Indian Journal of Science and Technology, Vol 10(28), DOI: 10.17485/ijst/2017/v10i28/90453, July 2017

ISSN (Print) : 0974-6846
ISSN (Online) : 0974-5645

The Attractors of Fuzzy Super Iterated

Function Systems

Bhagwati Prasad” and Kuldip Katiyar

Department of Mathematics, Jaypee Institute of Information Technology, A-10, Sector-62, Noida — 201309,
Uttar Pradesh, India; b_prasad 10@yahoo.com, kuldipkatiyarjiitn@gmail.com

Abstract

Objectives: To study the iterated multi-function systems in the framework of fuzziness. Methods/Statistical Analysis: The
concept of fuzziness is used to define a new class of superfractals as attractors of fuzzy super iterated function systems.
Findings: The fuzzy super iterated function systems are defined and some existence theorems on fractals in fuzzy metric
spaces are established. Applications/Improvements: Our results extend and generalize some of the recent results reported

in the literature in fuzzy settings.
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1. Introduction

The notion of fuzzy set was introduced in 1965ﬂ as
a mathematical way to represent the imprecision
in everyday life. Thereafter, most of the domains of
knowledge were explored in the framework of fuzzy sets.
Kramosil and Machalek introduced the concept of fuzzy
metric space to measure the uncertainty in computing
the distance between two objects or setsﬁ. Their concept
was modified by defining a Hausdorff and countable
topology on the spaceﬂ. Grabiec extended the celebrated
Banach contraction principle in fuzzy metric spacesﬂ.
Several important properties of Hausdorft fuzzy metric
on compact sets are studied inﬂ. This has enthused the
researcher for the fuzzification of fixed point theory
and subsequently a number of results appeared in the
literature regarding fixed points of maps satisfying some
more general contractive conditions in fuzzy and more
generalized spaces (see for exampleﬂﬂ and several
references therein).

The concept of fuzziness is also extended to fractalsﬁ,
a new frontier of science, initiated by Mandelbrot. He
observed that many of the real world objects are very
complex and irregular in nature and thus cannot be
described fully by the traditional Euclidean geometry
and felt the need of fractal geometry as a powerful
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mathematical tool for handling such complex systems.
The non-integer dimension, self-similarity and iterative
formulation are the prime characterizations of the fractals.
After Mandelbrot, fractals are extensively studied in the
literature by various authors. The advancement of the
computational tools further enriched the domain of the
theory and analysis of fractals with diverse applications
in almost all branches of sciences and engineering, for
details on fractals and its applications, one can refer{®2].
An exciting idea of Iterated Function System (IFS) is
presented to define and construct fractals as compact
invariant subsets of an IFS with respect to the union of
contractions inf**?*. Generally fractals are generated
by two approaches, namely, deterministic and random.
A deterministic fractal is obtained by deterministic
approach while the random fractal is the result of random
approach or chaos game. Many objects in the nature
exhibit both the patterns. For modeling such objects the
concept of superfractals were propose. Recently,
Hutchinson-Barnsley (HB) operators on fuzzy metric
spaces are studied and an analysis on fractals in such
spaces is presente. More recently V-variable fractals
in metric spacesﬁ are invented.

The purpose of this paper is to define and study
fuzzy super IFS and obtain some existence results on
superfractals in the settings of fuzzy metric.
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2. Preliminaries

Some basic concepts and definitions useful in the sequel
are given first.

2.1 Deﬁnitionﬁ

Let (X, d) be a metric space. A mapping f: X> X is a
contraction on X if there exist a real number 0 < A< 1
such that for all x, y €X.

d(f(x) f(y) <£4d(x,y)
Any such number 1 is called a contractivity factor for

f

Theorem 2.IH. A contraction mapping f: X > X on a non-
empty complete metric space (X, d) has a unique fixed
point.

2.2 Deﬁnitionﬁ

Let (X, d) be a complete metric space and K(X) be the
collection of nonempty compact subsets of X. Then the
Hausdorft distance between points A and B of K(X) is
defined by

H(A, B) = max{d(A, B), d(B, A)}, where d(A, B) =
max{min{d(x, y): ye B}: xeA}.

Then (K (X), H)) is called a Hausdorft space or a fractal
space in the sense of Barnsley (seeﬁ).

