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Abstract
Background/Objectives: One of the most popular approaches to the design of automatic control systems is the modal
method of controller synthesis. Methods: Its peculiarity is that the requirements for management process quality are
formalized by ensuring the desired location on a complex plane of a closed system poles. At that, the introduction of the
modal controller makes no effect on the location of transmission zeros. Finding: However, it is known that many transition
process quality indicators (e.g., overshoot value) depend not only on the poles but the zeros of the transfer function as
well. In work presented here, we analyzed the dependence of overshoot value on the relative position of a dynamic system
zeros and poles. Calculation formulas which allow determining the value of a positive or a negative overshoot without
the development of transient response are obtained for a scalar system with one zero and the binomial pole distribution
law. The dependence of overshoot value on the relative position of the transmission zero and the dynamic system poles
is studied. The conditions are formulated, the implementation of which will provide in control system such an overshoot
value which does not exceed a predetermined value. Conclusion: The obtained results can be used for further theoretical
studies as well as in practice in solving problems of analysis and synthesis of control systems with a modal controller.
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1. Introduction
Among currently known approaches to the design of
automatic control systems, one of the most famous is
the modal method of controller synthesis. Its essence is
in the transition of characteristic polynomial roots of a
closed system in a certain region of the complex plane by
introducing the state feedback or according to an available exit1. It is expected that after the implementation of
pole desired location in a closed system, a designer will
be able to provide the performance you want qualities of
management system functioning.
However, as some papers showed, in general, the most
important indicators of control system quality (e.g., the
overshoot, transient process period, etc.) depend not only
on the area of pole localization but also on the location
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of transfer function zeros2. Various authors3–6 examined
the relation of zeros and poles location with the peculiarities of transient processes in automatic control systems.
However only very general criteria have been currently
formulated, they allow estimating only the form of time
characteristics and do not allow getting a quantitative
assessment of system functioning quality indicators.
As an example, one may consider such indicator as
overshoot, which numerically characterizes the maximum deviation of a transient response from a set value.
It is evident that its value is one of the most important
factors, which should be considered during the study and
the design of control systems. At that the known results
allow to determine the value of zeros and poles presence or absence of overshoot and also, in some cases, its
type (positive or negative). The obtaining of quantitative
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estimates becomes possible only as a result of dynamics
equation integration, which significantly complicates the
practical use of modal control methods.
Thus, the task of detection and research of overshoot
value dependence on the arrangement of zeros and poles
of a control system with a modal controller is a very actual
one.

2. Problem Setting
In this paper we consider the control systems, the poles
of which are subject to one of distribution laws most frequently used in practice, - a binomial one7.
Let the transfer function of a system have the form:

W =k

s+β
. 				
(s + α ) n

(1)

It is assumed that α > 0 (asymptotically stable system),
Kβ > 0 (static gain is positive), n ≥ 2.
To assess the quality of management processes let’s
use the overshoot value, which generally may be a positive or a negative one.
The following formula determines the value of a positive overshoot:

σ+ =

hmax − h∞
⋅100% . 			
h∞

(2)

Here hmax is the maximum value of the transient
response, h∞ is the set value of the transient response (its
limit at t → ∞ ).
The value of a negative over shoot is determined by
the following formula:

σ− =−

hmin
⋅100% .
h∞

(3)

Here hmin is the minimum value of the transient
response.
It should be noted that the negative overshoot is determined only for the cases when a transient response has
different signs at various intervals.
It is required to determine the form of dependencies σ+ and σ- on the values K, α, β.

3. Determination of Overshoot
Value
As it was shown in paper8, 3 cases are possible for the case
considered by us depending on the value β:
2
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• If β > α , the transient response has no extreme
points. Consequently, the transition process is
a monotonous one, and the value of both positive and negative over control is equal to zero.
• If β = α, the Equation (1) may be written in the
following form:

W =k

s+β
.
(s + α ) n−1

In fact, the reduction of zero and one of the transfer
function poles takes place. At that the transient response
will not have final point’s either9, the transition process
will be the dull one, and the value of both positive and
negative overshoot is equal to zero.
It should be noted that in practice this situation of an
absolute exact match of zeros and poles is unlikely.
• If β < α, then the transfer characteristic has a single extreme point. In this case, the existence of a
positive or a negative overshoot is possible (the
extreme point is single, so the transient process
has either one maximum point or one minimum
point).
To obtain the value of overshoot let’s define an extreme
and a set value of the transient response.
The set value of transient response for the system
with the transfer function in the form of Equation (1)
can be found quickly using the properties of fundamental
Laplace transformation.
The following expression determines the picturing of
transient response10:

h (s ) =

W
k (s + β )
=
s s (s + α ) n

.

Let’s calculate h∞, using the extreme properties of
images:

k (s + β ) kβ
= n
s →0 s ( s + α ) n
α

h∞ = lim[s ⋅ h(s )] = lim
s →0

.

