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Abstract

This paper deals with the idea of bipolar fuzzy soft sets applied to the ideal theory of I'-semigroups. We have introduced the
concept of bipolar fuzzy soft I'-subsemigroup and bipolar fuzzy soft I-ideals in a I'-semigroup. It is proved that the extend-
ed union, extended intersection, restricted union and restricted intersection of two same kind bipolar fuzzy soft I'-ideals
over a I'-semigroup produced a same kind’s bipolar fuzzy soft I'-ideal. Also the “AND” and “OR” operations of two bipolar
fuzzy soft I'-ideals produced a same type’s bipolar fuzzy soft I'-ideal. It is also proved that the collection of all bipolar fuzzy
soft '-ideals over a I'-semigroup forms a complete distributive lattice with these special unions and intersections.
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1. Introduction

After the introduction of the classical notion of fuzzy sets
by Zadeh* in 1965, many scientists used fuzzy sets in dif-
ferent fields of science. The use of fuzzy sets in algebraic
structures was done by Rosenfeld' in 1971. He defined
fuzzy subgroups and discussed their important properties.
The idea of fuzzy ideals, fuzzy bi-ideals in semigroup was
given by Kuroki®'!. With the passage of time researchers
introduced many extensions of fuzzy sets, for example,
intuitionistic fuzzy sets, interval-valued fuzzy sets, vague
sets, bipolar fuzzy sets etc. Zhang"* introduced the notion
of bipolar fuzzy sets and used it for modeling and deci-
sion analysis. Lee'> * used the term bipolar valued fuzzy
sets and applied it to the algebraic structures. Soft set the-
ory was initiated by Molodtsov'® in 1999. In'*, Maji and
his co-authors defined some basic operations on soft sets.
Ali and his co-authors modified the binary operations
defined by Maji et al.

Maji et al.”” combined the concept of fuzzy set and soft
set and proposed the notion of fuzzy soft set in 2001 and
defined the basic operations of these fuzzy soft sets. The
results'® were improved by Ahmad and Kharal. Aktas and
Cagman’®, introduced the concept of fuzzy soft groups
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which was extended by Aygunoglu and Aygun®. The con-
cept of fuzzy soft semigroups and fuzzy soft ideals were
given by Yang®. The concepts of fuzzy bipolar soft sets
and bipolar fuzzy soft sets has been introduced by Naz
and Shabir" recently. They defined their special union and
special intersection and also showed that the both notions
are equivalent. Aslam et al.%, also worked on bipolar fuzzy
soft sets and their special union and special intersection.

The notion of I-semigroup was introduced by Sen
and Saha® in 1986. They studied regular I'-semigroup and
I-group and established some relations between them
(see also'>?°). The notion of bi-ideals in I'-semigroup was
introduced by Chinram and Jirojkul’.

The notion of fuzzy ideals in I-semigroup was intro-
duced by Sardar et al.*» %, they also worked on fuzzy
bi-ideals and fuzzy quasi-ideals of I'-semigroups. William
et al.** and Faisal et al.%, also worked on the fuzzy ideal
theory of I'-semigroups. Akram et al.? introduced the
notion of fuzzy soft I-semigroups and characterized them
by their fuzzy soft I-ideals.

In this paper, we have defined different bipolar fuzzy
soft I-ideals over a I'-semigroup. Also it has been proved
that the extended union, the extended intersection, the
restricted union and restricted intersection of these ideals
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over a I-semigroup is also the same ideal over the same
I'-semigroup.

2. Preliminaries

LetS={x, 5,z ..} and ' = {a, 3, , ...} be two non-empty
sets. Then § is called a I-semigroup if it satisfies

(i) xyyeS
(ii) (xBy)yz=xB(yyz) forall x,y,z€ S and B,y €T.

Let A be a non-empty subset of a I-semigroup S then A
is called

(i) aTl-subsemigroup of Sif ATAC A.

(ii) aleft (right) I-ideal of S if STA c A(ATSC A).

(iii) a two sided T-ideal or simply a I'-ideal if STAcC A
and AT'S C A.

(iv) a bi- I-ideal of S if A is a T-subsemigroup of S and
ATSTA C A.

(v) an interior I'-ideal of S if A is I'-subsemigroup of S
and STAI'S c A.

A regular element a of a I'-semigroup S is such that there
exists an element s€ S and @, B €T satisfying x = xasfx.
S is called a regular I'-semigroup if every element of S is
regular.

DEFINITION 2.1 [12]

A bipolar fuzzy set A in a universe U is an object having the
form A= {<x, W (x), W, (x)> P xe X}.
Where u, : X—[0,1] and u, : X —>[-1,0] Here

W, (x) represents the degree of satisfaction of an element
x to the property corresponding to a bipolar fuzzy set

A= {<x,,u;(x),,u; (x)> 1 x€ X} and p, (x) represents the
degree of satisfaction of x to some implicit counter property
of A ={<x,uX (x),,u;(x)> 1 xe€ X}. For the simplicity the
symbol A = < Was 1y > has been used for the bipolar fuzzy set

A={<x, ,uz(x),,u;(x)> : xeX}.

DEFINITION 2.2

For any two bipolar fuzzy sets A= < Ws /J;> and
B= </J§, u;> in a universe U,

1. Ac B means that Wh(x) > ul (x) and u, (x) <, (%),
forall xe X.

2. A B={(x,max{u; (x), t; (x)}, min{u; (x), t; ()}
xe X))
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= (3 ()0 115 (0, 115 (0) A 15, (3))

3. A B={(x, min{u; (x), g (x)}, max{u; (x), i (0)} |
xe X)}

(1055 ()s i () = (i () O 1 (),
1 (%) U 5 (x)).

