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Abstract

Background/objective: The sedimentation is a burning issue all
around the world; hence this research will help theirrigation engineers
to solve the sedimentation problems related to irrigation channels,
hydraulic structures as well as in the field of agriculture. In this present
research study, the inverse mathematical model of Rouse formula is
developed to calculate the suspended sediment concentration along
the width of an open channel. Methodology/analysis: For derivation
of the model, a well-known differential advection—-diffusion equation
is solved analytically with respect to x-axis along the width of channel.
The model is also validated and checked with experimental results
and calculated results by the newly developed model. Findings: A
mathematical model has been developed for suspended sediment
concentration along the width of channel. Furthermore, this model
applied and compared with experimental results and observations
which were conducted in open channel. Finally, for more validation
and reliability of a newly developed model, the average maximum
and minimum percentage errors are computed. These errors indicate
that the proposed model has the best accuracy and resemblance
when percentage errors of the newly developed model are computed.
Application: A newly developed model can be applied to estimate
suspended sediments concentration from open channels. This model
is also useful for irrigation engineers to find out suspended sediments
concentration profiles along the horizontal direction from the centre
to channel banks at the mid-depth of water.

Keywords: Advection-Diffusion Equation, Rouse Number,
Mass Diffusivity, Suspended Sediment Concentration, Irrigation
Channels.
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1. Introduction

The sediment transportation in open channels such as irrigation canals is divided into
two main parts, viz. (i) suspended load and (ii) bed load. The suspended load consists
of fine sediments that remain in suspension in the water column due to eddy turbulence
whereas bed load is the composition of coarser particles which transport over the bed by
saltation, sliding, and rolling. The transport of suspended sediment in open channels has
an enormous impact on real-life situations in terms of engineering applications and water
quality. Therefore, for a longtime, sediment transport has remained an issue all around the
world in terms of the reduction of quality and quantity of water. So sediment plays a key role
in elemental cycling in an aquatic environment. They are the main source for transporting
a specific amount of particles and contaminants which leave a bad impact on human life.
Water consumers of tail reach with a large number of contaminants are compelled to
remove this contaminant from water or may face a shortage of reservoirs storage because
of siltation. As a result, reservoir sedimentation usually becomes large compared to
that expected at the design stage. To manage large reservoirs, this situation necessitates
observing sediment transport from the catchment to the reservoir and its deposition in
the reservoir [1]. Furthermore, slow and continue the enrichment of reservoir water with
nutrients leads to an increase in production and sedimentation of organic material.

The source of bed load is suspended sediments that remain in suspension with water flow
for a specific time before settling down on the bed. The quantity of suspended sediment in
the river directly influences different design and operation aspects of hydraulic structures
like ecosystem, biodiversity, fluvial geomorphology, etc. Owing to this, it is very important
to calculate the precise volume of suspended sediments in river flow for the proper index
to evaluate potential circumstances to manage water resources. Different attempts have
been made for prediction of suspended sediment in rivers but because of its multifaceted
mechanism and extremely nonlinear endeavors of parameters, these attempts are unable
to predict the exact volume of sediments [2].

In open channel flow, the higher suspended sediment is observed due to more flow rate
of water, or steep bed slope, or due to combined effect of both parameters. In laboratory
experimentations, the severe transport condition may be additional yield by using
lightweight particles [3-4]. The sediment volume flowing with water is obtained from
data collected with adequate frequency to get dependable estimations for computational
intervals. Usually, sediment discharge statistics are calculated on daily or annual bases
depending on the observed data, though sometimes part of the record is based on discrete
or seasonal intervals also. Subject to type and incidence of existing data, the proper
method is adopted to compute sediment discharge [5]. The problems that take place due
to excess suspended sediment in open channels have pronounced significance in the field
of hydraulics and agricultural engineering. The most significant problem caused due to
excess sediment during flood seasons is rising of river bed level and consequently the
water level because of deposition. At the upper sections, the bed slope is steep, velocity is
high henceforth rivers take a heavy amount of sediment during the floods [6].

Some existing modifications and models are reviewed for new development of
the model. In 2017, seven mathematical models were reviewed including fractional
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Advection-Diffusion Equation (fADE) model and an innovative method for vertical
distribution of concentration of suspended sediment was derived. Their approach correlates
sensitivity of fractional index of fADE model with size and settling velocity of sediment
particles [7]. In 2018, a method was derived appropriate expression for depth-averaged pB;
modified the expression of sediment and turbulent diffusion coefficient and also establish
the relation between [ and normalized settling velocity for finding suspended sediment
concentration by selecting sediment diffusion coefficient on based of finite mixing
length theory through turbulent mixing process [8] a 2-D numerical model for vertical
distribution of concentration of suspended sediment from channel bed to water surface
[9]. Zhou developed the model for the exponent of the reduction of the setting velocity by
applying the probability method based on the Tsallis entropy theory. Deprived formula is
a function of volumetric suspended concentration, the relative mass density, and Reynolds
number of particles [10]. In the view of these facts and figures, this research and study is
conducted for suspended sediment concentration along the width of the channel from the
center of width and mid-depth of flow towards the banks of the channel.

