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Abstract
Objective: To study the effect of resonance and non-resonance 
wave–matter interaction on the behavior of dispersion, absorption, 
and population inversion as a component of nonlinear polarization 
by simulation to describe the temporal variation of two-level system.

Methods/statistical analysis: Software program was prepared 
in the study to solve normalized optical Bloch equation model 
numerically by Rung-Kutta–Fehelberg method. Findings: The 
study showed that the dispersion not occurs at resonance state, 
while occurs at detuning state, it decreases with the increasing of 
detuning, so the decreasing of absorption, population inversion 
was observed with the increasing of detuning. While the value of 
saturation parameter increases with the increasing of detuning 
value. Application/improvements: The appropriate intensity 
(saturation intensity Isut.) to reach the steady state of population 
inversion as a function of initial (incident Iint.) intensity on the system 
has been estimated.

Keywords: Quantum Optics, Wave–Matter Interaction.

1.  Introduction
The charges in the medium are displaced from their equilibrium positions when an 
electromagnetic wave interacts with the medium. At low wave intensity, the dielectric 
polarization of materials response linearly to the wave electric field. While at high wave 
intensity, the response becomes nonlinear. In general, several fundamental properties 
of mediums dependent on the response type such as nonlinear absorption, refraction, 
second harmonic generation. They can be probed using nonlinear optical spectroscopy 
[1]. Two-level system (TLS) is compatible representation for wave–matter interaction 
and provides good approximation to more complete theory [2]. The total number of 
particles (molecules, atoms) is distributed between the levels; also the probability density 
of population is distributed between the levels in deference values, but equal to one at 
specific time of interaction [3].

For many physical considerations, it is already sufficient to take only two energy 
eigen states into account, for example, those which are related to the laser transition. The 
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pumping of the laser can be later described by phenomenological relaxation processes 
between two levels. The description of statistical dynamics of a statistical ensemble of 
TLS atoms interacting with a classical electric field has described by the Bloch equations 
[4–5]. More realistic description of media, especially of typical laser media a coherent 
additional field in addition to the coupling to the environment, the Hamiltonian has to be 
extended by the dipole interaction, we use the interaction Hamiltonian in rotative wave 
approximation (RWA) [6].

2.  Theory
When the large system of indistinguishable atomic particles interacts with the wave, 
the density matrix (ρ) is a powerful method for describing the time evaluation of the 
interaction [7]. The motion equation of density matrix can be defended as follows [8–9]:

 1 [ , ]nm
nm

d
H

dt i
ρ

ρ=


 (1)

In two-level system, let the levels are labeled |g> and |e> refer to the ground and exited 
level, respectively. Their energies are separated by transition energy (ħωge). The total 
Hamiltonian of interaction of the system ˆ

TH  consist of three types of Hamiltonians given 
as defined in the following equation [10–11]:

 0 T I RH H H H+ +=  (2)

where H0, HI are the Hamiltonian operator without and with external field effect, 
respectively, and ĤR  is the relaxation Hamiltonian operator describes all of the processes 
that return the ensemble to the thermal equilibrium [10]. The spontaneous emission 
process which results by the decay from level |e to level |g described by diagonal elements 
of the density matrix (ρgg, ρee). The relaxation operator matrix elements obey the Liouville 
variant of the Schrodinger equation [12–13] as shown in bellow form:
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where (Te) is the life time of the excited level, which called the longitudinal relaxation 
time (T1) or thermal relaxation time [13], Which describes the rate of longitudinal decay 
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 . While the off diagonal elements ρge, ρeg decay toward an equilibrium through 

appropriate period time called the relaxation time (T2) or dephasing time [14]. The 

dephasing time introduces to the transverse decay rate
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the coherent superposition of wave functions of the upper and lower level of system due to 
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the elastic collision [14]. Then the longitudinal and transverse relaxation times are lead to 
circulation of population density between TLS levels.

2.1.  Optical Bloch Equations (OBE)
The motion equation of the density matrix can be expressed in terms of the matrix elements 
of density matrix as the following [15]:

 0

0

0
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Then Eq. (5) can be written as the bellow formula: 
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where Ω is Rabi frequency [16]. In the off-diagonal elements, for simplifies the equations 
of motion by taking a new variable ( ge

ωρ ). For a slowly varying amplitude of the off-diagonal 
elements, can be rewrite ( geρ ) and ( egρ ) in the following form [9,15]:

 ( ) 0egi t i t
ge ge gee eω ωω ωρ ρ ρ−∆ += =  (7)

 ( ) 0egi t i t
eg eg ege eω ωω ωρ ρ ρ− −∆ −= =  (8)

where ( )0egω ω∆ = −  is the detuning of the angular frequency of the wave from the 
transition frequency. Inserting Eqs. (7) and (8) in the set of Eq. (6), can be obtained the 
following set of equations:
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Consider a new variables U,V, and W as the Bloch vectors [17–18].