REMARK 2.3

From above definitions it is clear that,

() Haos ()= () U (%)
(i) Maos ()=, (x) N Uy (x)
(i) Hans (%) = 15 (%) O 25 (x)
(iv) Mans (%)=, (X)L 1 (x)

DEFINITION 2.4 [16]

Let U be an initial universe set and E be the set of para-
meters. Let P(U) denotes the power set of U. Let A be a
non-empty subset of E then the pair (F, A) is called a soft set
over U, where F is a mapping given by, F : A — P(U).

DEFINITION 2.5 [15]

Let U be an initial universe set and E be the set of para-
meters. Let A be a non-empty subset of E and P(FS(U)) be
the collection of all fuzzy subsets of U then the pair (f, A) is

called a fuzzy soft set over U, where fis a mapping given by,
f: A— P(FS(U)).

DEFINITION 2.6 [5]

Let U be an initial universe set and E be the set of para-
meters. Let AC E and BFY denotes the set of all bipolar
fuzzy subsets of U. Then a pair (E A) is called a bipo-
lar fuzzy soft set over U, where F is a mapping given by
F : A— BFY. It is defined as

(F,A)={<x,u:(x),u;(x)> : xeU and aeA}.

For any ac€A, F(a)={<x, M (X), ,u;(a)(x)> i x€ U}
= (M (), My ().

DEFINITION 2.7 [5]

i) A bipolar fuzzy soft set is called a null bipolar fuzzy soft
set if for all
ii) A bipolar fuzzy soft set is called an absolute bipolar

fuzzy soft set if for all
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DEFINITION 2.8 [5]

The compliment of a bipolar fuzzy soft set (F, A) is denoted
by (F,A) and is defined as

(F,A) = {<x,1—u; (x), ~1- 13 () : xe U}

DEFINITION 2.9 [5]

For any two bipolar fuzzy soft sets, (E A) and (G, B) over
a common universe U, we say that (F, A) is a bipolar fuzzy
soft subset of (G, B) if Ac B and F(a) C G(a), for all a € A.
We write this as (E, A) C (G, B)

Here (G, B) is called fuzzy soft superset. (F A) and
(G, B) over a common universe U are said to be fuzzy soft
equal if, (E A) € (G, B) and (G, B) C (E A)

EXAMPLE 2.10

Let U= {x, x,, x,, x,} be the universe set and E = {a, b, c, d}
be the set of parameters. Let A = {a, b} c E and B ={a, b, c}.
Define (E A) as

(F,A)={F(a),F(b)}, where
F(a)={(x,,0.1,-0.5),(x,,0.2,-0.4),(x;,0.3,—0.3)},
F(b)={(x,,0.2,-0.5),(x,,0.3,-0.2),(x;,0.4,-0.4)}.

Also

(G,B)=1{G(a),G(b),G(c)}, where
G(a) ={(x,,0.2,0.6),(x,,0.3,—0.5), (x;,0.4,—0.4)}
G(b)={(x,,0.3,-0.6),(x,,0.4,-0.4),(x;,0.5,—0.5)},
G(c) ={(x,,0.2,-0.5),(x,,0.3,—0.2), (x5,0.6,—0.6)}.

Then (F, A) and (G, B) are bipolar fuzzy soft sets over
U Also AcB and F(a) < G(a) for all ae A. Hence
(E A) & (G, B). Also
(F,A)  ={F(a)",F(b)‘}, where
F(a)" ={(x,,0.9,-0.5),(x,,0.8,—0.6),(x;,0.7,—0.7)},
F(b)" ={(x,,0.8,-0.5),(x,,0.7,—0.8),(x5,0.6,—0.6)}.

DEFINITION 2.11 [5]

Let (E A) and (G, B) be two bipolar fuzzy soft sets over a
common universe U then “(F, A) AND (G, B)”, denoted by
(E A) A (G, B) is defined as (E A) A (G, B) = (H, C) where
C = A x B and H(a, b) = F(a) N E(b), for all (a, b) €
C=AxB.
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DEFINITION 2.12 [5]

Let (E A) and (G, B) be two fuzzy soft sets over a common
universe U then “(E, A) OR (G, B)”, denoted by (E A) ¥ (G, B)
is defined as (E, A) ¥ (G, B) = (K, C), where C=A x B and
K(a,b)=F(a)UG(b), for all (a,b)e C=AXB.

DEFINITION 2.13

Let (E A) and (G, B) be two bipolar fuzzy soft sets over a
common universe U then their “extended union” is a bipolar
fuzzy soft set over U denoted by (F,A)Uy (G,B) and is
defined as (F,A)Uy (G,B)=(H,C), where C= AU B and
H : C— BFY is given as,

F(c) if ccA-B
H(c)=1G(c) if ce B—A forallceC.
max{F(c),G(c)} if ce AnB

DEFINITION 2.14

Let (E A) and (G, B) be two bipolar fuzzy soft sets over a
common universe U then their “extended intersection” is a
bipolar fuzzy soft set over Udenoted by (F, A) Ny (G, B) and
is defined as (F,A)N (G,B)=(H,C), where C=AUB
and H :C— BFY is given as,

F(c) if ccA-B
H(c)=1G(c) if ceB—A forallceC.
min{F(c),G(c)} if ce ANnB

DEFINITION 2.15

Let (E A) and (G, B) be two bipolar fuzzy soft sets
over a common universe U such that ANB#@. The
“restricted union” of (E A) and (G, B) is defined to be a
bipolar fuzzy soft set (H, C) over U where C=AN B and
for H(c)=F(c)uGl(c), for all ceC. This is denoted by
(H,C)=(F, A)u, (G, B).

