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Abstract

Objective: Finding the triple connected certified domination number for the
power graph of some peculiar graphs. Methods: A dominating set S with the
condition that every vertexin S has either zero or at least two neighborsinV —§
and < § > is triple connected is a called triple connected certified domination
number of a graph. The minimum cardinality among all the triple connected
certified dominating sets is called the triple connected certified domination
number and is denoted by yrcc(G). The upper bound and lower bound of yy¢c
for the given graphs is found and then proved the upper bound and lower
bound of yrcc were equal. Findings: We found the (TCCD)-number for the
power graph of some peculiar graphs. Also, we have generalized the result for
path, cycle, ladder graph, comb graph, coconut tree graph, triangular snake,
alternate triangular snake, quadrilateral snake and tadpole graph. Novelty:
The triple connected certified domination is a new parameter in which the
certified domination holds the triple connected in induced S.

Keywords: Domination Number; Power Graphs; Triple Connected; Certified
Domination; Triple Connected Certified Domination

1 Introduction

The graphs considered here is finite, non-trivial, simple and undirected. The graph
G = (V,E)where V and E are vertex and edge set and the elements of V and E are
called as vertices and edges of G. A dominating set D is a triple connected dominating set
(TCD-set), ifthe< D > is triple connected. The smallest cardinality of a TCD set is called
the triple connected domination number and is denoted by %.(G) . A dominating set
D of a graph G is said to be a certified dominating set (CD-set), if for every vertex v € S
has zero or k neighbors in V — S where k > 2. The smallest cardinality among all the CD
sets is called the certified domination number and is denoted by ¥, (G) ®. Motivated
by the certified domination and triple connected domination here, we introduce a new
concept called triple connected certified domination. A dominating set S is said to be a
TCCD-set, if for every vertex v € S has zero or k neighbors in V —§ where k > 2 and
any three vertices of S lie on a path in < § >. The smallest cardinality of a TCCD-set is
called the TCCD-number and is denoted by ¥rcc(G)®. Numerous recent works, like
extracting the certified domination number for wide classes of graphs and
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product graphs. This work has a combined parameter called triple connected certified domination. Enormous articles deal with
certified domination, and the power graphs have yet to be achieved. This article deals with determining the TCCD number of the
power graph of some peculiar graphs. We have obtained TCCD number for some special graphs®). Also extracted the TCCD
number on product graphs like Cartesian, Strong, Lexicographic and Corona products and no result exist for tensor product as
it fails to satisfy the triple connected certified domination property ). Herein, we have extracted the exact yr¢ccvalues of power
graph of some special graphs. Helm graph is formed by attaching P> on the outer cycle of wheel graph®. Closed helm is formed
by connecting the pendent vertex of helm graph to form a cycle. A coconut tree is obtained by attaching m new pendent edges to
the end vertex of B, (). Web graph is formed by attaching P to the vertices of outer cycle of closed helm graph ). Every pair of
adjacent vertices of a path is replaced by Cy is called Quadrilateral snake and a triangular snake is which every adjacent vertices
are replaced by C3 7). The edge of a path {v,v,.1 : n = 1(mod 2)} is occupied by a triangle is alternate triangular snake. The end
vertex of P, is attached by an edge to any vertex of a cycle is tadpole graph or dragon graph ®. Every vertex of P,is connected
by P> is comb graph. The end vertices of P is attached by K, is barbell graph. ®) K| +nP; is friendship graph®.(/,q) —Banana
tree is a graph obtained by connecting one leaf of each of n copies of an m— star graph (star graph with m vertices) with a single
root vertex that is distinct from all the stars. 1—Bistar graph is formed by attaching the apex (vertex with maximum degree) of
two copies of K , by an edge. Book graph is formed by multiple C3 sharing an edge. Fan graph is the corona product of K} and
P, (19 Section 2, determines the exact Yrcc values of the certain graphs by increasing the distance between the vertices of the
considered graph and generalized the results for power graph of some special graphs. The power graph which has same vertices
as in G and any two vertices in G¥ is adjacent if they are connected by path of length less than or equal to k, k >2in G.(1112),
Definition 1.1:®) A dominating set S is said to be a triple connected certified dominating set (TCCD-set), if for every
vertexv € S(N (v) N (V —S)| = 0 or k where k > 2 and any three vertices of S lie on a path in < § >. The minimum cardinality
of a TCCD-set is called the triple connected certified domination number (TCCD-number) and is denoted by yrcc(G).
Example 1.1:

A graph with y7rcc(G) = 3

Fig 1.
The lightened vertices forms a TCCD set of minimum cardinality and hence ¥rcc (G) = 3.