  U =  eg ge
ω ωρ ρ+  (10a)

 ( )eg geV i ω ωρ ρ= −  (10b)

 ee ggW ρ ρ= −  (10c)

By using Eq. (10a) and (10b), can be get:
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where ( ) ( )0 0 0 W e gρ ρ= −  is the thermal equilibrium of the system .The set of equations 
(11) is called the optical Bloch equations (OBE), Eqs. (11a) & (11b) represent the time 
variation of dispersion and absorption components of nonlinear polarization density, 
respectively, while Eq. (11c) represents the population inversion of the TLS [17–18]. It is 

convenient rewrite the set of Eq. (11) as a normalized form normalized time 
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So convenient used the normalization for relevant parameters as:

 2( )Tδ = ∆  (13a)
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where η is relative ratio of the longitudinal to the transverse relaxation time. Then the 
normalized optical Bloch equation can be writing as a form:

 

   0

dU δV U
dτ
dV δU γW V
dτ

W WdW   γ t V
dτ 

  

  


  

 (14a)

  (14b)

  (14c)

2.2.  The Saturation Parameter
The variation time of density operator equation must be including the spontaneous 
emission (decay process). The evolution of the density operator is given by the following 
expression [19]:

 

1 ˆ[H, ]d
dt i
ρ ρ ρ= +Λ

  (15)

where the last term describes the decay process and given by [19–20]:
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 (16)

where Γ is the atomic decay rate, σ+ = |e><g|, and σ– = |e><g| are the atomic transition 
operators.to obtain the evolution of ρ must consider the decay terms in calculation as 
follows:
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The solution of Eq. (17):
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and
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The equation of motion for the matrix elements of ρ can be obtained from Eq. (17)
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In TLS, the atom interaction with a light field, the total Hamiltonian of the atom in the 
field is given by H + H0 + HI. To obtain the evolution of matrix elements ρ can be used as 
the first terms of the set eqs. (9) Which are representing the interaction and add the set of 
eqs. (20) Which represents the decay to obtain:
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By using the definition of the population difference as following:

 ee ggw ρ ρ= −
 (22)

And ee ggρ ρ+  = 1, and the optical coherence c eg
ωρ ρ=
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Consider the adiabatic regime where
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dt dt
ρ

= =
 (25)

In this regime, Eqs. (23,24) yield [19,20].
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The solution of Eqs. (26,27)
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where (s) is the saturation parameter and
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Also the saturation parameter (s) in can be written as [21]:

 
2 2

2

2

2

2
2  

22 142

oS
s

i

Ω
Ω

= = =
ΓΓ ∆ − ∆ +  Γ 

∆ +
 (30)

Where s°  is the non-resonance saturation parameter and is defined as

 
2

2

2s°
Ω

=
Γ

 (31)

For low saturation, the population is mostly in the ground level (w = −1). For high 
saturation 1s >> , the population is approaching to distribute between the ground and 
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excited levels ( 10  ,
2gg eew and ρ ρ≈ ≈ ). The parameter s°  can be written in another form 

[20] as:

 .

.

int

sut

I
s

I° =  (32)

where .intI  is the initial intensity of laser beam, .sutI  is the saturation intensity.

3.  Results and Discussion
A computer program has been prepared to solve Bloch equations (Eq. 11) numerically by 
using Rung-Kuta–Fehelbereg method. The time variation (time behavior) for absorption 
and dispersion components, their effect on the performance of an atomic system, and 
the distribution of system particles between the two levels for both resonance and non-
resonance interaction have been simulated.

Figure 1 shows the detuning effect on the behavior of absorption and dispersion in 
TLS for different values of detuning. Figure 1(a) shows no dispersion growth at value of 
Δ= 0. The result has been explained as a sequence of resonance interaction which leads 
to formation of equal electrical dipoles moments. While the growth of dispersion appears 
at no resonant interaction as shown in Figure 1(b)–(c). In addition, noted distinguished 
variation of dispersion behavior according to the detuning value as shown in case of Δ = 
3,6, respectively, the case Δ = 3 appear the dispersion behavior starts from minimum value 
approximately to 0.0069 and contrast to the highest value at 0.597 approximately, and 
the steady state achieved at 0.2906 approximately as shown in Figure 1(b). In the case of 
increasing of detuning to became Δ = 6 as shown in Figure 1(c), noted that the dispersion 
alternate between the highest value approximately 0.473 and the steady state at 0.271, the 
study explain that due to the non-coherence growth with the detuning increase and due to 
the formation of a weak electrical dipoles moments.