DEFINITION 2.16

Let (E A) and (G, B) be two bipolar fuzzy soft sets
over a common universe U such that ANB#@. The
“restricted intersection” of (E A) and (G, B) is defined to
be a bipolar fuzzy soft set (H, C) over U where C=ANB
and H(c)=F(c)UG(c), for all ceC. This is denoted by
(H,C)=(F, A)u, (G, B).
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If {(E,A,): iel} be a collection of bipolar fuzzy soft
sets over a common universe U such that NA#9, then

similarly, we can define U, (F, 4,) and N, (F, A,).

iel iel

3. Main Section

In this section S will denotes a I"-semigroup otherwise it
will be specified.

DEFINITION 3.1
A bipolar fuzzy soft set (E A) over a I'-semigroup S is called
a bipolar fuzzy soft I'-subsemigroup over S if
M (XY y) 2 min{ug, (%), tr, (1))
and :u’I:(a) (x,J/y) S max{l'l“}:(a) (x)7 .LL;(a) (}’)}’

forallx,yeS,yel andac A.

DEFINITION 3.2

A bipolar fuzzy soft set (E A) over a I'-semigroup S is called
a bipolar fuzzy soft left (right) T'-ideal over S if

and .U;(a) (xyy)2 ‘U;(u) ») (u;(a) (xzy) 2 u;(a) (x))
Hioy(20) S Ui (9 (Mio)(x20) < iy (2)),

forallx,ye€S,y el andaec A.

DEFINITION 3.3

A bipolar fuzzy soft set (E A) over a I'-semigroup S is called
a bipolar fuzzy soft I'-ideal over S if it is a bipolar fuzzy soft
left I'-ideal and a bipolar fuzzy soft right I'-ideal over S.

REMARK 3.4

(i) Every bipolar fuzzy soft subset over a I'-semigroup S
may not be a bipolar fuzzy soft I'-subsemigroup over S.

(ii) Every bipolar fuzzy soft left (right) I'-ideal over a
[-semigroup S is a bipolar fuzzy soft I'-subsemigroup
over S but the converse is not true.

EXAMPLE 3.5

Let S={x,, x,, x,} and I' = {y}, then S is a I'-semigroup with
the following table,
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S
w

[T

R R R R

oW

R R R R
w

R R R R
w

14
xl
x2
x3 3 3 3

LetE={a,b,c},A={a, c} then (E A) isabipolar fuzzy soft set
definedas, (F,A)={F(a),F(c)} ,whereF(a)={(x,0.1,-0.2),
(x, 0.5, -0.3), (x,, 0.7, -0.4)} and F(c) = {(x,, 0.3, -0.3),
(x,,0.4,-0.5), (x,, 0.5, -0.7)}. It is easy to verify that (E A)
is a bipolar fuzzy soft left I"-ideal and a bipolar fuzzy soft
right I"-ideal over S. Hence (E A) is a bipolar fuzzy soft
I'-ideal over S.
Let B ={a, b} and (G, B) ={G(a), G(b)}, where

G(a) ={(x,,0.2,-0.2), (x,, 0.6, -0.4), (x,, 0.3, -0.3)} and

G(b)={(x,0.4,-0.3), (x,,0.7,-0.8), (x,, 0.5, -0.4)} then
(G, B) is a fuzzy soft I'-subsemigroup but it is neither a
bipolar fuzzy soft left I"-ideal nor a bipolar fuzzy soft right
I"-ideal over S. As we can see below,

for left I'-ideal,

i (17 %) = Uiy (363) = 032 0.6 = 15 ().
Also for right I'-ideal,

o) (67%)) = U5 (63) =0.32.0.6 = 15 (x,).

Let C={b,c}c E,and (H,C)={H(b),H(c)}, where
H(b)={(x,,0.5,-0.8),(x,,0.8,—0.5),(x;,0.1,—0.4)} and
H(c)={(x,,0.7,-0.5),(x,,0.6,—0.7),(x;,0.5,—-0.2)}. Then

(H, C) is a bipolar fuzzy soft set over S but it is not a

I'-subsemigroup over S, as

luI-':I(h) (xlyxz) = ,u;-—](b) (X3) =0.120.5

= min{p ) (%)), Ky ()}

DEFINITION 3.6

A bipolar fuzzy soft I'-semigroup (E A) of S is called a bipo-
lar fuzzy soft interior I'-ideal over S if

@y (x02BY) Z lp(q) (2) and fp,) (x0zBy) S U (2),

forallx,y,zeS,0,fel andac A.