Theorem 2.2'¢. The space (K(X), H)) is complete whenever
(X, d) is a complete metric space.

2.3 Deﬁnitionﬁ

Let (X, d) be a complete metric space and f: X > X, n
=1,2,3,..., N be contractions with the corresponding
contractivity factors A , n = 1,2, 3, ..., N. Then the system
{X; fn, n=1,2,3, ..., N} is called an iterated function
system (IFS) in the metric space (X, d) with contractivity
factor A =max{A:n=1,2,3,..,N}

Theorem 2.38. Let (X, d) be a complete metric space.
If f: X >X isa contraction with respect to the metric d
for n =1, 2, ..., N, then there exists a unique non-empty
compact subset A of X that satisfies.

A= [(DU [(D U0 [, (4)

The set A is called a self-similar set with respect to {f,,
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2.4 Deﬁnition
Let (X, d) be a complete metric space and {X; f ,n=1,2, 3,
..., N} be an IFS. The Hutchinson-Barnsley operator (HB
operator) of the IFS is a function F: K(X) > K(X) defined
by N
F(B)=] /,(B) forall BeK(X).

n=1
Theorem 2.4}52%%(. Let (X, d) be a complete metric space.
Let {X; f, n=1, 2, 3, ..., N} be an IFS and F be the HB
operator of the IFS. Then,

(i) The HB operator F is a contraction mapping on
K(X).

(ii) There exists only one compact invariant set
A_eK(X) of the HB operator F called the attractor (or
fractal) of IFS or equivalently, F has a unique fixed point
namely A_e K(X).

(iii) If Be K(X) then,

H,(B, F(B)
1-4

where F is the HB operator and A _ is the attractor (or
fractal) of the IFS.

Hd(Aooﬂ B)S

2.5 Deﬁnitionﬁ (also SeeH)

Let (X, d) be a compact metric space and (K(X), H,) be the
corresponding  Hausdorff space.  Let
K(X) =X (X)xX (X)x--

V Times

metric

xE(X) be a higher order

space that consists of all V-tuples of compact subset of X,
then (X(X)", H dV) is a compact metric space with
metric H , 1 X (X )" — R defined as

H,(B,C)= {r]nzaxV}Hd (B,,C,) forall B, C eK(H),

where B=(B,B,,...,B),C=(C,C,....C) and B,
C eK(X)forve{l,2,..,V}.

2.6 Definitionf

Let (X, d) be a compact metric space and
flX—->X,1=12,.,L,, n=12,..,N becontractive
mappings with corresponding contractivity factors. Then
the collection of hyperbolic IFSs {F, :n=L12,..,N} is
called as upper IFS and denoted by {X; F, F,, -+, Fy },
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where F, ={X; /", f,',-++, |} and N> 1 is an integer.

2.7 Deﬁnitionﬁ

Let(X,d)beacompactmetricspace.Let { X £}, F}, -+-, F }
be a super IFS and A be the set of indices given as

A= { a=nv):n=n,ny,..,n,),v= (v,,,,vu,...,vu”1 Vol
VagseesVar, s Ve Vs Vo, ), v, € {1,2,-.V},

for /=1,2,--, L, ,n,=1,2,-,Nandv=1,2,---,V}.

Then for each, a € A& f% K(X)" > K(X)Vis given by

B BB =B U ) - U 8, ) )

where (B, B, ..., B))EK(X)".
Using these transformations, a V-variable IFS can be
defined as F") ={X(X)"; f,,a e A}

Theorem 2.SH. Let (X, d) be a compact metric space and
(K(X), H ) be the corresponding Hausdorff metric space.
If 4, B, C, D c K(X), then

H,(AUB,CU D) <max {H, (A, C), H, (B, D)}.

Theorem 2.6H. Let the IFSs F, has contractivity factor Ae
[0,1) foralln=1,2,3, ..., N. Then the mapping f* K(X)
V> K(X)Vis contractive, with contraction factor \ for all

aeci.

Theorem 2.7ﬁ. F ™ is a hyperbolic IFS, for all V = 1, 2,
3, ...