The largest or smallest value of a transient response
is achieved at extreme point, the coordinate of which is
determined by the following formula:

t∗ =

n −1
α −β

.				

(4)

Let us find the value of the transient response at
extreme point, using the communication between a transient and weight characteristic10:
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If n=2, we obtain the following:

t∗

( )

h t = ∫ w(τ ) dτ
∗

 α 
d 2h
=
−k (α − β ) exp 

2
dt t =t∗
 β −α  .

0

.		
(5)
At that it is known that the expression for the weight
characteristics in the considered case has the following
form:

(s + β )  = k t e  1 + β − α t 



n
(n − 2)!  n − 1  .
 (s + α ) 
n − 2 −α t

−1  k

w(t ) = L

(6)

Combining the Equation (5) and (6), we obtain the
following:
t∗

( )
∗

h t = ∫k

τ n−2 e −α τ 

0

β −α 
τ  dτ .
1 +
(n − 2)!  n − 1 

(7)

Applying to the right part of Equation (7) the integration operation in parts the required number of times,
we may obtain an analytical expression for the transient
response value at the point of extreme.
If n=2, the Equation (7) will have the following form:
t∗

h ( t ∗=
)

ατ
∫ ke (1 + ( β − α )τ ) dτ=
−

0

 β α −β
 α 
k 2 +
exp 

2
α
 β −α  .
α

(8)

If n>2, the Equation (7) will be the following one:

( )

h t∗ =

kβ

α

n

+

n−2
m
n−2 α m  n − 1  
 α (n − 1) 
kβ  α n−1  n − 1 

 −∑

  exp

n 
α  β (n − 2)!  α − β 
m =0 m !  α − β  
 β −α 

.

(9)
To determine the type of extreme point, let’s calculate
the value of the second derivative, using a well-known
relationship between transitional and weight characteristics, as well as by the Expression (6):

d h dw
d  t e  β −α 
=
=
k
t  .

1 +
dt 2
dt
dt  ( n − 2 ) ! 
n − 1  
n − 2 −α t

2

(10)

If n=2, then the Equation (10) will be the following
one:

d 2h
= ke −α t ( ( β − α )(1 − α t ) − α ) .
dt 2

(11)

If n>2, then the Equation (10) will be defined by the
following formula:
−α t n − 3

d h ke t 
β −α 2 
α t .
=
 ( n − 2 ) + ( β − 2α ) t −
2
dt
n −1
( n − 2 )! 

2

(12)

Substituting the Condition (4) into the Expressions
(11) and (12), we find the values of the second derivative
in an extreme point.
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If n>2, we will obtain the following:
n −3


d 2h
k  n −1 
n −1
=
−

 exp  −α
2
dt t =t∗
α −β
( n − 2 )!  α − β 



.


Since the case β < α is considered, then the sign of
right-hand sides of obtained equations will be determined solely by the sign of k ratio (all other factors will
be positive).
If k < 0 , then the value of the second derivative will
be less than zero, and at the considered point the transient response will be the maximum one. If k < 0, then
the value of the second derivative will be positive, in
the considered point the transition characteristic will
be a minimum one.
Taking into account the previous assumption about
the positivity of the product kβ, the obtained results may
be formulated somewhat differently. If β > 0, the transient
response has a maximum point and a positive overshoot.
If β > 0, the transient response has a minimum point and
a negative overshoot.
Let’s calculate the overshoot value combining the
Conditions (2) - (3) with the Expressions (8)-(9). For the
case α > β > 0 we obtain the following results.
If n=2, then:

σ+ =

 α 
α −β
exp
 ⋅100% .
β
β
α
−



(13)

If n > 2, then:
σ+ =

n−2
kα n − k −1  n − 1 
1 
α −β + ∑


(
n
β 
− k − 1)!  α − β 
k =1

n−k −2


 exp α (n − 1)  ⋅100%
. (14)

 β −α 


At β < 0 the value of negative overshoot will be determined by the following expressions.
If n = 2, then:

 β −α
 α  
σ − = 
exp
 − 1 ⋅100% .
β
β
−
α

 


(15)

If n > 2, then:
1
n−2
kα n − k −1  n − 1 
σ − =  β −α − ∑


β 
(
n
− k − 1)!  α − β 
k =1



n−k −2



 exp α (n − 1)  − 1 ⋅100%

β
α
−
 



. (16)
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Let us analyze the nature of overshoot value dependence from the value α at set β ((the physical meaning in
this case is explained by the fact that at the modal control
the pole location may be set arbitrarily, and the feedback
has no effect on the location of zeroes).
If α > β > 0, the transient response has only a positive overshoot, defined by the Relations (13) and (14).
Differentiating them according to α , we obtain the following dependencies.
If n = 2 , then:

 α 
∂σ +
α
=
exp
 ⋅100% .
∂α
β (α − β )  β − α 

(17)

 α (n − 1) 
exp
 ⋅100% . (18)
 β −α 

If the provided limitations are performed, the functions defined by the Expressions (17) - (18) will always
be above zero. Consequently, the dependence σ+(α) is the
increasing function - the more the value of a pole, the
larger the value of a positive overshoots.
If α > β > 0, the transient response has only a negative overshoot, defined by the Relations (15) and (16).
Differentiating them by α, we obtain the following
dependencies.
If n = 2, then:

 α 
α
∂σ −
exp
=−
 ⋅100% .		
β (α − β )  β − α 
∂α

(19)

If n > 2, then:

α n −1  n − 1 
∂σ −
=−


β (n − 1)!  α − β 
∂α

n −1
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2500 ( s + 4 )

( s + 10 )

4

.

It is required to determine the nature of transition
process and the value of overshoot.
The control system has one zero, β = 4, α = 10, n = 4.
Since α > β, the transition process will have an overshoot. Since β > 0 , the overshoot will be positive.
In order to determine the value of overshoot let’s use
the Formula (14):

σ+ =

2
1
k ⋅103− k  3 
 6 + ∑
 
4
k =1 ( 3 − k ) !  6 

2− k


 30 
 ⋅ exp  −  ⋅100% ≈ 8, 6%
 6 


The correctness of obtained results is confirmed by
the results of numerical simulation, conducted in the system of computer mathematics MATLAB. The schedule of
the transition process for the control system with a given
transfer function is shown on Figure 1.

 α (n − 1) 
exp
 ⋅100% . (20)
 β −α 

When you perform abovementioned limitations,
the functions defined by the Expressions (19) - (20) will
always be larger than zero. Consequently, the dependence
σ-(α) is the increasing function - the more the value of a
pole, the more the value of a negative overshoot.
Thus, for a fixed value of transfer zero at the removal
of location point of a closed system pole from the coordinate beginning the value of both positive and negative
overshoot will be increased. Therefore, if the requirements
for the designed control system have a set limit value of
overshoot, the performance of such a system (defined by
value α) cannot exceed some minimum value.

4

To illustrate the usefulness of obtained results, let’s consider two methodological examples.
• Let the transfer function of an automatic control
system is defined by the following formula:

Step Response

1
0.8

Amplitude

n −1

4. Examples

W=

If n > 2 , then:

α n −1  n − 1 
∂σ +
=


β (n − 1)!  α − β 
∂α

The maximum value α , providing the allowable
value of overshoot σ+ or σ-, may be determined from
the Relations (13)-(16). To do this, we have to present
them as non-linear equations with respect to α and to
solve it by any of the known numerical methods.

0.6
0.4
0.2
0

0

0.5

1

1.5

Time (sec)

Figure1. The schedule of transient response for Example 1.

• Let the dynamics of the control object be
described by a linear differential equation of the
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second order. At that the object has one transmission zero, β = 5.
It is planned to synthesize the controller according to
a state by the method of modal control, the desired location of the roots for characteristic equation is subjected to
binomial distribution law.
It is required to determine the values of α at which
overshoot value in the projected control system will not
exceed 10%.
Since β > 0 , then the closed system either would
have a positive overshoot (if α = 5), or will not have any
overshoot (if α ≤ 5 ).
In order to determine the maximum value α let’s use
the following Formula (13):

α −5
 α 
10 =⋅ exp 
 ⋅100 .
5
 5 −α 
Having solved the nonlinear equation by the method
of simple iterations, we will get α0 ≈ 9,32. Thus, the projected control system will have an allowable overshoot
only if α ≤ 9,32.
Figure 2 shows the graphs of the closed system transient response at different values of α , obtained using the
MATLAB computer mathematics system, fully confirming the validity of the obtained result.

1.2

Amplitude

Thus, the present study revealed the dependence of value
and nature of overshoot in the systems of automatic
control with a binomial law of pole distribution on the
complex plane of the transmission zero. The analytical
ratios are obtained, which allow to estimate the value of
overshoot with a high degree of accuracy and to determine
allowable values of the closed system poles according to a
set regulation. The obtained results can be used in practice at the design of modal controllers for control objects
with a transmission zero.
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value of overshoot essentially depends on the location
of the transmission zero. If zero is located on a complex
plane to the right of the poles, the transition process in
such a system is characterized by the overshoot, the value
of which will be increased at distance increase between
zero and poles. If the transmission zero is located in the
right half plane, the overshoot will be negative, and its
value will be increased with zero-distancing from coordinate origin.
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Figure2. Transient characteristic graphs for Example 2.

Thus, the obtained analytical expressions can be used
to solve the problems of control system analysis and synthesis with set quality characteristics.

5. Conclusions
By obtained relations, one may conclude that in the control systems with a binomial pole distribution law the
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