REMARK 3.7

Every bipolar fuzzy soft I'-ideal over a I'-semigroup S is a
bipolar fuzzy interior I'-ideal over S but the converse is not
true.
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EXAMPLE 3.8

Let S={x,, x5, x5, x,} and T'={a, B}, then S is a
I'-semigroup with the following table,

a X X, X, X, B x x, x, x,
xl xl xl xl xl xl xl xl xl xl
X, X, X, X, X, and X, X, X, X, X,
x3 xl x3 xl x4 x3 xl xl xl xl
x4 xl xl xl x3 x4 xl xl xl x4

Let E={a,b,c,d} and A ={a,b}. Define the bipolar fuzzy
soft set (E A) as, (F, A)={F(a), F(b)}, where
F(a)={(x,,0.9,—0.7), (x,,0.7,—0.5),
(x5,0.6,-0.3), (x,,0.1,0.1)}
and
F(b) ={(x,,0.6,—0.8),(x,,0.4,—0.6),
(x5,0.3,-0.4), (x,,0.1,—0.2)}.
Then (E A) is a bipolar fuzzy soft interior I -ideal over S
but it is not a I'-ideal over S as we can see bellow
.U;(a) (300, Bx,) = .U;(a) (x,Bx,)= .U;(a) (x,)
= 0.1 2 0.6 = u;(ﬂ) (x3))

so (E A) is not a bipolar fuzzy soft right I'-ideal over S and
hence not a bipolar fuzzy soft I'-ideal over S.

DEFINITION 3.9

A bipolar fuzzy soft I'-subsemigroup (F, A) of S is called a
bipolar fuzzy soft bi-I"-ideal over S if

‘Lt;(a) ('xa‘zﬁy) 2 mln{u;(a) (x)’ u;(a) ()’)},
and U, (x0zBy) < max{fip ) (%), Mo (1)}

forallx,y,z€S, o,fel andaecA.

EXAMPLE 3.10

Let S={x,x,,x;,x,} and I'={a,B,y} then S is a
I'-semigroup with the following table,

QX X, X, X, B x x, x, x, Y X X, X, X,
xl xl xl xl xl xl xl xl xl xl xl xl xl xl xl
xZ xZ xZ xZ xZ and xZ xl xZ xl xl and xZ xl x3 xl xZ
x3 xl xl xl x3 x3 xl xl x3 xl x3 xl x3 xl x4
x4 xl xl xl x4 x4 xl xl xl x4 x4 xl xl xl x3

Let E={a, b, c,d} and A ={a,b}. Define the bipolar fuzzy
soft set (E A) as, (F,A)={F(a), F(b)}, where
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F(a)={(x,,0.8,—0.9),(x,,0.6,—0.7),
(x5,0.4,—0.6), (x,,0.2,—0.3)}
and

F(b) ={(x,,0.7,-0.6),(x,,0.5,—0.4),
(x5,0.3,-0.2),(x,,0.1,-0.1)}.

Then (E, A) is a bipolar fuzzy soft bi-I"-ideal over S.

LEMMA 3.11

Let (EA) and (G,B) be two bipolar fuzzy soft
I-subsemigroups (left T-ideals, right T-ideals) over a
I-semigroup S then (F,A) A(G,B) is also a bipolar fuzzy
soft I'-subsemigroup (left I'-ideal, right T-ideal) over S.

PROOF:
Let (EA) and (G, B) be two bipolar fuzzy soft
I-subsemigroups over a I'-semigroup S, then as defined
(F,A) A(G, B) where C=AXxB and H(a,b)=F(a) N G(b),
for all (a,b)eC=AXB. As (E A) and (G, B) are bipo-
lar fuzzy soft I'-subsemigroups over S then for (a,b) e C
=AxBandx,yeS, yeTl,
Mtz (XY )
= (.U;(a) N ,Ug(b) )(xyy)=min {ﬂ;(a) (XY}’):,UE(b) (xyy)}
> min {min{gt7, ) (%), L) (¥} min {1 (), LG (D1
= min {min{z ) (X), U (0} min {ug ) (0)s L ()}
= min {(Hra) O Hee) (0> (U@ O Béw) ()}
= min{:u;I(u,b) (x)nu;fl(a,b) §212
And
Hrr(a,n) (XY Y)
= (Ur(ay Y M) (Y y) = max{lp ) (XY »), U (xy )}
< max {max{tip,) (x), U,y (¥} max {Lig ) (%), Uy (W
= max {max{lip,) (%), Lo, ()} max {tp ) (), tew (N}
=max {(Up(a) Y Har)) (%) (Up@) Y Hoe)) ()}
=max {U 4 p) (X)s Loy (1)}
Hence, (H,C)=(F,A)A(G,B) is a bipolar fuzzy soft

I'-subsemigroup over S. The other cases can be proved in
a similar way.

LEMMA 3.12

Let (E A) and (G, B) be two bipolar fuzzy soft
I-subsemigroups (left T'-ideals, right T'-ideals) over a
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I-semigroup S then (F,A)V (G, B) is also a bipolar fuzzy
soft I'-subsemigroup (left I'-ideal, right I'-ideal) over S.

PROOEF:

Straightforward.

EXAMPLE 3.13

Let S={x,, x,, x3} and I ={y} be the T'-semigroup along
with the table given in Example 3.5. Let E ={a,b,c,d} and
A={a,b} C E then (E A) is a bipolar fuzzy soft set defined
as, (F, A)={F(a), F(b)},
where
F(a) ={(x,,0.1,-0.2), (x,,0.5,—0.5), (x3,0.3,—0.4)}
F(b)={(x,,0.3,-0.3), (x,,0.8,—0.6), (x;,0.5,~0.5)}.

Let B={a,c} C E then (G, B) ={G(a),G(c)},

where

G(a)=1{(x,,0.2,-0.2),(x,,0.6,-0.4), (x;,0.4,—0.3)}
G(c)={(x,,0.4,-0.3),(x,,0.7,—0.8),(x;,0.5,~0.4)}.