2 Methodology

Although the studies on certified domination have been increasing, the results for special types of graphs and product graphs
have been determined. This article attains a domination parameter called triple connected certified domination by imposing the
constraint triple connected on < § >, where the concept is used to obtain the TCCD number for some elementary graphs and
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product related graphs. The case of distance in graphs has yet to be attempted. The distance between the vertices is increased
for the considered graph, and the increased distance is estimated by length less than or equal to k, where k > 2. This article
uses the parameter certified domination with condition triple connected to extract the exact ¥r¢c¢ value for distance in some
peculiar graphs. Calculating both the upper and lower bound of the following graphs and proving the obtained bound values
are the same.

3 Results and Discussion

3.1 TCCD-NUMBER OF SOME SPCEIAL TYPES OF GRAPHS

OBSERVATION 3.1:

1. If G is a h—a bistar graph or barbell graph or fan graph or book graph or friendship graph or complete graph or helm
graph or closed helm graph then yrcc(G*) = 3,k > 2.

2.1f G is (h,q) —Banana tree, then Yrcc (G) =3 ifk < h.

3.If G is web graph, then yr¢cc (G) =3, k> 3.

G N 3 ifa="7
Theorem 3.1:®) For a path P;, a > 7 then yrcc (P2) = { 4]-1 ifa>8
3 if5<a< 10,
Theorem 3.2:®) For a path P,, a > 5 then yrcc (P}) = L%J ifa=2(mod3),
4] -1 ifa=0or1(mod3).
3 1f5 <h<3k+1,
Theorem 3 .3: If k > 3, then yrcc (Pf) =< |%4]| -1 ifh>3k+2and h=0or 1(modk),

h otherwise.

k
Proof: Let V(P,f) (vi,v2,v3,...,v;,} and E (Pk) ={vivigp: 1 <i<h—p, 1<p<k}
Consider the set S| = {v;:i =1 (modk)} — {v}.
Assume S = ( S;{vh} ifh=1 (modk),

otherwise.
3 if5<h<3k+1
Clearly S is a TCCD-set of Pf and hence yrcc (PF) = |S| < { [#]—1 ifh>3k+2andh=0or I(modk)
L%J otherwise.
Assume a dominating set D C Pk exists of cardinality at most
2 if5<h<3k+1
d={ |%]-2 ifh=0orI(modk),
ﬁ -1 otherwise.
Whose 1nduced subgraph < D > is not triple connected, then we have
3 ifS<h<3k+1,
Yree (PF) >d+1=X |% -1 ifh>3k+2andh=0or l(modk),
L%J otherwise.
Hence the result follows.
Theorem 3 .4: ®For a cycle Cy, a > Sthen
Free (Cﬁ) _ { L%f)_ | ifa ifz o>r86.or7
3 if5<a<10
Theorem 3.5:® For a cycle Cg,a > 5 then yree (Cg) = {%J ifa =2(mod3)
4] -1 ifa=0or1(mod3).
3 if5<h<3k+1
Theorem 3 .6: If k > 3,then Yrcc(CF) = L%J —1 ifh>3k+2and h=0or 1(modk)
L%J otherwise.

Proof: Let V(CX) = {v,v2..., v} and let
E(C}) = {virp: 1<z<h p, 1<p<k}lU
vviij=h—(p-1), 1<I1<p, 1 <p<k}.
Consider the set S = {v; : i = 1 (modk)}.
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Assume
St—={Vh-—k-1)} if h=0(modk),

S= S1—{vh, va-i} if h=1(modk),

S1—{vi-i}  if h=i+1(modk) wherei=1,2,...k—2.

3 if5<h<3k+1
Clearly S is a TCCD-set of Cx and hence ¥rcc (Cr) = |§] < L%’J —1 ifh>3k+2and h=0or 1(modk)
4] otherwise.

Assume a dominating set D C C,’i exists of cardinality at most

3 if5<h<3k+1
d=<{ |4/-1 ifh=0o0r1(modk)

{%J otherwise.