Theorem 2.85. Let (X, d) be a compact metric space
and F ) a hyperbolic IFS on K(X)". Then, there exists
only one compact invariant set A" eK(X)", known as
V-variable super fractal associated with F (")

In the following, we present some basic concepts in
fuzzy metric spaces required for our results. We follow>*>
8 3etc. for the same.

2.8 Deﬁnitionﬁ

A binary operation *: [0, 1] x [0, 1] > [0, 1] is a continuous
t-norm if ([0, 1], *) is a topological monoid with unit 1
such thata * b < c*dwhenevera<cand b<d (4, b,c,
de [0, 1]).

2.9 Definition]
The 3-tuple (X, M, *) is said to be a fuzzy metric space
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if X is an arbitrary set, * is a continuous t-norm and M
is a fuzzy set on X* x (0, +oo) satisfying the following
conditions:

(i) M(x, y, 1) > 0,

(ii) M(x, y, t) = lif and only if x = y,

(iii) M(x, y, t) = M(y, x, 1),

(iv) M(x, y, ) * M(y, z,5) < M(x, z, t + 5) ,

(v) M(x, y, -): (0, +o0) > [0, 1] is continuous for all x, y,
zeXandt s>0.

Lemma 2.1H. M(x, y, t) is non decreasing for all x, y in X.

2.10 Deﬁnitionﬁ

Let (X, d) be a metric space. Define a *b = a - b, the usual
multiplication for all a, b € [0, 1], and let M f be the

function defined on XxXx (0, +e) by M, (x,y,t) =

t
t+d(x,y)

Then (X, M » *) is a fuzzy metric space called standard
fuzzy metric space and (M, *) is the fuzzy metric induced
by d.

Let (X, M, *) be a fuzzy metric space. An open ball
B, (x, r, t) with center x e X and radius r € (0, 1) for £>0
is defined as the set

B, (x,r,t)={y eX: M(x, ,t) >1 -1}

={Ac X :for each x € 4 there exists
an re(0,1), with B (x,r,t)c A}.

Define

Moreover, for each x € X the collection of open balls {B, (x,
1/n, 1/n): n =2, 3...}, is a local base at x with respect to
T, - It is clear that for any fuzzy metric space (X, M, *),
7T,,- is a first countable topology (for more details see”).
Then 7,, is called the topology generated by the fuzzy
metric space (X, M, *).

2.11 Deﬁnitionﬁ
In a fuzzy metric space (X, M, *)

(i) A sequence {x } converges to a point x €X with
respect to 7,, iff, ling(x, x,,t)=1 forall t>0.

(i) A sequencen{xn} is called a Cauchy sequence if for
each 0 <e< 1 and t > 0 there exists n €N such that M(x ,
x,t)>1-eforalln,m>n,

(iii) A fuzzy B-contraction is a self-mapping f on X
such that M (f(x) f(y) At)>M(x,y,t) forall x, y €X
and ¢ > 0, where 0 <A< 1. The number A is then called a
B-contraction constant of f.
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2.12 Deﬁnitionﬂ
A fuzzy metric space in which every Cauchy sequence is
convergent is called a complete fuzzy metric space.

Theorem 2.9ﬂ. A fuzzy metric space is pre-compact if
every sequence has a Cauchy sub sequence.

Theorem 2.10ﬂ. A fuzzy metric space is compact if it is
pre-compact and complete.

Grabiec® obtained the fuzzy version of Banach
contraction principle in the following manner.

Theorem 2. llﬂ Let (X, M, *) be a complete fuzzy metric
space such that 11mM(x v,t)=1forallx,yeX. Letf: X >
X is afuzzy B- contraction on X with contraction factor .
Then f has a unique fixed point.

2.13 Deﬁnitionﬂ

Let (X, M, *) be a fuzzy metric space and 7,, be the
topology induced by the fuzzy metric M. Let K(X) is
the set of nonempty compact subsets of X. Then, the

Hausdorft fuzzy metric (H,,, *) is a function
H,: K(X) x K(X) x (0, +e0) > [0, 1] defined as

H, (A4,B,t)=min{M (A, B,t) M (B, 4,t)},
where M (A4,B,t)= 1nf{supM(x y,t} .

yeB

Theorem 2.12H. Let (X, M, *) be a fuzzy metric space.
Then

(i) (K(X), H,, *) is complete if (X, M, *) is complete.
(ii) (K(X), HM, *) is pre-compact if and only if (X, M,
*) is pre-compact.