Then (EA) and (G, B) are bipolar fuzzy soft
I-subsemigroups of S.

Now (F,A) A (G, B)=(H,C) where, C= Ax B={a,b}x
{a,c}={(a,a),(a,c),(b,a),(b,c)}and H(a,b)=F(a) N G(b),
for all (a,b)e AXxB=C.

Then (H,C)={H(a,a),H(a,c), H(b,a), H(b,c)},
where

H(a,a)={(x,,0.1,-0.2),(x,,0.5,-0.4),(x,,0.3,-0.3)},
H(a,c)={(x,,0.1,-0.2),(x,,0.5,-0.5),(x;,0.3,—-0.4)},
H(b,a)={(x,,0.2,-0.2),(x,,0.6,-0.4),(x;,0.4,-0.3)},
H(b,c)={(x,0.3,-0.3),(x,,0.7,-0.6),(x,,0.5,—0.4)}.

Obviously, for all x,y €S,y €I and (a,b) eC,

H;I(a,b) (xyy)2 min{;u;l(a,b) (%), IJ;I(a,b) ()}
and ) (7 y) Smax{tty , ) (), Uia ) ()}

Hence, (H,C)=(F,A)A(G,B) is a bipolar fuzzy soft
I-subsemigroup over S. Now as (F,A)V(G,B)=(H,C),
where, C=AX B={a,b}x{a,c}={(a,a),(a,c), (b,a),(b,c)}
and H(a,b)=F(a)UG(b), for all (a,b)e AXxB=C.

Then (H,C)={H(a,a),H(a,c),H(b,a),H(b,c)}, where

H(a,a)=1{(x,,0.2,-0.2),(x,,0.6,—0.5),(x,,0.4,—0.4)},
H(a,c)={(x,,0.4,-0.3),(x,,0.7,-0.8),(x;,0.5,—0.4)},
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H(b,a)={(x,,0.3,-0.3),(x,,0.8,-0.6),(x;,0.5,-0.5)},
H(b,¢) ={(x,,0.4,0.3),(x,,0.8,0.8),(x;,0.5,—0.5)}.

Obviously, (H,C)=(F,A)V(G,B) is a bipolar fuzzy soft
I-subsemigroup over S. Similarly, we can construct exam-
ples for left (right, interior and bi ) I'-ideals.

LEMMA 3.14

Let (E A) and (G, B) be two bipolar fuzzy soft
I-subsemigroups (left T'-ideals, right I'-ideals) over a
I-semigroup S then (E, A) My (G, B) is also a bipolar fuzzy
soft I'-subsemigroup (left I'-ideal, right T'-ideal) over S.

PRrROOEF:
Let (E A) and (G, B) be two bipolar fuzzy soft
I'-subsemigroups over a I'-semigroup S then (E A) Ny
(G,B)=(H,C), where C=AnNB and H(c)=F(c)NnG(c)
for all c € C. Now as,
Bty (XY Y) = Uioneie) (XY ) = B (XY ) O o (X7 )
=min {:u;(c) (xi’)’): .ug(c) (XYLV)}
> min {min{uz, (%), te oy (¥)} min{ug ) (%), e ()1
= min {min{gy ., (%), U (0} min {uz ) (1), Lo ()1
= min {5 ) (%) O o) ()t (V) O s ()}
=min {,UIJ:[(C) (%), ,UIJ;(C) §2]2
Similarly, Hr o) (XY ¥) < max{ly . (X), ) (1)}
Hence, (H, C) = (F, A) Nz(G, B) is a bipolar fuzzy soft

I'-subsemigroup over S. The other cases we can prove in
same way.

LEMMA 3.15

Let (E A) and (G, B) be two bipolar fuzzy soft
I-subsemigroups (left T'-ideals, right T'-ideals) over a
I-semigroup S then (F, A) Uy (G, B) is also a bipolar fuzzy
soft I'-subsemigroup (left I'-ideal, right I'-ideal) over S.

PROOF:

Straightforward.

LEMMA 3.16

Let (E A) and (G, B) be two bipolar fuzzy soft
I-subsemigroups (left T'-ideals, right T-ideals) over a
I-semigroup S then (F, A) Ny (G, B) is also a bipolar fuzzy
soft I'-subsemigroup (left I'-ideal, right I'-ideal) over S.
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ProOOEF:

Let (E A) and (G, B) be two bipolar fuzzy soft
I'-subsemigroups over a I-semigroup S then
(F,A)ng (G,B)=(H,C) where C= AU B and for
F(c) ifce A-B
H(c)=1G(c) ifceB—A forallceC.
min{F(c),G(c)} ifce ANB.
LetceC, x,yeSand Yy €I, we have the following cases,
(i) ce A—Bimplies that H (C) = F(C) We have
/JIJ:{(c) (xyy)= /.t;f(c) (xyy)2 min{u;,f(c) (x), .U;(C) "}
= min{.u;;(c) (x)’,u;;(c) ()’)}
Also
M) (XY y) = Hpo (xy y) < max{fip ) (%), Uy (1)}
= max{,u;l(c) (%), M) ()}
(ii) ce B— A is same as (i).

(iii) ce ANB  implies  that
G(c)}=F(c)nG(c).

Then as proved in above lemma

o (v y) 2 min{ufy o, (%), My )}

H(c)=min{F(c),

and g (xyy) S max{tiy ) (%), U (1)}

Hence (F,A)N; (G,B) is a bipolar fuzzy soft
I'-subsemigroup over S. The other cases can be proved in
a similar way.