Whose induced subgraph < D > is not triple connected, then we have

3 if5<h<3k+1,
Yree (CF) >d+1=< |%]—1 ifh>3k+2andh=0or 1(modk),
{%J otherwise.

Hence the result follows.
Theorem 3.7: If k > 2, then
3 if3<h<3k-1,

Ky
meella) =\ 1) 7 ipns
Proof: Let V(Lﬁ) = (Vi, va...,Vp, U1, U ..., up} and
let

E(L’;) — (it oy 1<i <h—(p=1)}U{umip1:1<i <h—(p—1),2<

pgk}u{vivi+l,:1§i gh—p}U{uiui+p:1§i gh—p}lgpgk}
Uivigp: 1 <i<h—p}U{uuirp:1<i<h—p}l <p<k}.
Assume S = {v; :i=0 (mod k)}. Clearly S is a TCCD-set of L} and hence

3 if3<h<3k—1
k — < — — )
¥ree (Lh) I8 < < 4] if h> 3k

Assume a dominating set D C L',; exists of cardinality at most
J— 2 if3<h<3k—1
IR if h > 3k.
] < h<3k-—
Whose induced subgraph < D > is not triple connected, then we have yr¢c (Ls) >d+1= ( L% | if 31,]7 : - 33kk !
E = .

Hence the result follows.

j < h<3k-
Theorem 3.8: If k > 2, then Yrcc ((Ph @K])k) = ( 3 if3shs3k—1,

4] if h>3k.
Proof: Let V ((PhQKl)k> = {vl,vz...,vn,ul,ug...,uq}and
let
E ((P,, ®K1)k) ={{ittisp1y: 1<i<h—(p— 1} U{uiuy(p2): 1 <i<h—(p—2), p=3}U{vipppui: 1 <i <
h—(p—1),2<p<k}U{vivigp: 1 <i<h—p}1<p<k}
Assume S = {v; : i =0(modk)} Clearly S is a TCCD-set of (P, ® K;)*and hence
3 if3<h<3k-—1

WCC((PhQKl)k> ISS{ H if h > 3k

Assume a dominating set D C (B, ® K )k exists of cardinality at most
d—{ 2 if3<h<3k-—1

hl—1 if h > 3k.

Whose induced subgraph< D > is not triple connected, then we have Yrcc ((Ph 0K )k> >d+1 =
3 if3<h<3k-1,
K if h>3k.
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Hence the result follows.
Theorem 3.9: If k > 2, then

K\ 3 if3<e<3k
frec <(CT’*9) ) B { (€1 -1 ife>3k+1

Proof: Let V ((CTl_re)k) =(ri, 1. ,7e,81,52...,8 tand

1etE((CT,,e)") —{{rripi1<i <e—plU{ns; 1<j<L1<i <pll1<p<k}.
Take S={r; : i=0 (mod k)}.
Assume S = Si—{r} ife=0 (n'wdk) .

S otherwise.
3 if3<e<3k
—1 ife>3k+1
2 if3<e<3k
£1—-2 ife>3k+1

Clearly S is a TCCD-set of (CTLe)k and henceyrce ((CT;\e)k) =15/ < { <]
3

Assume a dominating set D C (C Tl_,e)k exists of cardinality at most d = { [

Whose induced subgraph < D > is not triple connected, we
k _ 3 if3<e<3k
have prce ((CThe)") 2 d-+1= ( (] -1 ife>3k+1.

Hence the result follows.

3 if h <3k
.10: > kY = -
Theorem 3.10: If k > 2, then Yrcc(T'Sy) { %W 1 ifh> 3kt
Proof: Let V(TSﬁ) ={Vvi, va..., Vi1, U1, U, ..., up} and

let
E(TSE) ={{vvisp:1<i <(h+1)—p}U{viti(p1y: 1 <i < (h+1)—p}
Udviepui: 1< < (h+1)=p}1 < p<kpU{uiat o i1 <i
< (h+1)-p2<p<k}
Take S| ={v;:i=1 (mod k)} — {v}.
Assume S = ( Sl_é:’hﬂ} if h=0 (mod k)

otherwise.