2.14 Deﬁnitionﬁ

Let (X, M, *) be a fuzzy metric space and f: X>X, n =1,
2,3, ..., N be N fuzzy B-contraction mappings. Then the
system {X; f, n =1, 2, 3, ..., N} is called a fuzzy iterated
function system (FIFS) of fuzzy B-contractions on the
fuzzy metric space (X, M, *).

2.15 Deﬁnitionﬁ

Let (X, M, *) be a fuzzy metric space. Let {X; f, n =1,
2,3, ..., N} be an FIFS of fuzzy B-contractions. Then the
Fuzzy Hutchinson-Barnsley (FHB) operator of the FIFS is
a function F: K(X) > K(X) defined by
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N
F(B)=|J/,(B) forall B e K(X).
n=l1
Theorem 2.13ﬁ. Let (X, M, *) be a complete metric space.
Let (K(X), H,,, *) be the corresponding Hausdorff fuzzy
metric space. Suppose f : X> X, n=1,2,3, ..., Nis a fuzzy
B-contraction on (X, M, *). Then the FHB operator is also

a fuzzy B- contraction on(K(X), H,, *).

Lemma 2.2@. Let (X, M, *) be a fuzzy metric

space. Let (K(X) H,,*) be the corresponding

Hausdorff fuzzy metric space. If A, B, C, D cX, then

H, (AUB,CUD,t)>min{H,, (4,C,t) H,,(B,D,t}
for every t > 0.

2.16 Deﬁnitionﬁ

Let (X, M, *) be a complete metric space and {X; fn ,n=1,
2, 3, ..., N} be an FIFS of fuzzy B-contractions and F be
the FHB operator of the FIFS. We say set A_eK(X) is a
fuzzy attractor or fuzzy fractal of the given FIFS, if A_is
a unique fixed point of the fuzzy HB operator F. Usually
such A_eK(X) is also called as a fractal generated by the
FIES of fuzzy B-contractions and so called as an FIFS
fractal of fuzzy B-contractions.

3. Main Results

We obtain the fuzzy version of V-variable space by using
the notion of Hausdorff fuzzy metric space® given by
Rodriguez-Lopez and Romaguera (cf. section 5). First a
V-variable fuzzy fractal space is defined in the following
manner.

3.1 Definition

Let (X, M, *) be a compact fuzzy metric space and (K(X),
H,,*) be an associated Hausdorff fuzzy metric space. Let
X(X) =X (X)xX(X)x--xX(X) be a higher order

V Times

space that consists of all V-tuples of compact subset of
fuzzy set X. Then (X (X)", H ,,*) is a fuzzy metric
space with metric

H, X(X) xX (X)) x(0,+0)—(0,1) defined as
HMV(B,C,t)=VE{E%EV)HM(BV,CVJ) for all B, C ¢

K(H) and t >0, where B=(B,,B,,...,B),C=(C,C
C)and B, C € K(X) forallv e {1,2, ..., V.
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Theorem 3.1. Let (X, M, *) be a fuzzy metric space. Then
(K(X), H,, *) is compact if and only if (X, M, *) is compact.

Proof: Since, by theorem 2.12(ii), (K(X), H,,, *) is pre-
compact if and only if (X, M, *) is pre-compact and by
theorem 2.12(i), (K(X), H,, *) is complete if and only if (X,
M, *) is complete. Therefore, (K(X), H,, *) is pre-compact
and complete if and only if (X, M, *) is pre-compact and
complete. Using theorem 2.10, we deduce that (K(X), H, ,
*) is compact if and only if (X, M, *) is compact.

Theorem 3.2. Let (K(X), H,/,*) be a complete fuzzy
metric space. Then (X (X), H ,,*) is complete fuzzy
metric space if and only if (K(X), H,,,*) is complete.

Proof. Let (K(X), H,,,*) be apre-compact fuzzy metric
space. Alsoassume{A } _ tobeaCauchysequencein K(X)
Vie if 4, =(A4/, 47, ..., 4)) 4, =(4", 4, ..., 4)),
then for each e€ (0, 1) and t> 0, there exists n, e N (set of
natural numbers) such that, for all n, m > n,

H ,(4,,4,1)>1-¢,ie,
Ho (A A2y 1) (A7, AT, A7) )16
mln{HM(Alna Almat) HM(AZ'I’ A;nat) ey HM(AIZ A;:t} >1-e.