LEMMA 3.17

Let (EA) and (G,B) be two bipolar fuzzy soft
I-subsemigroups (left T'-ideals, right T-ideals) over a
I-semigroup S then (F, A) Uy (G, B) is also a bipolar fuzzy
soft I'-subsemigroup (left I'-ideal, right I'-ideal) over S.

PROOE: Straightforward.

EXAMPLE 3.18

Let S={x,%,,x;} and T'={y} be the I'-semigroup along
with the table given in Example 3.5. Let E={a,b,c,d} and
A={a,b}, B={a,b,c}, then (E A) and (G, B) are a bipolar
fuzzy soft sets defined as, (F, A) ={F(a), F(b)}, where

F(a)={(x,,0.1,-0.2),(x,,0.7,—0.3),(x,0.8,~0.4)}
F(b) ={(x,,0.3,-0.3), (x,,0.5,-0.4), (x5,0.6,~0.5)},

and (G, B) ={G(a),G(b),G(c)}, where
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G(a) ={(x,,0.3,-0.4),(x,,0.4,0.6),(x;,0.7,-0.6)}
G(b)={(x,,0.2,-0.1),(x,,0.6,—0.2),(x;,0.8,—0.3)}
G(c)={(x,,0.4,-0.5),(x,,0.7,-0.7),(x5,0.9,—0.8)}.

Obviously, (E A) and (G, B) are bipolar fuzzy soft left
I-ideals over S. As (E A) Ny (G,B)=(H,C), where
C=ANB and H(c)=F(c)NG(c) for all ceC. Since,
C=AnNB={a,b} then (H,C)={H(a),H(b)}, where

H(a)={(x,,0.1,-0.2),(x,,0.4,—0.3),(x;,0.7,-0.4)}
H(b)={(x,,0.2,-0.1),(x,,0.4,—0.2), (x;,0.6,-0.3)}

It is easy to verify that

H;uc)(x?’)’) 2 .U;I(c) )
and Uy (XY Y) < Hp)(¥)
Also (E A)Ug,(G,B)=(H’,C), where C=ANB and

H(c)=F(c)wG(c) for all ceC. Since C=AnB={a,b}
then (H',C)={H’(a), H'(b) where,

H’(a)={(x,,0.3,-0.4),(x,,0.7,—0.6),(x;,0.8,—0.6)}
H’(b) ={(x,,0.3,-0.3),(x,,0.6,—0.4), (x;,0.8,—0.5)}.

Easily we can show that

Ko (XY ) 2 i) ()
and M) (xyy)< 1) ).

Hence, (E A)My(G,B) and (E A)Ng(G, B) are bipolar
fuzzy soft left I'-ideals over S. Similarly, we can construct
examples for (F, A) Mg (G, B) and (E A) N (G, B).

LEMMA 3.19

Let (E A) and (G, B) be two bipolar fuzzy soft bi-I"-ideals
(interior I'-ideals) over aI"-semigroup S. then (F, A) A (G, B)
is also a bipolar fuzzy soft bi-I'-ideal (interior I'-ideal)
over S.

PROOF:

Let (E A) and (G, B) be two bipolar fuzzy soft bi-I'-ideals
over a I-semigroup S. then they are also bipo-
lar fuzzy soft I'-subsemigroups and by Lemma 3.11,
(F,A)A(G,B) is also a bipolar fuzzy soft I"-subsemigroup.
Since, (F,A)A(G,B)=(H,C), where C=AXB and
H(a,b)=F(a) N G(b).

Letx,y,z€S, o, B el and (a,b) e C=AXB, then
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Hiran) (x0zBy)

= (,u;(a)mG(b) )(xozBy) = (,U;(u) Y(xozBy) N (.Ué(b) )(x0zfy)
= min{if ) (x02By). i (x0zBy)}

> min {min{ gtz ) (0), Hr ey (1)} min{pege, (1), i (N

= min{min{u, (), U (O} min{gz, (¥), Uy ()1
=min{(Uz ) O Héw)) (%) Uiy O Hée) (D)}

= min{,u;;(a,b) (x)’:u;-—l(u,b) N}

And

Mo (X0ZBY)

= (Hr(@)no(m)) (X0ZBY) = Up () (x0zBY) U Ug, (x0zBy)
= max {{lp ) (x0zBy), Ug ) (x0zBY)}

< max{max{lly ) (X), U () (¥)}> max {te ) (%), Loy (1)1}
= max {max{lp ) (x), Ugp) (0 max {tp ) (¥), Uy (D
=max {(Up() Y Hgp))(X) (Hp@) Y Hoe) (0)}

=max {:u;l(a,b)(x))u;f'(a,b)(y)}-

Hence (H,C)=(F,A)A(G,B) is a bipolar fuzzy soft
bi-I-ideal over S. The other case can be proved in a similar
way.

LEMMA 3.20

Let (E A) and (G, B) be two bipolar fuzzy soft bi-T-ideals
(interiorT'-ideals) over aT -semigroup S then (F, A)V (G, B)
is also a bipolar fuzzy soft bi-I'-ideal (interior T'-ideal)
over S.

ProoF:

Straightforward.

LEMMA 3.21

Let (E A) and (G, B) be two bipolar fuzzy soft bi-I'-ideals
(interior T'-ideals) over a I'-semigroup S then (E A)
Ny (G, B) is also a bipolar fuzzy soft bi-I'-ideal (interior
I"-ideal) over S.