3 ifh<3k
. ; k kY _ < >
Clearly S is a TCCD-set of TS} and hence Yrcc (T'S}) =S| < { (1 ifh> 3K+
ith <
Assume a dominating set D C (T'S¥) exists of cardinality at mostd = ( hw 2 ’ lfi? h_>3 ]§ k1
A -

Whose induced subgraph < D > is not triple connected, then we have

3 ifh <3k
Yree (TSK) >d+1= { 1 i 31
Hence the result follows.
3 if3 < h <3k,
Theorem 3.11: If k > 2, then yrcc(ATSE) =< |%|—1 ifh>3k+1and h =0(modk)
h

; otherwise.
Proof: Let V (ATSﬁ) = {vl,vz...,vh+1,u1,u2,...,u“+1]} and let
E(ATSE) = {{visp:1 <1 < (h41) = p}

htl
{;J =24+ (p—1), 1<i §h+1}

h+1

2
. . . _ . h+1 p
=2i—pl1<i< <p< ulo<i< | /| —(|&] - <
i=2j p,l_l_h—i—l}l_p_k}U{ujuH[,z, 1_]_{ 5 J ([2—‘ 1)73_

p <k}
Take

IN

U{v,-uj:lgj

IN

U{V,‘thlfj

https://www.indjst.org/
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Si=A{vi:i=1 (mod k)} —{vi}.
St —{vjyp1} ifh=0 (modk),
M otherwise.
Clearly S is a TCCD-set of (ATS¥) and hence
3 if 3 <h < 3k,
Yree (ATSK) =S| << |4] =1 ifh>3k+1and h=0(modk),
L%J otherwise.

Assume § =

Assume a dominating set D C (AT S¥) exists of cardinality at most
2 if3<h<3k
d=<{ |%]-2 ifh=0(modk),
L%J —1 otherwise.
Whose induced subgraph < D > is not triple connected, then we have  Yrcc (ATSﬁ) > d+1 =
3 if 3 < h <3k,
|%] =1 ifh>3k+1andh=0(modk)
Vﬂ otherwise.
Hence the result follows.
3 if2<e<3k-2,
¢ ife>3k—1ande=0 (modk) ,
7] ife>3k—lande =k—1 (modk) ,

7] otherwise .

Theorem 3.12: If kK > 2, then YTCC(Q];) =

Proof: Let V(QX) = {vi, va...,Vey1,u1,ua, ..., uz} and let
E(Q’;) = {{vvige 1<i < (e+1)—1}
U{uuj:1<i <(2(e+1)—(2t=3)),j=i+({t+(t—4))
J=it(t+(—4)+1,1<j<2(e+1)—2,i iseven }U {uu;:1<i
<(2(e+1)=(2t=3)),j=>{—1)+(+(t—4))
==+ (+(—4))+1,1<j<2e+1)—2,i isodd }1 <t <k}
U{viuj: 1<i <h+1,j=2i-2,j=2i—1,1<j<2(e+1)-2}
U{u,-uj:i:2r+(t—2),j=i+l,1§r§e+(1—t)7lStﬁZ}U{viuj:j
—2i+ (20— 4),2i+ (20 —3), (2i+ (21 —4)— (41 —4)),
(2i+(2—3)— (4 —4),1<j<2(m+1)—2,1<i <et1,2<1<k}
Take S = {v; : i =0 (mod k)}. Clearly S is a TCCD-set of (Q¥) and hence
3 if2<e<3k-2,
e _
mec(@) =< | ol LR e e et
7] otherwise .

Assume a dominating set D C (QF)exists of

cardinality at most
2 if2<e<3k-2,
t—1 ife>3k—1lande=0 (modk) ,
[%]—1 ife>3k—1lande =k—1 (modk) ,
[%]71 otherwise .

d= Whose induced subgraph < D > is not triple connected, then

we have

3 if2<e<3k—2,
£ k—1and e =0 (mod k)
A _ T ife=3 ,
YTCC<Q6)*‘”1 [€] ife>3k—lande =k—1(modk) .
7] otherwise .

Hence the result follows.

Example 3.1:

Here the set of lightened vertices forms a TCCD set of minimum cardinality and hence ¥r¢cc (Q%) =4.
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Uy Uy wg Uy Uz U up Us  uglyo Up %12 Ui3lUyg Uislis UiTUpg Uiglizg Usy Usa s

‘uvuvmvmvmvv}

Yrec(@) = 4

Fig 2.