Thus, we have H, (47, 47,t)>1~¢ foralln,m > n, j=1,2,..V.

Therefore, {A;’ by for j =1, 2, .., V are Cauchy
sequences in K(X). Since (K(X), H,,,*) is a complete
metric space, there exists an AjeK(X) such that

H, (A4}, A],t) > o0 asn > oo forall t> 0.

Let A=(4, 4,,...., 4y), then AeK(X)" implies that
H,(A,,A,t)—>1 as n > oo for all > 0. Which shows
(X (X)), H A .* isa complete fuzzy metric space.

The converse of the theorem can be proved similarly
by following above steps in the reverse order.

Theorem 3.3. Let (K(X), H,,,*), be a pre-compact
fuzzy metric spaces, then (X (X Y, H o ,*) is pre-
compact fuzzy metric space if and only if (K(X), H,,,*)
is pre-compact.

Proof. Let (K(X), H,,,*) be a pre-compact fuzzy metric
space. Also assume a sequence {A}  in K(X)" ie. if
A, =(A", 4, ..., A}),then {4]}, for j=1,2,..,Vis
asequence in K(X). Since (K(X), H,,,*) is pre-compact,
there exists Cauchy subsequences {47}, € X(X) for j
=1,2,.., V. Therefore, if {4, =(A4", 4", ..., 4} .y
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,then {4, },.y is Cauchy subsequence of {4, },.y €K(X)
V. Which shows (% (X)", H v+ ) isa pre-compact fuzzy
metric space.

Following reverse steps one can easily prove the
converse of the theorem.

Theorem 3.4. Let (X, M, *) be a fuzzy metric space. Then,

v . . . .
(X(X), H,,,*) is compact if and only if (X, M, *) is
compact.

Proof. Using Theorem 2.10, 3.2 and 3.3, we can easily
deduce that is compact if and only if (X (X)", H o) s
compact. Further, by theorem 3.1, (K(X), H, , *) is compact
if and only if (X, M, *) is compact. Therefore, from above
two arguments it can be deduced that (X' (X)", H %)
is compact if and only if (X, M, *) is compact.

In the following we define a fizzy super IFS and a
V-variable fuzzy IFS.

3.2 Definition

Let (X, M, *) be a compact fuzzy metric space and
S X—>Xforl=1,2,.., L, befuzzy B-contraction
mappings with same contraction factor A. Then the
collection of hyperbolic fuzzy IFSs {F,:n=12,..,N}
where F, ={X;f",f,,-=~.f,} and N = 1 is an
integer, are said to be a fuzzy super IFS, denoted by
{X;E’ £y FN}'

3.3 Definition

Let (X, M, *) be a compact fuzzy metric space and
{X;K, F, -, F,} aFuzzy super IFS. Let A denotes the
set of indices

A= { a=(nv):n=(n,ny,..,n,), v= (vl,l,vl’z,...,vu”l Vo
Vagses Vo, 7 Ve Voo Vi, ), v, €4l 2,7}

for /=1,2,, an,n =1,2,---,Nandv=1, 2,---,V}.

v

For each g € / and (B, B,,
Y>> K(X)Vis given by

a qu m an ny
f (Bl’ Bz’ B BV) - (U/=1f1 (Bvu )s U1=1 f’ (BVz.,r ),
Lny ny
Ul:l S (B, ) )

Then a V-variable fuzzy IFS is defined by the
transformations F") ={K(X)"; f,,a e A}.

... B,) eK(X)", f* K(X)
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Theorem 3.5. Let the fuzzy IFSs F, has contraction factor
A e (0,1) forall n=1,2, 3, ..., N. Then the mapping
feK(X)" > K(X)"is a fuzzy B-contraction, with same
contraction factor A for all a € .

Proof. For v=1,2, ...,
and C=(C,,C,, -,

Vandall B=(B,B,,
C, ), wehave

:By,)

Hy (Ur £ 8. U 172
=H, (flnv (B, )U fznv (Bz)U e U fL’:; (BL% )
redsre U, )

>, min AH (£ (B), £ (C). A1)
(by Lemma 2.2) > m1n {HM (B, C,,t)},

le{1,2,...