So far many researchers have developed and modified mathematical models for
computation of vertical suspended sediment profile in open channels flow. The main
focus of this research is to develop new inverse mathematical model of Rouse Formula for
suspended sediment concentration using advection diffusion equation. This model will
be useful for irrigation engineers to find out suspended sediments concentration profile
along width of channel from centre to channel banks at the mid-depth of water.

2. Research Methodology

In the previous research, Rouse formula was developed to calculate suspended sediment
load in a vertical column of flow with reference to channel bed. In this method, the vertical
concentration profile from the bed of the channel towards the water surface is plotted. The

«_ »

y” It was given as

C_(D-y _a ) (1)
C y D-a

a

Rouse formula was derived by solving advection diffusion equation w.r.t

where R =C = Unknown concentration at any distance ‘)’ at a vertical column of flow.
C,= Known concentration at height ‘@ above bed at reference level, D = Depth of flow, R=
Rouse number, K = Von Karman’s universal constant = 0.4, w =Settling Velocity, and =
Shear Velocity

2.1. Proposed Newly Developed Mathematical Model
2.1.1. Derivation of Model

The inverse mathematical model of Rouse formula has been developed to calculate
suspended sediment load inflow along the width of the channel with reference to
the center of channel width at the mid-depth of flow toward banks. The differential
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advection-diffusion equation is solved analytically to develop a new mathematical model

«_ »

w.rt X.

qd—c+a)c=0 (2)
dx

where €, is sediment diffusion coefficient, C is volumetric sediment concentration, x is
horizontal length along the width of the channel, w is settling velocity of the suspended
particle.

Equation (2) has been solved analytically applying all possible and available methods that
are used for solving an ordinary differential equation. To derive an inverse mathematical
model, in steady flow, the upward diffusion of sediments is equal to the settling flux of
particles as given by equation (2).

Where C = suspended sediment concentration by weight along width from center
toward banks of the channel.

w = Settling Velocity of particle

€, = Mass diffusivity coefficient, generally function of “x”

At any point on the width of the channel, shear stress is

rx=z'0(w_xj (3)
w

Shear stress perpendicular to fluid flow toward the banks of the channel is

du
T.=€,p— 4
F P (4)
where €, is the diffusion coeflicient for momentum distribution. From equation (4),
negative sign shows that flow velocity is decreasing toward the banks of the channel.
The logarithmic form of velocity along the width of the channel and perpendicular to
fluid flow.

du_U. (5)
dx Kx
where “K” is Von Karman universal constant and its value is 0.4.
Assuming €, _ €,, and using Equations (3)-(5), yield

w—x du
7, [—}—qp— ©6)
w dx
Putting in equation (6)
w—x U.
T =—p— 7
0 ( w j sp Kx ( )
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As we know that
U, F
P

7,=pU.’

Squaring on both side

Putting the value of in equation (7), we get

fs_—U*kx(W_xJ ®)

w

Again putting equation (8) in equation (2), yields

dC_R((w ) . o
C x\w-x) KU,

Integrating both sides from a to using partial fraction we get

de_c: R ECO R N ©9)
a C al x w(w—x)
1 1
If x=w=>B=— andIfx=0then A=—
w w

Putting the value of A and B in equation (9)
xd—C:wRIx L+; dx (10)
a C al wx w(w - x)

From equation (10), we have

a

It is the required solution of equation (2) and equation (11) is a newly developed
mathematical model for suspended sediments concentration along the width of channel
from centre of width to channel banks at mid-depth of flow.

3. Results and Discussion

In this research, a mathematical model has been derived by solving the advection-
diffusion equation analytically for suspended sediment concentration along the width of
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the channel. This model is applied to find out the suspended sediments concentration with
the help of experimental data. From Tables 1-5, the values of “C,” are generated by the
newly developed formula and the values “C,” is known concentration which was taken at
centre of width and mid-depth of Rahuki channel which is located near Hyderabad city.
The range of Rouse number for bed load, suspended load, and wash load was calculated by
Pekker Leonid on basis of Shields diagram [11]. Rouse number is decreasing towards the
centre of channel and increasing towards the banks of the channel because Rouse number
is directly proportional to the settling velocity of particles and inversely proportional to
shear velocity. The settling velocity is also decreasing towards the centre of channel due
to increasing the flow velocity. As flow velocity increase toward the centre of the channel,
the settling velocity decreases simultaneously. To check the validity and reliability of newly
developed, the theoretical computed results are compared to experimental observations.
This shows that the calculated suspended sediment concentration by a newly developed
model has the best agreement and accuracy with the observed suspended sediments
concentration collected at different RDs comprising cross-section elements of the Rahuki
channel. The trend of suspended sediments profile is in the parabolic shape as shown
in Figures 1-5. Finally, on the basis of findings this indicates that the newly developed
mathematical model have the significant results and the best accuracy with experimental
and observed results at different RDs. For further more validation and justification, average
maximum and minimum percentage errors have been computed as shown in Table 6. The
average maximum and minimum percentage errors are found out 6.596% and 0.8002%
respectively.