PROOEF:

Let (E A) and (G, B) be two bipolar fuzzy soft bi-I-ideals
over I'-semigroup S then (E A) and (G, B) are bipolar
fuzzy soft I'-subsemigroups over S. By Lemma 3.14,
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(F,A)Nyg (G, B) isalso abipolar fuzzy soft I"-subsemigroup
over S.

Since, (E A) Ng(G,B)=(H,C), where C=ANB and
H(c)=F(c)nG(c), for all ceC. Then for all x,y,z€S,
o,fel and ceC,

,UL(C) (xozfBy)
= /v‘;(c)nc;(c) (xozfy)= .U;(c) (xozfy) N .Ué(o (xozBy)
=min {{i, (x0zBy), U (x0zBy)}
> min {min{ttz ) (%), Uy, ()} min {ug ) (%), L (D1
= min {min{ftz ) (%), U (0} min {w ) (1), UG (D1
= min {Lz ) (%) O Py (%), Loy (V) O fey (1)}
=min {{}; ., (%), Uz (D)}
Similarly, ., (xyy)<max{ty,(x), Uy (y)}. Hence,
(H,C)=(F,A) Ng(G,B) is a bipolar fuzzy soft bi-I"-ideal
over S. The case for interior I'-ideals can be proved in
similar way.
LEMMA 3.22
Let (E A) and (G, B) be two bipolar fuzzy soft bi-T-ideals
(interior T'-ideals) over a I'-semigroup S then (F A)
Ur(G,B) is also a bipolar fuzzy soft bi-I'-ideal (interior
I"-ideal) over S.
PROOF:

Straightforward.

LEMMA 3.23

Let (E A) and (G, B) be two bipolar fuzzy soft bi-T-ideals
(interior T-ideals) over a T'-semigroup S then (E A)
Ng(G,B) is also a bipolar fuzzy soft bi-T-ideal (interior
I'-ideal) over S.

PRrROOE:

Straightforward.

LEMMA 3.24

Let (E A) and (G, B) be two bipolar fuzzy soft bi-T-ideals
(interior T-ideals) over aT-semigroup S then (F, A) U (G, B)
is also a bipolar fuzzy soft bi-T-ideal ( interior T-ideal)
over .

ProOOEF:

Straightforward.
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COROLLARY 3.25

The restricted union Uy and restricted intersection My of
two bipolar fuzzy soft T-subsemigroups (left T-ideals, right
T-ideals, bi-T-ideals, interior I'-ideals) over a T'-semigroup
S is also a bipolar fuzzy T-subsemigroup(left T-ideal, right
I'-ideal, bi-T'-ideal, interior I'-ideal) over S.

COROLLARY 3.26

The extended union Uy and extended intersection Ny of
two bipolar fuzzy soft I'-subsemigroups (left I-ideals, right
I-ideals, bi-T-ideals, interior T-ideals) over a I'-semigroup
S is also a bipolar fuzzy T-subsemigroup(left T-ideal, right
I-ideal, bi-T-ideal, interior I'-ideal) over S.

THEOREM 3.27

Let T be a parameter set and X (S) be the set of all bipolar
fuzzy soft left T-ideals over S. Then (2;(S), Ug, Ng) forms
a complete distributive lattice along with the relation C.

PrOOEF:

Consider two bipolar fuzzy soft left I-ideals (E A) and
(G,B)overSwithAcTandBc T.ie, (EA),(G,B)e Z,(S)
then, (F,A) "Ny (G, B), (F,A) Uy (G,B) € 2,(S) by Lemma
3.14 and Lemma 3.17. Obviously, (F,A)Nyg (G, B) is the
greatest lower of {(F,A),(G,B)} and (F,A)u (G,B) is
the least upper bound of {(F,A),(G,B)}. So every sub-
collection of has a least upper bound as well as a greatest
lower bound. Hence 2 (S) is a complete lattice. Now let,
(F, A), (G, B),(H,C)e Z.(S), then
(F,A)n, ((G,B)u; (H,C))=(I,An(BuUC()). Also

((F,A)ng (G, B)) g ((F,A) g (H,C))
=(J,(AnB)U(ANQ))
=(J,An(BuUQ)).

Clearly, for xe An(BUC),I(x)=J(x). Hence,

(F,A)ny (G, B) g (H,C))
:((F7A)mR (G,B)) UE ((F7A)mR (H’C))

Which implies that X,.(S) forms a complete distributive
lattice over S.

Note: Similarly, we can prove the above result for right
I-ideals,bi I'-ideals and interior I-ideals.
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THEOREM 3.28

Let T be a parameter set and Z1.(S) be the set of all bipolar
fuzzy soft left T-ideals over S. Then (Z1(S), Uy, Ng) forms
a complete distributive lattice along with the relation <.

PROOF:

Similar as above theorem.
Let T be a parameter set and DcT. If X,(S) be the
collection of all bipolar fuzzy soft left (right, bi, interior)
I-ideals S with parameter set D. Then for D,, D, € D. we
have the following results.

LEMMA 3.29

If (E D) and (G,D,)eX,(S), then (F,D,)Ng(G,D,)e
3,(S) and (F,A) Uy (G,B) € Zp(9).

PRrOOF.

Straightforward.

LEMMA 3.30

If (E D)) and (G,D,)€X(S), then (F,D,)N;(G,D,)e
2,(S)and (F,A)U (G,B) e Z,(S).

ProOOF.