>H ., (B, By s B )(C, Gy o €y ) )

=H . (B, C.t).
Hence, forall B, B,, ..., B,and C, C,, ..., C, eK(X),
we obtain
HM"(fa(Bl’Bza"'aBV)afa(clacz’”"CV)’lt)

i, [ U U )

Zve{lnil,fly){ ((B\I’ v lL ) ( vl? 12’ ’ 7CV,L"V)’ t)}
2H , (B, B, B,), (C,, Gy, C))it).
This completes the proof.

Theorem 3.6. The F V)
2,3, ...

is a hyperbolic IFS, for all V =1,

Proof. We have F") ={X(X)";f“,ac} From
theorem 3.5, f“ is a fuzzy B-contraction map on K(X)".
Since f“is a fuzzy B-contraction map on K(X)", therefore
FWisalso a B-contraction map on K(X)". It follows that F
Wis a hyperbolic fuzzy IFS, forall V=1,2,3, ....

Theorem 3.7. Let (X, M, *) be a compact metric space
and F ) be a fuzzy super IFS. Then, there exists a unique
compact invariant set A" € K(K(X)") or, equivalently, F
M'has a unique fixed point namely A" € K(K(X)").

Proof. Since (X, M, *), is a compact fuzzy metric space,
therefore by theorem 3.2, (X(X)", H ,,*) is also
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a compact Hausdorff fuzzy metric space. Further, by
theorem 3.6, the V-variable fuzzy super IFS are a fuzzy
B-contraction. Then by theorem 2.11, we conclude that F
Mhas a unique fixed point, namely A e K(K(X)").

The following experiment illustrates the result of
theorem 3.7; when V= 2.

4, Experiment

Assume F, = {XxX;fll,le} and F, ={X><X;f12,f22},

then the corresponding fuzzy super IFS denoted as

{XxX;F, F,}. Also take two digital buffers of images

I, L) and (0, 0,) of same size known as input and

output buffers. Now, construct a sequence of pairs of

images using following steps (see Barnsley et al'”P-3¥):

« RandomlypickoneofthelFSsF, or F,,say F, (n €{l,
2}). Apply f," to the randomly selected imellge I, or
L), to make an image on O,. Then apply f," to the
image on either I, or I, also selected randomly and
overlay the resulting image on the image now already
onO,.

. Agaln pick randomly one of the IESs F, or F,, say F
(n,e {1, 2}). Apply f 2 to the randomly selected
image (I, or I), to make an image on O,. Also apply
f,” to the image on I, or I, also selected randomly
and overlay the resulting image on the image now
already on O,.

o Switch input and output, clear the new output screens
and repeat steps (i) and (ii).

o Repeat step (iii) many times, to allow the system to
settle into its stationary state.

Example 3.1. Let X=[0,1],a*b=a-bforall g, be [0, 1]
and @(t) =t/(t+1). Obviously, (X, M, ¥) is a complete
fuzzy metric space, with fuzzy metric

M (x,y,t) =[p(t] =1 for all x, yeX.

We consider the following maps on Xx X:

fll(x,y)z(x/2+y/3+3/16, x/2—y/3+5/16),
f21(x,y)=(x/2—y/3+5/16, —x/2—y/3+13/16),
fy)=(x/2+y/3+3/16,—x/2+y/3+11/16),
fix,y)=(x/2-y/3+5/16, x/2+y/3+3/16).

The maps defined above are contractive over
the given fuzzy metric space (XxX, M, *), where

For the square initiator [0, 1]x [0, 1] seen in Figure 1, the
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set attractors for F, and Fafter 6, 9, 12 and 15 iterations
are depicted in the Figure 2, Figure 3, Figure 4 and Figure
5 respectively.

. . Figure 5. Buffers of 2-Variable Fuzzy IFS for N = 15.
5. Conclusion

Figure 1. Initial Images I and I..

The iterated multi-function systems and fuzzy super
iterated function systems are studied in a new setting.
Some existence and uniqueness theorems generalizing

some of the recent results reported in the literature are
obtained.
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