Theorem 3.13: For a tadpole graph (7', ), k > 2
hyg2-1 ifq=0 (modk),
i)IfhEO(modk)thenchc Thq %—FL%J—I if g=1 (modk),
- 1 otherwise.
[f]+4=1 ifg=0 (modk),
ii) If = 1 (mod k) then yTCC Thq L&)+ 14) - 1 if g=1 (mod k),
L2 +T41-1 otherwise.
|41 +2  ifq=0(modk)
iii) Ift h £ 0,1 (mod k) then yrce ((Th q) | = L%J + % ifq=1(modk)
L2 +T4 otherwise.

Proof: Case(i): For n = 0 (mod k).

LetV ((Thﬂ)k) ={vi, va...,vpur,uz...,ug} and

let

E((qu)k) z{{viviﬂ,:lgi <h—ptUf{uiu;p:1<i Sh—p}U{uqu:j:h—
(p=D1<I<pH <p<kU{uvp: 1 <p<kjU{vuj:1<i <p-—1,j=p—
(i—1),2<p<kfU{vu;j:1<i <p-12<p<k,j=q+2—(1—(i—1)),l>i2<

1<k,
Take S1 = {vi:i=0 (mod k)} —{vs} and S, = {v;: j=1 (mod k)}.
Assume (o) ( )
o S1US—{uy} ifg=1 (modk), . k
S= ( S US, otherwise. Clearly S is a TCCD-set of ((Thyq) ) and hence
. h%—l—%— t:quO(modk),
YTCC((Th,q) )Z\S|§ T+ -1 ifg=1 (modk),
% +[#]-1 otherwise.

Assume a dominating set D C (Th,q)k exists of cardinality at most
hyd-2 ifq=0 (modk),

d= | 14+ [4]-2 ifg=1 (modk),
rrra-2 otherwise.
Whose induced subgraph< D > is not triple connected, then we have
. hya- if q=0 (mod k),
vice (Thg)') 2d+1= | 4|4 —1 ifg=1 (modk),
T+[471-1 otherwise.

Case(ii): For n = 1 (mod k).
Take S; = {v;:i =0(modk)} —{vs_1}and S» = {v; : j =1 (mod k)}.

Assume S = ( Si Uszu—Sjuq} if q;hlr%soj k), Clearly Sisa TCCD-set of ((Th,q)k) and henceYrce ((Th.,q)k) =(8|<
L%J—k%— if g=0 (modk),

E] 4+ 4] —1 ifg=1 (modk),

2] +T47—-1 otherwise.

Assume a dominating set D C (Th’q)kof cardinality at most
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HER B if g = 0(modk),
d= L%JqLL%J—Z ifg = 1(modk),
L%J =+ {%1 -2 otherwise.

Whose induced subgraph < D > 1is not triple connected, then we have Yrcc ((Thﬂ)k) >d+1 =
IE%H%A if g=0 (mod k),
E+14)~1 ifq=1 (mod k).
L2 +141-1 otherwise.
Case(iil): Forn # 0,1 (mod k).
Take S1 = {v;:i=0 (mod k)} and S, = {v;: j=1 (mod k)}.
o S1USy—{uy} ifg=1 (modk),
Assume § = ( S1US, otherwise.
Clearly S is a TCCD-set of (Thyq)k

)
=)
o,

if g = 0(modk)
| ifg=1(modk)
W otherwise.

0

El SN N

. |
henceYrcc ((TM) ) =15 < L
Assume a dominating set D C (Th,q)kof cardinality at most
4] +2—1 ifg=0(modk)
d=< (2] +[%] -1 ifg=1(modk)
2]+ [4] =1 otherwise.
Whose induced subgraph < D > is not triple connected, then we have 7¥rcc ((Th,q)k) >d+1 =
L%J—!—% if q=0 (mod k)
L%J + %] ifg=1(modk)

b Bor Nyl Ao
| IS I E—
++ +

—

L%J + 4] otherwise.
Hence the result follows.
Example 3.2:

wup U2 uz U4 U; Ug Uy U Uy Ui Uil Uz U3 Upg UL5 Uie

(’1128.1(\)3

Fig 3.
The lightened vertices from the TCCD set and hence Q/TCC(ng;J(;)3 =13.

4 Conclusion

This study has generalized the results for the power graph of some special types of graphs with distance k where k > 2. In future
this parameter triple connected certified domination will be discussed for grid graphs.
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