie.r < b
Hence, || B |[2= max |p;| <1thatis || B[>< 1.
1<i<M—1
Hence,
H yk+l ||2:|| BVk ]j‘;}(bj—bﬂ_l) Vkij-‘rkaO ||2
SZB<|)|2H VEL 4+ (b1 —ba+ba—b3+ - +bey) | VI [la +bi | VO ||
<[ V2

i.e.result is true for k=n+1. Hence, by induction || V¥ [,< VO |, .
! !
This shows that the scheme is stable when, r < min {#, #\ o<u <1 }

2.5 Convergence

Theorem 2. Let V* be the exact solution of the time fractional radon diffusion Equations (3), (4) and (5) and V¥ be the
approximate solution, then V¥ converges to V¥ as (h,7) — (0,0) when
,<min{m mmgﬂlg 1}'

Proof: Let, VK = [V}, Vs, ..., Vy]", V* = [V1,V>,...,Vy] and EX = V* — V&,
Let us assume that,
lefl = | max lef| = [[E*|l= forl=1,2..
and
TF = max \Tk|*h20(fl+h2)
1<i<N

For, k=1, we have,
lef| = lre) | + (1 =2r—p')e) +re}, ||
< Jrel |+ (1 =2r— )€l + |red, | + T
whenrgmin{#, #m <u' <1
lef| < rled |+ (1 —2r—pu")|ed| +rled ||+ |T]
< (r+1=2r—p' +r)|e)|+ [T < |e)]| +|T}]
This implies,
[ E' (<[ E [loo +r|T| =|| E° ||leo +-rh?(T +1?)
12 ’
<[ E” || +T T(2—7)0(T +h?)
That is the result hold forn = 1.
For n = k, we assume,
| E* [|loo<|| E® || +KkR?0(T +h?)
For n = k+ 1, we have,

https://www.indjst.org/ 1998
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_ k—7
I EF = ref ) 4+ (1 =2r = w)ef +ref |+ 1T+ X521 (b5 —bjrn)e; ! +bied| +|TH]
whenrgmin{#, %|0§u’ < 1}.
|Elk+l\ <rlef|+(1—2r—y/ —b1)\eﬂ +rlek|
(b1 —ba+by = by + -+ by )|ef| + | T
<(r+1=2r—u' —by+r+b —bk+bk)|€lf|
<lef|+r|Tf| <|| E* || +r|T}
<|| EO |oo 7| TF| + krh?0(c + h?)
<|| E® ||oo +kT 20 (2 — 7)O(1 4+ h2) +€TM2T(2 — )
12 ’
|EFT <] E? ||loo + (k4 1) T T(2—7)0(t +hH?)
Therefore, we conclude that if we assume
rSmin{#7 o< p' < 1}
then || E* [|.o— 0 as T — 0, h — 0 which results in the convergence ofo to V(& t).
Hence, the proof is complete.

3 Result and Discussion

In this section, we aim to derive approximate solutions for the time fractional Radon diffusion equation while considering both
initial and boundary conditions in water medium. We adopt a finite difference scheme to obtain numerical solutions for the
time fractional Radon diffusion equation. The equation under investigation is the following time-fractional Radon diffusion
equation:

V(.1 _ V(T

oy =D 3 —uV(£,1),0<y<1,0<¢<LT>0, (15)

Initial condition:
V(£,00=0,0<{<L (16)
Boundary conditions:

IV(L,7)

V(0,7) =dcVy and
(0,7) =dcVy an P

=0,7>0 (17)

Exact solution of Equations (15), (16) and (17) for y =1 is as follows 19,

m ((2n+1)27t2D+u>
Ll - 2 T
cosm/BL=8) pr = @nt1)e 4L _Cn+ )l
Vgt =dVy | ————-7Y — sin (18)
m = (2n+1)*x2D 2L
COSh BL T+ﬂ

To estimate approximate solutions of the time —fractional radon diffusion Equations (15), (16) and (17), we consider the
parameters given in the Table 1.

Table 1. Parameters and their values

Parameters Value

Radon diffusivity coefficient in water D 1 x 1077 Bq/m’
Spatial length L 1.7278 cm
Radon decay constant u 2.1x107°
Adsorption coefficient ¢ 4m? kg
Material density d 0.5g/cm?
Radon concentration in air Vy 200 Bg/ m’

https://www.indjst.org/ 1999


https://www.indjst.org/

Ghuge et al. / Indian Journal of Science and Technology 2024;17(19):1994-2001

The Python program is used to find the approximate solutions of Equations (15), (16) and (17) by developed finite difference
method given in Equations (8), (9), (10) and (11). In Table 2, the approximate solution of time-fractional radon diffusion
Equations (15), (16) and (17) derived from the fractional finite difference scheme Equations (8), (9), (10) and (11) is compared
with the exact solution for ¥ = 1, which demonstrating the method’s effectiveness.

Table 2. Absolute error

Absolute Error

=N 0.2 0.4 0.6 0.8 1.0

0.0 1.03x107* 541 %107 3.93x 107 3.34x 107 3.18 x 107
0.2 8.45x 107 4.44 %1073 3.22%x107° 2.74%x 1073 2.61x107°
0.4 6.94 x 107 3.64 x 1073 2.65x 107 2.25% 107 2.14x 1073
0.6 5.69 x 107 2.99 x 1073 2.17x 107 1.85x 1072 1.76 x 1073
0.8 4.67 %107 2.45% 107 1.78 x 107> 1.51x 1072 1.44 x 1073
1.0 3.83x107° 2.01 x 107 1.46 x 107 1.24 %107 1.18 x 107

In Figures 1, 2 and 3, we plot the dynamics of radon concentration for the variation of control parameters with fixed time
T = 12 hrs. Figure 1 represents the behaviour of radon concentration in water for y = 1. It is observed that, at { = 0, that is
beginning of the radon diffusion process the concentration is high in the water. As the distance is passed, the concentration is

gradually decreased and moves to attain the resting concentration in the water.

4000001
3500001  ©
300000 o \
250000 A AN

> 200000 A

Vg, )

150000 A
100000 1

50000

04

S~

0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175

¢

Fig 1. Radon concentration fort = 12 irs, y=1, h=0.001

Furthermore, we study the effect of parameter y on the radon concentration in water. Figure 2 shows the concentration of
radon over space for different control parameter y and T = 12 hrs. The amount of radon concentration in Figure 2 is same as
in Figure 1. It is observed that radon concentration decreases more rapidly as y decreases.
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300000 +
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Fig 2. Radon concentration fors = 0.001,7 = 12 hrs
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Figure 3 shows the simulation of radon concentration for different time slots and y = 1. We observe that radon concentration
gets increases as time passes.

400000 +

350000 A

300000 -

250000 -

T)

V(g

200000 -

150000 1

100000 -

50000 4

T T T T T T T T
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175
4

Fig 3. Radon concentration fory =1, 7 = 0.001

We observed that, the approximate solutions obtained by developed method is close to exact solution obtained by A.
Rybalkin 1) for y = 1. Therefore, our developed scheme is suitable for obtaining numerical solution of fractional order Radon
diffusion equation in water medium.

4 Conclusion

We have successfully formulated an explicit finite difference scheme for fractional-order Radon diffusion equations. We have
conducted a comprehensive analysis of the scheme’s stability and convergence. As an application of this method, we have
obtained numerical solutions for practical problems involving a water medium and have presented these solutions through
graphical simulations. We study the effect of time-fractional order ¥ on radon concentration and observe that it decreases
rapidly as y decreases. Furthermore, we observe that radon concentration in water gets increases as time passes.
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