3.1. Computation of Suspended Sediment Concentration at 0 RD

Using the newly developed formula, computations are made to determine suspended
sediment concentration at 0 RD. These values are compared with the actual (observed)
values of suspended sediment concentration and percentage error between the two values
is calculated, as shown in Table 1.

From the values as shown in Table 1, sediment concentration calculated by the
newly developed formula is compared with the actual (observed) suspended sediment
concentration at 0 RD, graphically, as shown in the following figure.

3.2. Computation of Suspended Sediment Concentration at 8 RD

Using the newly developed formula, computations are made to determine suspended
sediment concentration at 8 RD. These values are compared with the actual (observed)
values of suspended sediment concentration and percentage error between the two values
is calculated, as shown in Table 2.

From the values as shown in Table 2, sediment concentration calculated by the
newly developed formula is compared with the actual (observed) suspended sediment
concentration at 8 RD, graphically, as shown in the following figure.
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3.3. Computation of Suspended Sediment Concentration at 16 RD

Using the newly developed formula, computations are made to determine suspended
sediment concentration at 16 RD. These values are compared with the actual (observed)
values of suspended sediment concentration and percentage error between the two values
is calculated, as shown in Table 3.

From the values as shown in Table 3, sediment concentration calculated by the
newly developed formula is compared with the actual (observed) suspended sediment
concentration at 16 RD, graphically, as shown in the following figure.
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FIGURE 1. Graphical comparison of calculated and observed suspended sediment con-
centration at 0 RD.

dg —m— Calculated values

S ® Observed values

s -\

2

§ o ] -

5 =21

E® /' a

=]

D

w3 \

B 1 - 5

g -/ \-

73 vl N

5 - N

o - T S
o 1 2 3 4

Offset (m)
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FIGURE 3. Graphical comparison of calculated and observed suspended sediment con-
centration at 16 RD.
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FIGURE 5. Graphical comparison of calculated and observed suspended sediment con-
centration at 32 RD.

3.4. Computation of Suspended Sediment Concentration at 24 RD

Using the newly developed formula, computations are made to determine suspended
sediment concentration at 24 RD. These values are compared with the actual (observed)
values of suspended sediment concentration and percentage errors between the two values
are calculated, as shown in Table 4.

From the values as shown in Table 4, sediment concentration calculated by the
newly developed formula is compared with the actual (observed) suspended sediment
concentration at 24 RD, graphically, as shown in the following figure.

3.5. Computation of Suspended Sediment Concentration at 32 RD

Using the newly developed formula, computations are made to determine suspended
sediment concentration at 32 RD. These values are compared with the actual (observed)
values of suspended sediment concentration and percentage error between the two values
is calculated, as shown in Table 5.

From the values as shown in Table 5, sediment concentration calculated by the
newly developed formula is compared with the actual (observed) suspended sediment
concentration at 32 RD, graphically, as shown in the following figure.
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TABLE 6. Average maximum and minimum percentage errors at different RDs

RD O0RD 8RD 16 RD 24RD 32RD Average % error
Max: % error 6.63 8.43 3.24 9.1 5.58 6.596
Min: % error 1.43 1.61 0.595 0.316 0.05 0.8002

4. Conclusion

In the current research and study, a new mathematical model has been developed by
solving a differential advection-diffusion equation analytically and the developed model
has been also applied to estimate suspended sediments concentration at different RDs on
the bases of observed data. In the next step, the computed results are also compared with
experimental observations and results. It is observed that calculated results have the best
accuracy and significance with experimental results. The trend of suspended sediments
concentration is in parabolic shape at different RDs of channel. Suspended sediments
concentration is increasing towards the centre and decreasing towards the banks of
channel. Furthermore, for the validation and accuracy of the model, the average maximum
and minimum percentage errors were computed and the result comes out 6.596% and
0.8002%. This model is useful and applicable for irrigation engineers to estimate suspended
sediments concentration along the width of the channel from at mid-width and depth of
flow towards the channel banks.
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