Concerning of the absorption behavior during the resonance and no resonance 
interaction time, Figure 1(a) shows the absorption behavior at resonance interaction 
case, it is approach to maximum value at 0.15. While at non-resonance interaction case 

 

0 10 20 30
Normalized time

-0.8

-0.6

-0.4

-0.2

0.0

0.2

a

Dispersion component

Absorption component 

0 10 20 30
Normalized time

-0.8

-0.4

0.0

0.4

0.8
b

Dispersion component

absorption component

0 10 20 30
Normalized time

-0.4

-0.2

0.0

0.2

0.4

0.6 c

Dispertion component

Absorption component

 FIGURE 1 (a,b,c). Dispersion and absorption components behavior at   ∆= 0, 3, 6, ã = 2, η 
= 5.
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approach to 0.112 and 0.107 at Δ = 3, 6, respectively as shown in Figure 1(b) and  (1c). The 
study interpret that due to the high order of satisfaction of quantum conditions for exact 
interaction as long as convergence state of wave frequency and TLS transition frequency(Δ 
= 0 or small value ) to be caused strong absorption. 

Figure 2(a,b,c) represents the detuning effect on particles distribution between the TLS, 
which can be recognize the steady state of population for low level (first level) proportional 
with the value of detuning, while vice versa to the steady state population for upper level 
(second level). The study interpret that because of the weak interaction intensity due to 
incompatibility in frequency values of electromagnetic wave and the system transition 
frequency, based on this reason, the weak transition of particles between the energy levels 
occurs whenever the detuning increased.

Figure 3 represents the detuning effect on the population inversion behavior of TLS 
particles. Figure 3(a) simulates the population inversion at resonance interaction(Δ = 0), 
its maximum value approaching to 0.335 at the time coupling, while at the steady state 
approach to −0.046. Figure 3(b) shows the maximum value of population inversion at non-
resonance interaction (Δ = 3), it is clear that the population inversion value approaching to 
−0.364, While approach to −0.752 at Δ= 6 as shown in Figure 3(c). The study interprets the 
variance of behavior (values) due to the weak wave–system interaction due to increasing of 
detuning which is lead to weak opportunity for the particles of the first level to transform 
to the second level.
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FIGURE 3 (a,b,c). Population inversion component behavior at   ∆= 0, 3, 6, ã = 2, η = 5
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 FIGURE 2 (a,b,c). Two-level system population at   ∆= 0, 3, 6, at ã = 2, η = 5.
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FIGURE 4 (a,b). Saturation parameter behavior at   ∆= 3, 6, at ã = 2, η = 5.

Figure 4(a,b) shows the variation of saturation parameter for no resonance state. 
It can be noted the alternated value of saturation parameter at the levels coupling time 
and display the steady state at later time of interaction. At the steady state can be noted 
proportional relation between the saturation parameter and the detuning. The study 
related this result to dependence saturation parameter value on the population inversion 
by inversely proportional which shown in the previous section.

Figure 5 shows the desired saturation intensity (Isut.) to obtain the steady state of 
population inversion as a function of the initial incident intensity (Iint.). Figure 5(a) 
illustrates the saturation steady state for population inversion required obtained at 
saturation intensity approach 0.048Iint at the resonance interaction. While at non-
resonance interaction, the steady state of population inversion obtained at saturation 
intensity approach 0.0063 Iint. At Δ = 3, and 0.0008 Iint. At Δ = 6 as shown in Figure 5(b) and 
5(c), respectively. The study interpret the decreasing of (Isut./Iint.) due the weak interaction 
between the wave and the system whenever the detuning value increase.

4.  Conclusion
The performance of TLS when interacting with an electromagnetic wave shows two 
behavior periods. The first is the effective coupling period; the second is the steady state 
period as the following:

 

 

0 10 20 30
Normalized time

0.00

0.02

0.04

0.06

0.08

Isu
t./I

int
.

b

0 10 20 30
Normalized time

0.000

0.004

0.008

0.012

0.016

0.020

Isu
t./I

int
.  

c

0 10 20 30
Normalized time

0

20

40

60

80

Isu
t./I

int
.

a

FIGURE 5 (a,b,c). Relative saturation intensity behavior at   ∆= 0, 3, 6, ã = 2, η = 5
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1. The values of dispersion, absorption, and population inversion components are 
decreasing at the strong coupling and steady state periods at non-resonance interac-
tion with increasing of detuning value.

2. When transform from resonance to non-resonance interaction, the saturation param-
eter values decrease with increasing of detuning value.
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