Straightforward.
From above we can write the following remarks

REMARK 3.31

The collection (£,(S), Uy, M) forms a sublattice of the
collection (£,(S), Ug, Ng)-

REMARK 3.32

The collection (X,(S), Uy, Ng) forms a sublattice of the
collection (24(S), Uy, Ng).

DEFINITION 3.33

Let S be a I'-semigroup and (F, A), (G, B) be two bipolar
fuzzy soft sets over S. We define the product of (E A) and
(G, B) as (F,A)or (G,B)=(FI'G,C), where C= AU B,

if ceA-B
if ceB-A

.U;(c) (s)
H{er6)0 (8) =1 Hée) (9)
sup min{liz ) (s,), U5 (s,)} if ce ANB

$=875,
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and

if ccA-B
if ceB—A

M) (s)
Hirroye) (8) =1 Hge (s)
inf max{ug,(s), Ug)(s,)} if ce AnB

S=51YS,

forallceCands,s;,s, €S and y el

THEOREM 3.34

Forany two bipolar fuzzy soft left (right, bi, interior) I'-ideals
(E A) and (G, B)over S their product (F, A) o (G, B) is also
a bipolar fuzzy soft left (right, bi, interior) I'-ideal over the
I'-semigroup S.

ProoOF:

For any c € C we have the following cases,
(i) IfceA—Bthenforx,yeSandyeT,

:u(+F1"G)(c) (xyy)= /J(+F>(c) (xyy)2 .U(+F)(c) )
= #(JrFrG)(c)()’)-

Also
Hpreye) (XY Y) = Hipyey (XY ¥) < Uipyo) (9)
= Uerreyo (0)-

(ii) If ce A— B then same as (i).
(iii) Ifce A—Bthenfor x,yeSand yeT,

.U<+F1"G)(c) )= su% {min{.’i;(c)(m)’/ié(c) (”)}}
y=mpn

< sup  {minf{uf,) Geym), u., (m)}}
xyy=xympn

sup {min{uf ) (m), ) (m)}}
xyy=mfin

= ,U(+Frc)(c) (x7y).

Also,
Hereye (V) = yi:%n {max (g, (m), g, (M}

> inf
xyy=xymfin

= inf {max {/J;(Z) (my), /*L(;(z) (H)}}

xyy=mfpn

{max{uzg, Ceym), ug., (m)}}

= Urroye) (XY Y)-
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In all cases, we have

.U(J}rc)(c) (xyy)= /~l(+FrG)(c) (y) and
Hereyo (XY Y) < Uipreyeo (¥)-

This implies that, (F, A) - (G, B) is a bipolar fuzzy soft left
I'-ideal over S.

Note: Similarly, we can prove the above result for
bipolar fuzzy soft right I'-ideals, bi-I"-ideals and interior
I'-ideals.

THEOREM 3.35

Consider a T'-semigroup S with identity e. Let A (S)
denotes the set of all bipolar fuzzy soft left I'-ideals
(rightT'-ideals, biT -ideals, interior I'-ideals) over S such that
(F,A)€Q,(S) if and only if i} (e)=1 and Hr(€)=-1
then (£2;(S), o, Mg) forms a complete lattice under <.

ProOEF:

For any (F, A), (G,B)eA;(S) implies that
Mre (€)= U (e) =1and fig . (e) = Ug, (e) = —1. As proved
above (F,A)Ny (G,B) and (F,A)or(G,B) are bipolar
fuzzy soft left I'-ideals over S. Obviously, .U(J;mc)(c) (e)=1,
Hrncyo(€)==1 and u:FFG)(c) (e)=1 HUrreyo(e)=-1
(F,A)Ng (G,B)eA;(S)and(F,A) o-(G, B) € A;(S). Clearly,
(F,A)M; (G,B) is the greatest lower bound of {(F,A),
(G, B)}. Now, let c € AU B and x € S then, we have follow-
ing cases,

(i) ceA-B implies that He ryo (%) = Miryo (%) and
B rye) (X) = Hipy o) ().

(ii) ceB—A implies that f1; 16, (%) =t (x) and
Hierae ()= By (%)-

(iii) ce AN B implies that

/J(er rc)(c)(x) = sup min{‘u;(c) (x)).ué(c)(e)}

x=xye

> min{uy,, (x), te, (e)}
= ,Ll;(c) (x), since ‘ug(z) (e)=1,
and
Hie vy () = nf max{ity () o ()

< max{,u;(c) (x)’ nug(c) (e)}

= Uy (), since fg . (e) =—1.

Indian Journal of Science and Technology



Muhammad Akram, Jacob Kavikumar and Azme Bin Khamis

From above we can write,

‘u(+F I'G)(c) (x)= .u;(c) (x) and

Mip roye () S Uy, (x), forall xeS.

This shows that (F,A)Z(F,A)o-(G,B). Similarly,
(G,B) & (F,A)o. (G,B). This implies that (F,A)o. (G,B)
is an upper bound of {(F,A),(G,B)}. To show that
(F,A)o. (G,B) is least in the sense of upper bound. Let
(P,Q) € Q. (S) be another upper bound of {(F, A),(G, B)}.
Then (F,A)c(P,Q) and (G,B)c=(P,Q) implies that
(F,A)or (G,B) = (P,Q) o (P,Q) = (P,Q). Which shows
that (F,A) (G, B) is the least upper bound of {(F, A),
(G,B)}. Hence we conclude that (€,(S), op, M) is a
complete lattice.
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